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PREFACE 


In tlie present volume I liave ti’ied to make the discussion 
of the various parts of the subject, which are here given, 
as full as possible; and there will be found much which 
has hitherto not appeared except in mathematical journals. 
At the same time, the treatise does not profess to be com¬ 
plete. Among the parts omitted are the investigations by 
Fuchs on the integration of linear differential equations, 
those of Konigsberger on the irreducibility of differential 
equations, the discussion of Pfaff’s equation, the recent 
researches of Hermite and Halphen, and the geometrical 
applications of the liypergeometric series by Klein; ordy 
a very slight sketch of Jacobi’s metliod for partial dif¬ 
ferential equations is attempted, and tliei’e is no indication 
of the methods of Cauchy, Lie and Mayer. These, and 
others here omitted, I hope to give in another volume at 
some future date- 

While writing this volume I have consulted many 
authorities in the shape of treatises, memoirs and text¬ 
books; and, though it is impossible to give in detail every 
reference, I wish in particular to mention, as having been of 
great use, Boole’s Treatise and his Supplement, Moiguo, 
Imschenetsky and Mansion; and I have used, to a slighter 
extent than these, Gregory’s Examples, Serret and Be 
Morgan. Many references to original memoirs will be found 
in various chapters. 

There occur, scattered throughout the book, many 
examples, amounting in number to more than eight hun¬ 
dred. Most of these are taken from University and 
College Examination papers set in Cambridge at various 
times; some are new, aiid many of them are results 
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extracted from memoirs which have been consulted. In 
the case of the last, the original authority is, I tliink, always 
indicated. I cannot hope that, among so many, all results 
given are correct and all equations set are soluble; and I 
shall be glad to receive corrections of any mistakes actually 
found. 

In conclusion, I wish to express the very great obligations 
under which I He to my friend and former tutor Mr H. M. 
Taylor, of Trinity College, Cambridge, for his kindness in 
the revision of the proof-sheets. He has caused the re¬ 
moval of many obscurities and has made many valuable 
suggestions of which I have continually availed myself. 
My thanks are also due to my friend Mr J. M. Dodds, of 
St Peter’s College, Cambridge, for his kindness in reading 
some of the early sheets. 

A. R. FORSYTH. 

Trinity College, Cambridge. 

September^ 1885. 


PKEFACE TO THE SECOND EDITION 

This edition will be found to differ very slightly from the 
first. In its preparation I have been much helped by the 
kindness of many friends and correspondents who have 
sent me notification of mistakes and misprints. 

My thanks are specially due to Dr Hermann Maser of 
Berlin for the honour he has done me in translating my 
book into German. 


Trinity College, Cambridge. 
September, 1888. 


A.R.F. 



PREFACE TO THE THIRD EDITION 


The present edition will be found to differ substantially 
from the first two editions. Much of the book has been 
revised; and there are definite additions. 

The principal changes in the portions that belong to the 
eai'lier editions occur in a modified treatment of Riccati’s 
equation, in an amplified discussion of the condition of 
integrability of a total differential equation, and in a com¬ 
plete alteration of the proof of the main proposition relating 
to the integral of Lagrange’s linear partial differential 
equation of the first order. 

The principal additions consist of a brief sketch of 
Range’s method for the numerical solution of ordinary 
differential ecjuations, here limited to equations of the first 
order: of an outline of the method devised by Frobenius 
for the integration of linear equations in series, the ex¬ 
position being limited to equations of the second order 
and a})plied to Bessel’s equations in particular: and of an 
introduction to Jacobi’s theory of multipliers. 

At the end of the book I have placed, as a group of 
general examples, a selection of between two and three 
hundred equations and questions chosen from examination 
papers which have been set within the University of 
Cambridge during the last fifteen years. 

I must again acknowledge the kindness of friends and 
correspondents who have sent me notification of mistakes 
and misprints; and it is a pleasure to thank the Staff of 
the University Press for their unfailing assistance during 
the printing of the volume. 

I would add my thanks to Dr Alfredo Arblcone for the 
honour he has done me by translating the book into 
Italian. 

AR.F. 

Tbinity Collhqe, Cambridge. 

September, 1903. 



PEEFACE TO THE FOUETH EDITION 


This edition, being the fourth, differs in several respects 
from the earlier editions. It is somewhat larger in size. 
But the general scope of the book remains unaltered. My 
purpose now, in accordance with my purpose in its original 
production, is to make the volume a practical working 
text-book on the subject, with (as I hope) sufficient ex¬ 
planation in developing the various methods that are 
adopted at the various stages. I have definitely, almost 
rigorously, avoided entering upon the general theory that 
covers all branches of the subject—such as existence- 
theorems, whether of ordinary equations (even of linear 
equations) or of partial equations, and the characteristics 
of integrals with their limitations. Such matters, of the 
utmost importance in themselves, I have discussed else¬ 
where in my Theory of Differential Equations to which 
many references are given in the text. But my opinion is 
that, in a treatise which aims at the exposition of practical 
methods, there is an advantage (even if only of conciseness) 
in assuming some results of theory, never however going 
beyond the results elsewhere established. 

In the work whicTi I have just quoted, the fundamental 
theory is developed in much detail; the present volume 
remains a practical text-book which, in all its stages, can 
be supplemented by the adequate exposition of the fuller 
theory. Accordingly, I have deliberately avoided dealing 
with many topics which usually or mainly do not lead to 
practical processes in the solution of differential equations. 

Some portions of the book have been re-written, parti¬ 
cularly the early part of the chapter on the hypergeoraetric 
series, and parts of the chapters on partial differential 
equations. 



PREFACE TO THE FOURTH EDITION 


IX 


A few additions have been made, each of them brief in 
itself. In association with the note on the method of 
Frobenius for the integration of ordinary linear equations 
in series, I have given further notes on equations which 
have all or only some or even none of their integrals of 
the type called regular. The section dealing with total 
differential equations has been amplified so as to indicate 
the methods of obtaining an integral equivalent of Pfaffian 
e(juations when there are three variables and four variables 
respectively. In partial equations, the main changes are 
the insertion of a brief discussion of complete homogeneous 
linear systems of the first order, the use of these systems 
in the general construction of the intermediate integral of 
an equation of the second order when it possesses an inter¬ 
mediate integral, and a modified account of Ampere’s 
method for equations of the second order. 

In conclusion I desire, once again, to tender my cordial 
thanks to the ever-courteous and helpful Staff of the 
University Press, 

A. R. F. 


Imperial College of Science 
AND Technology, S.W. 
May, 1914. 



PKEFACE TO THE FIFTH EDITION 


The present issue is almost an exact reprint of tlie fourth 
edition. The pagination is unaltered; and the changes 
mainly consist of corrections which were found to be 
necessary, when the volume of Solutions of the Examples 
(1918) was being prepared. 

Once more, my thanks are tendered to the Staff of the 
Cambridge University Press, who maintain their higli 
tradition of unfailing help. 

A. H. F. 


Imperial College op Science 
AND TeCHNOLOOV, S.\^^ 
September, 1921. 


PREFACE TO THE SIXTH EDITION 

The only differences between the preceding edition and 
the present edition consist of occasional verbal modifica¬ 
tions. No additions have been made: the pagination 
remains unaltered. 

Again I would thank the Staff’ of the Cambridge 
University Press for their assistance and care during 
the printing of the volume. 

A. R. F. 

Septembery 1928. 
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CHAPTER I 


INTRODUCTION 


1 . When one variable quantity y is a function of another 
variable quantity oc, the relation between the two may be exhibited 
by means of an equation such as 

<f>(w,y)^0. 


In this equation constants may occur; let one of such constants be 
denoted by a. If the equation be solved for y in terms of .cc, this 
constant a will enter into the expression for y\ and, by taking 
different values for a, there will in general be obtained a number 
of corresponding values for y. If it be desired to indicate in the 
fundamental relation the fact that the value of y depends on that 
of a, this may be done by writing the above equation in the form 

<^{x,y,a) = 0 .(i). 

Now it is possible to derive from this equation another, which 
shall include all the values of y that can be obtained by as¬ 
signing all the possible values to the constant a. The differential 
coefficient of y with regard to x is given by 


dx dy dx 


(ii), 


0 0 

in which ^ and ^ indicate partial differentiation with regard to 

X and y respectively. Equation (ii) will in general involve the 
constant a, which occurs in (i); and, if between these two equations 
the constant be eliminated, the result of the elimination will be of 
the form 
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where is a definite function depending on the form of the 
function ^ in equation (i). Now equation (iii) includes all the 
values of y, which can arise from (i); for, while it is derived from 
the two equations (i) and (ii), in each of which a occurs, yet of the 
particular value of this quantity no special account is taken and, 
were any other constant as a' substituted for a in all the steps of 
the elimination, the result would be the same, since the constant 
is made to disappear from the result. 

In the same way, if y depended on two constants a and b in 
a manner defined by an equation 

4>(a;, y, a, 6) = 0, 


and if the equations which give the first and second differential 
coefficients of y with regard to x were written down, the two con¬ 
stants a and h could be eliminated, and the resulting equation 
would be of the form 


S)"» 


In all cases, the functions f and F can be deduced (by any of the 
customary methods) when the forms and are given. 

In particular, if such a form be 

^ {^> y) = 

from which a is to be eliminated, then, as the equation embracing 
all the values of y, we have at once 

dx dy dx * 

no further elimination being needed. 

Thus, for example, the equation 



which is the general equation of all parabolas having the same 
axis and vertex. 


2. Such relations as (iii) and (iii)' are called Differential 
Equations; the equation (i), which is free from all differential 
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coefficients, is called a solution of (iii). As, in passing from (i) 
to (iii), a single arbitrary constant was removed, so conversely, 
in passing from (iii) to (i), it is just to expect that a single 
arbitrary constant will be introduced; and since, in eliminating n 
arbitrary constants, there are needed the equations giving the 
first n differential coefficients in addition to the original equation, 
so conversely, in passing from such a relation between differential 
coefficients up to the inclusive to an equation free from them 
and equivalent to this relation, it is just to expect that n arbitrary 
constants will be introduced. 


3. It is not difficult to sec how these arbitrary quantities must 
enter into the solution of the equation. For the sake of simplicity, 
let us consider an equation such as 


in which M and N are functions of x and y. Let x and y represent 
the Cartesian coordinates of a point P in a plane referred to two 
rectangular axes. Then the equation (i) is the equation of a curve; 

and “ is the trigonometrical tangent of the angle, which the 

tangent to the curve at the point P makes with the axis of x^ 

so that the above differential equation gives the direction of a line 

at every point in the plane. Let any point A be taken on the 

axis of y, and let us proceed from A for a very short distance 

• • • • • d%i 

in the direction given by the value which has at A; we shall 

thus come to another point B, Let us proceed now from B 
through a veiy short distance in the direction given by the value 

which has at B\ we shall thus come to another point (7, If 


this process be carried out for a number of directions in succession, 
a figure will be traced in the plane; and, when each of the dis¬ 
tances through which we suppose the tracing point to move 
becomes indefinitely small, the figure will become a curve passing 
through A. This curve will have a definite equation, which may 
be exhibited in the form 

y. y«) = 0, 

where is the ordinate of A. Had another initial point A' been 
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chosen instead of d, then another curve would have been obtained, 
and into its equation the magnitude of the ordinate of A* would 
have entered. The same result would ensue from taking each point 
in succession on the axis of y, because usually one curve and only 
one passes through each such point. As each equation, or one 
single equation as the representative of all, may be considered 
a solution of the differential equation, it is evident that into the 
solution of the example we have been considering one arbitrary 
constant will enter; and therefore, if by any method we can obtain 
an equation free from differential coefficients, it must be expected 
that an arbitrary constant will be contained in that equation. 
But this arbitrary constant obtained by the latter method will not 
necessarily be the ordinate of the point, at which the curve, repre¬ 
sented by the solution, and the axis of y intersect; an arbitrary 
element would have entered into the equation, had the tracing of 
the curve begun from a point in the plane not lying on one of the 
coordinate axes. 


In the example considered, the equation giving ^ had only 
a single root; when it is of the form y . 




dx 


+ Q = o, 


then the integral equation may be expected to be of the form 

where A is an arbitrary constant. And it is not difficult to see 

that, if the differential equation be of the degree in then 

the corresponding integral equation maybe expected to contain an 
arbitrary constant raised to the and lower powers. 


4. From what has been said as to one of the methods by 
which differential equations can be constructed, it might be deemed 
an easy matter to return from the differential to the integral 
equation; but this is not so. The steps of an elimination cannot 
be retraced, and therefore some other method or methods must be 
adopted. The methods which are most effective for the solution 
of several different forms of differential equations will be discussed 
hereafter. 
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6. When we pass from a given integral function to the equi¬ 
valent differential equation, the latter may prove to be of a form 
which is not included among those already known; so conversely, 
if we pass from a given differential equation, we must not expect 
to arrive necessarily at a function that will be included among 
those with the properties of which we are acquainted. It is 
therefore desirable to indicate what, in such a case, would be 
meant by the solution of the differential equation. 

When, in algebra, we ask whether any particular equation can 
be solved, we thereby enquire whether the value of the variable, 
which occurs in it, can be expressed in terms of known functions. 
Thus, for instance, in the equation 

ax = &, 

the value of x can be obtained immediately by a process of division. 
But let the equation be 

To solve this we have to introduce a function, which was^Btoir 
needed for the former equation; and, expressing f in the form 

we consider the equation solved. Now equations of the third and 
fourth degrees can be solved by means of functions strictly analogous 
to these—the cube root and the fourth root of quantities; but 
general equations of the fifth and higher degrees cannot be solved 
in terms of these functions or combinations of these with similar 
functions. It does not therefore follow that solutions of these 
equations do not exist; they can be solved only when functions, 
unused in the solution of equations of lower degrees, are intro¬ 
duced. 


Similarly, in the case of a differential equation, when we say 
that it can be solved, we do not mean to imply that the solution 
must be expressible in terms of purely algebraic functions, of 
exponentials (including sines and cosines), and of logarithmic 
functions (including inverse circular functions). The equation 



is equivalent to 


y ra 0?® -f il. 
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But supjx)se that the properties of the logarithm wore un¬ 
known, and that the differential equation 


dx X 


were proposed for solution. We should then have 


and, calling 




we should prove the relation 


/(•^') +/(y)=/(®yX 


and become acquainted with the properties of this new function so 
as to include it amongst known functions. But, had we not been 
able to deduce the properties of f{x\ the value of y given by 


A + f^ 

J X 


would still have been considered a solution of the differential 
equation. In fact, every dijferential equation is considered as 
solved^ when the value of the dependent variable is expressed as 
a function of the independent variable by means either of known 
functions or of integrals, whether the integrations in the latter 
can or cannot be expressed in terms of functions already known. 
Thus, for instance, 

is a solution of 




although the value of y cannot be expressed otherwise than in this 
form without the introduction of a new function the properties of 
which can be investigated. In this way the solution of differential 
equations is continually suggesting new functions to be added to 
the stock of those already known. 

6 . Before we proceed further, it is desirable to give definitions 
of some terms used in the subject. 
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Any equation, which expresses a relation between dependent 
variables, their differential coefficients of any order whatever, and 
the independent variables, is called a differential equation. 
Differential equations are divided into two species^ viz.:— 


I. Ordinary differential equationSy into which only a single 
independent variable enters, either explicitly or implicitly. All the 
differential coefficients have reference to this variable. Should 
there be several dependent variables, the number of equations 
necessary for their complete determination as functions of the in¬ 
dependent variable is equal to the number of such variables. Thus, 
for instance, we might have 


d'^x 

dt^ 


+ 0 , 


in which x is a function of the only independent variable t ; and 


(ai^ + y^)^^ + l^ = 0 
in which both x and y are functions of t 


II. Partial differential equations, into which two independent 
variables at least, and partial differential coefficients with regard 
to any or all of these variables, may enter. If several dependent 
variables be present, the number of separate equations, must be 
not less than the number of the separate dependent variables; but 
the occurrence of such systems of equations is relatively rare. As 
examples of partial differential equations, we may consider 


and 


dx^ dy^ \jdxdy) ' 
d(f) _ 

dx By 

d<f> _^ 

~ Bx, 


The order of a differential equation is the same as the order of 
the highest differential coefficient it contains. 

As a rule, only those equations are considered which are algebraic 
in the differential coefficients. The degree of the equation is the 
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power to which the highest differential coefficient is raised, when 
the equation is rational and integral in the differential coefficients 
and is one-valued in the variables themselves. 


The equation 


dy 


a 

dx 


is of the first order and the second degree; the equation 



is of the second order and the second degree. 


If a differential equation be such that, when it is rationalised 
and freed from fractions, the differential coefficients and the 
dependent variable enter in the first power and there are no 
products of these, while the coefficients in the separate terms are 
either constants or functions of the independent variables, the 
equation is called linear. The following are examples of linear 
equations:— 

dy'^ dz- 


dz , dz _ 

^- + y^-^=o. 


' dx 


The relation, which exists between the variables themselves 
without their differential coefficients and which is the most general 
one possible, is called sometimes the general solution^ and some¬ 
times the primitive^ of the differential equation. 


7 . The process of constructing the primitive of a given 
differential equation will frequently be the deduction of a first 
integral of the differential equation, that is, an equation of an 
order lower by unity than that of the original equation and con¬ 
taining an arbitrary constant; then of a first integral of the latter 
which will be a second integral of the original equation; and so on, 
until differential coefficients cease to appear. The primitive will be 
found when the operation has been repeated the number of times 
equal to the order of the original differential equation. Now the 
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fonn of the first integral may be affected by any transformation 
to which the equation may be subjected prior to integration; and, 
since a given equation may be transformed in a number of 
different ways, there might be a corresponding number of different 
first integrals. But these will not all be necessarily independent: 
that is, some among them may be obtained by combinations of the 
remainder, with appropriate relations among the arbitrary constants. 
As a matter of fact, if the equation he of the order, it cannot 
have more than n independent first integrals. For example, the 
differential equation 


dx- 


+ y = o 


has the following first integrals, viz.:— 


o 





dx 


cos a; 4- y sin aj = B, 


— “ sina?-f ycosa?= C, 

^ = ycot(a; + a); 

but they are not all independent, the four constants A, B, C, a, 
being connected by the equations 

JS = A cos a, G —A sin a, — A\ 

When a system of first integrals has been so obtained in any 
case, it can be used as a simultaneous system, from which the 
highest differential coefficients can be eliminated; and if inde¬ 
pendent first integrals of the equation, equal in number to the 
order of the equation, have been obtained, all the differential 
coeflScients can be eliminated from them so as to leave the primi¬ 
tive. Thus, from the second and the third integrals in the foregoing 
example, we might deduce 

y = 5 sin Ceos x, 
and, from the first and the fourth, 

y = J.sin(a?-|-a), 
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each being a primitive. These solutions are seen to coincide on 
account of the relations between the constants. 


8. We proceed now to give reasons for the statement made 
in the last paragraph; but they must be regarded rather as 
suggesting, than as proving, the inference. A rigorous proof 
involves considerations connected with the general theory of 
functions, and can be based upon existence-theorems which will 
be found elsewhere*. 

A differential equation of the order n has n, and cannot have 
more than n, independent first integrals. 

From what has already been said, it is clear that an integral 
relation between y and x involving n arbitrary independent 
constants would lead to a differential equation of the order n. 
Let the given integral equation be differentiated n — 1 times in 
succession; the w — 1 resulting equations will involve all the 
differential coefficients up to the (ri—1/^ inclusive and there will, 
with the original equation, be n equations in all. Now from n 
equations, in which n quantities occur, all but one of these quanti¬ 
ties can be eliminated. Let the n arbitrary constants be denoted 

by Cu C^, .. On I and from the n equations, which we have, let 

us eliminate all the arbitrary constants except Gi. The resulting 
equation will involve the variables and the derivatives of y up to 
the (n —1/^ inclusive and will also involve Gi; it will therefore be 
a first integral of the differential equation of the order n which is 
equivalent to the given integral relation. Now eliminate all the 
arbitrary constants except G^'j the resulting equation will now 
involve G^ and, as before, derivatives of y up to the (/i —1)^*^ in¬ 
clusive and will therefore be a first integral of the differential 
equation; it will, moreover, be independent of the former, since G^ 
is independent of G^, Proceeding in this way with all the constants 
in turn, we shall obtain n independent first integrals, each of which 
arises from the elimination of all but one of the n independent 
constants. 

As there are not more than n independent constants occurring 
in the general integral equation, any other constant, which could 
appear in it, must depend on G^ Og,. ,Gn\ let A be such 

* See the author’s Theory of Differential Equations^ vol. n,, ohap. iz. 
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a constant, and let the relation between them be denoted by the 
equation 

.,(7n) = 0. 

Then between this, and the original integral equation, and the 
?i — 1 equations obtained by differentiation, (forming n + 1 equa¬ 
tions in all), the n constants G may be eliminated; the result 
will involve the differential coefficients up to the (n- 1)^^ inclu¬ 
sive and the constant A. This would be a first integral of the 
differential equation, but it is not independent of the n already 
obtained; for from these let the respective values of the quantities 
G in terms of the variables and the differential coefficients of y 
be derived from the separate equations, in which they occur singly 
and be substituted in the equation — this equation will then 
be one involving the differential coefficients up to the (n — 1)^*' and 
the constant A, and will therefore be the same as the foregoing. 
In fact, the two processes are merely different methods of obtaining 
the one result; and the second shews that the first integral so 
obtained is derivable from the other n first integrals. 

Hence the differential equation of order n has not more than n 
independent first integrals. 


9 . It is convenient to add here two lemmas to which frequent 
reference will subsequently be made. 

Lemma I. Let Wa,.. be n functions of the n variables 

/Ti, .. ^n> these variables being independent of one another; 

if among these functions any relation, which may be represented by 

.. Wn) = 0 .(i), 

be identically satisfied, so that Ri, W 2 >. > arc not independent 

of one another, then the equation 


3ui dui 

dVa 

dxi ’ dXi ’ 

. ' 

dii2 du2 

Sua 

dxi * dx2 ' 

dxn 

du„ dUn 


dXi * dX2 ’ 

’ 


= 0 


(ii) 


is identically satisfied. 

Since equation (i) is identically satisfied, when for Wa*.. Rn> 

are substituted their values in terms of the independent variables, 
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the partial differential coefficients of F of the first order with 
regard to each of these variables are separately zero. Thus we 
have 


dF ^ dF du2 ^ 4. ^ 

duida!j 9^2 3^1 ^ . diin dxi 

dF dui ^ dF duz ^ ^ ^ 

dtii 9.^'2 9^/2 . 9w« 9^2 


9i^ 9wi ^ ^ ^ 

9Wi 9^7,1 9it2 9^n . dttn 9^‘n 


= 0, 
- 0 , 

= 0 . 


Let the ratios of the n partial differential coefficients of F with 
regard to the it’s be eliminated between these n equations, which 
are linear in these quantities; the result of the elimination is 


dVi 


dzi>fi 

asi’ 

dxt’ . 

* dXi 

dui 

dzc2 

dUn 

dx,’ 

dx./ . 

.. dx2 

9«i 

91(2 

du„ 

dx„’ 

dXn’ 

’ dXn 


and this is identically satisfied. The value of a determinant is 
unaltered by the change of rows into columns and columns into 
rows; when these changes take place the above equation becomes 
equation (ii), which is therefore identically satisfied. 


Lemma II. The converse of this is also true: If tt,, u^y 

be n functions of n independent variables x^, . 

if the equation 


dxi' dx 2 ' . dx„ 

duf, du2 du2 

dxi * dx2 ' . dxn 


dUn dUn djj^ 

dxi ' dx^! .■.* dxn 


= 0 


., 

Xn, and 


be identically satisfied, then the functions Wg,., are 

not independent of one another, but are connected by a relation of 
the form 




, Wn)*0. 
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If the — 1 functions .. Wn-i, be not independent 

of one another, then the proposition to be proved is at once granted; 
we may therefore suppose them independent of one another. 
Between the n equations expressing the n functions u we can 
eliminate n — 1 of the variables; if the remaining variable, say 
be not thereby eliminated, the result may be written in the form 

If the equation of condition be written in the form 
3 (^ 1,^2,.. ^n ) ^ Q 

3 (^1 , X^y ... A’n) 

we may write the theorem for the multiplication of determinants 
in the form 

3 y'^ii . . ^n )(Ui yU^y .. '^ n—1 > ^ 3 {U\ yU^y ., i>^n) 

3 (iZ?l y X2y .. Xyfi) 3 {Ul y'U-^y .. , Xy^ 3 

. . y ^n~i» ^n) 

The left-hand side is zero by hypothesis. Since the functions 
Uiy u^y .. Wn-ii independent, the first factor on the right- 

hand side is and the second is , One of these 

dXn 0(XiyX2y 

must therefore vanish. 

If it be the former, then <f> is explicitly independent of Xn, so 
that Un is a function of Wj, 1 / 3 , •••> only; and there is thus a 
relation between the original n functions. 

If it be the latter, we have 

d(uu u,,y .. 

3 (pO\y ^2>. . ^n—l) 

an equation, which corresponds to the given equation of condition 
but in which there are only w — 1 functions of n — 1 variables, 
since for the diiBFerentiations that now occur may be considered 
a constant. This equation is treated in the same manner as before; 
and we should find either that there is a relation between 

w,, , w»-i, considered as functions of Xiy x^ ..or that a 

new equation involving n — 2 functions of n — 2 variables would hold. 
If the relation between u^y u^y exist, it will be of the form 

i^0hyU2y . yUn^i,a;n) = 0; 

which will involve Xn since we have assumed that t/jy Wo? -•> 
are independent of one another. Between ^|r-0 and = <^ we can 
eliminate x^y and obtain a relation between w,, 2 ^ 3 ,Wn* 
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Proceeding in this manner and diminishing by unity each 
time the number of functions, which enter into the equation of 
condition, we can prove that one of the two necessary inferences 
at each reduction is the statement contained in the proposition. 
And when the reduction has been repeated n — 1 times, the only 
alternative to the proposition is that any one of the n functions u, 
say Ury selected at will, should be such as to satisfy the relation 


dur 


= 0, where Xg is any one of the n variables x. 


This is manifestly 


not the case: for each of the functions it involves some of the 


variables. 


Hence the proposition follows. 


10. As a particular instance of the general lemmas, we have 
the following. Let U and V be two functions of two independent 
variables x and y; if F can be expressed as a function of U alone, 
we must have 

dx dy dy dx ’ 

and conversely, if this equation be satisfied identically, there is 
a relation between U and F, satisfied for all values whatever of x 
and V, such that 

Ex, 1 . Are the functions 

indei)endent of one another ? 

The equation of condition is 

1 , 1 , = 0 , 

2 , -2 , 2.r*f42 

1 , 3 , --;r4-4;y~45 

which is evidently satisfied identically; therefore the three functions are 
dei>endent. 

To find the relation between them, if we call them wi, W 3 , we have 
2x^tii-hU2-4z, 4y=*«i —^ 2 + 22 ; 

and therefore 

on substituting these values. 

Ex, 2 . Prove that the functions ax^+by^+cz^y Ax-^rBy^Czy and 

+ h^y\C^a^Ah)Ar(?^^{A^h’>rI^o) - 2ahc{BCyz\CAzx^ABxy)y 
are not inde]^)endent; and find the relation between them. 
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Now consider two coexistent equations J7=0 and F= 0, involv¬ 
ing two variables x and y; and suppose that, for simultaneous 
values of x and y which satisfy them, they determine a common 

value of Then, as this common value is given by the relations 
dx dy dx ’ dx dy dx ' 

we must have 

dx dy dy dx 

If this equation J'= 0 is satisfied identically, the quantities U 
and Fare not independent of one another; in that event, the two 
coexistent equations, U—0 and F= 0, are not independent of one 
another. 

If the equation ./ = 0 is not satisfied identically, but only in 
virtue of fT— 0, or F = 0, or [7 = 0 and F = 0, then we cannot infer 
the relative dependence of the two equations. Neither of them 
can be satisfied solely by means of the other. 

Ex. 3. As an example of the first cfise, let 

It is easy to prove that the quantity 

dx dy dy dx 

vanishes identically. The quantities U and V are then connected by some 
relation; the relation is 

fr2+F2=:l. 

The equations U-a—0^ F-6=0, are not independent; we must have 
o 2 ^ 52 _] as a condition of coexistence, and then the two equations are 
effectively equivalent to a single equation. 

Ex. 4. As an example of the alternative case, let 

F=a:cosa+ysina-1, 

where a is a constant. Then 

^ dUdV dVdU , 

which manifestly does not vanish identically. The quantities U and F are 
independent of one another. 

The quantity J vanishes when U—0 and F==0, for 
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That is, when the two equations 0=0 and F=0 are postulated, J vanishes; 
but it does not vanish identically. The two equations are independent of one 
another; they have the property merely of leading to the same value of 

^ for particular values of y and x which satisfy both of them. 

The same kind of result is true, when we have any number n 
of coexistent equations 

Ml = 0, Mj = 0, ..., M„ = 0, 

involving n variables x^, x^, ..., Xn. Let J denote their Jacobian, 
so that 

J — **•> ^ ^»t) 

3 {xi, Xi, ..., Xfi) 

When J vanishes identically, the n equations are not independent 
of one another. 

When J vanishes, not identically but only in virtue of some or 
of all the equations, we cannot infer any relative dependence among 
the equations. No one of them can be satisfied solely by means of 
the rest. 

When J does not vanish, there is no question of the relative 
dependence of the equations. 



CHAPTER II 


DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 

11. The general differential equation of the first order may be 
represented by 



whore F is a rational and integral function so far as the differ¬ 
ential coefficient is concerned. In this general form, the equation 
cannot be integrated; but there are certain particular forms, to 
one or other of which many equations can be reduced, and which 
admit of immediate solution. These forms are called standard 
forms. 

12. Before considering them in detail, we will prove a pro¬ 
position, which is merely a particular case of the general theorem 
indicated in § 8, viz., that a differential equation expressible in the 
form 

dx 

where if and N are one-valued functions of x and y, can have only 
one independent primitive. 

Suppose that, if it be possible, two primitives 

have been obtained. From the first of these, the value of ^ is 
given by 

dx^ dy dx 


0 , 
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and therefore 

M^-P + N^-P^O. 

OX oy 

Treating the second primitive in the same way, we should obtain 
the equation 

ox oy 

The elimination of the one-valued functions M and N between 
these two equations gives 

d(t>i d<f).2 ^ _ Q 

dx dy dy dx 

This equation must be satisfied identically: for it does not contain 
a or 6, and therefore it cannot be satisfied in virtue of (f>i=^a or 
<f) 2 ^b. Consequently (§ 10) <^2 is some function of (f>i. Hence the 
two primitives are not independent; and the second can be expressed 
in the form 

which is resoluble into equations of the form 

<f>i = GE-, 

each of which is only a repetition of the first of the primitives. 

If therefore in solving such a differential equation any primi¬ 
tive has been obtained, this may be looked upon as the general 
solution of the equation; for, from it, all other primitives can be 
derived. 

13. Standard! 

The equation Mdy 5 = Ndx can always be solved when the 
variables can be separated. For, in this case, the equation may 
be changed to the form 

Ydy^XdXy 

where F is a function of y alone, and X a function of x alone; and 
the equation can be integrated in the form 

/ Ydy = ^Xdx + 

A being an arbitrary constant. 
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Ex. 1. Solve 




The variables can be separated and the equation becomes 
dit ^ dx 

one integral of which is 

arcsin y +arcsin c. 

But the equation may be written 

which, after integration by parts, gives 




But 

and therefore an integral is 

y (1 — 4 *^ (1 - 


This aftbrds an illustration of the proposition in the preceding paragraph; 
for the latter primitive can be derived from the former by taking the sine of 
both members, and the relation between the constants is 

C=sinc. 


Ex, 2. Solve (A’-y2)c?a;+2.ryc///=0. 

The variables, though not immediately separable, become so after sub¬ 
stitution, Write the equation is 

X dx + xdv — vdx = 0 , 


so that 



= 0 , 


and therefore 

or 



Ex, 3. Solve the equations 

(i) A.(i+y2)i+y(i+^)ig=0; 

(ii) sec^ X ioxiydx +soc^^ tan xdy = 0 ; 

(iii) (4?+y)*^=a*; 

(iv) (1 +y») dx-{t/+(l +?/)-} (1 +^’)" ; 

(v) 
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14. Standard II. Linear Form. 

When the equation of the first order is linear, it may be written 
in the form 

where P and Q are functions of sc and do not involve y. 

If the function Q were zero, the integral of the equation could 
be obtained by the method of § 13, and would be found to be 

y = 

where w is a constant. 


When Q is different from zero, we assume the same form for y, 
but we do not restrict u to be constant. Substituting this value of 
y in the original equation, we find 


and therefore 


so that 


and therefore 


dx \dx 


du 

dx 






m = (7+ 

where G is an arbitrary constant. Thus 

is the primitive of the differential equation. 


Note 1. This method of obtaining an integral of the equation 
when Q is zero, and then regarding the parameter u in that integral 
as actually variable when Q is not zero, is sometimes called the 
method of the variation of parameters. It is of frequent use for 
linear equations of the second and higher orders. 

Note 2. The preceding analysis shews that 
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is a perfect differential. Such a quantity as multiplying a 

d'lj 

quantity ^ + so that it becomes a perfect differential, is often 

called an integrating factor. 


Ex. 1. Solve 


djj^ X _ _ 

dx 1(1 +x^) ’ 


By the result in the general case, we have 


f dr ' 


= C+log 




Ex.'i. Solve (i) x 

(ii) cos 57=^ sin 2^; 

(iii) y^^^,+c/=acos(.r+^); 

Ex. 3. Shew that the solution of the general equation may be exhibited 
in the form 




rf+y>r".iS]. 


16. An important associated form, which can be solved by the 
same method, is 

where P and Q are functions of x alone, and n is neither 0 nor 1, 
Divide by ; the equation then is 

__J—— f —^ + P-i- = 0 

n — 1 (fcc Vy""*/ y““‘ 
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which is the standard form; and the general solution is 
g- (»-i) SPdx = — (n—l)f f dx. 

y J 


Ex, 4. Solve 




This becomes, after a transformation similar to the above, 


the primitive of which is 


d n \ 11 1, 

dx \?// y A-** X 


This is 


1 

-e J X t 




1 f d.c\ogx 


whence ~~H-Cir+log^. 

y 

dz 

Ex,b, Solve (1) ^-f2;r2=2cu;‘3«3; 

(ii) (1 

(iii) ^+a3^=3r*smar; 

(iv) 

JKr. 6. Shew that the four equations of the first order in § 7 lead to the 
same primitive. 

16. Standard III. Homogeneous Eqvutions. 

(i) The equation, being of the first degree and expressed in 
the form 

is said to be homogeneous, when M and N are homogeneous 
functions of x and y of the same degree. In this case, we can 
writie 


--t(i). 
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r being the common degree of M and N. On the substitution of 


y^va>, 

so that V may be considered a new dependent variable, the equation 
becomes 

or rfa; 4>{v)dv - 

w V(f> (v) — yjr (v) ' 

in which the variables are separated; the integral is 


^ ^ J v4,(v)-ylt(v) 

The primitive will be given by the substitution of ^ for v after 
the integration has been performed. 


JVote, This result furnishes another instance of an integrating 
faoix)r^ of which one instance was indicated in § 14, Note 2. The 
equation can be taken in the form 

so that 

(f) (v) (vdx + xdv) — x^^lr {v)dx = 0, 

and therefore 

x^ {v(f) (v) — ^Ir (v)} dx + x^'^^ (f> (v) dv = 0. 

If vj> (v) — ^jr (v) vanishes identically, then is an integrating 
factor: for it changes the equation into 

(f){v)dv — 0y 

which is exactly integrable. 

If (v) — i/r (v) does not vanish identically, then the equation 
becomes exactly integrable in the form 



</>(v) 


V(f) (v)—‘'\lr(v) 


dv — 0, 


on division by the quantity 

{v<j> (v) — (?;)}. 

But My-Nx = x^y (f> (£j 

«= af {v(t> (v) - yfr (v )]; 
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and therefore the integrating factor is 

_ 

My — Nx* 

provided My — Nx be not identically zero. 

(ii) If the equation however be not of the first degree but still 
be homogeneous in x and y, it may be written in the form 

f{^ ^Uo 

lx’ dx) ’ 

There are now two methods of proceeding. The first method is 

dii 

to resolve the equation, considering it as an equation in let the 
result be expressed by 

dx \x) 

This is the case already discussed. 

The second method is to resolve the equation considered as an 
equation in ~; then we should have 


or 




dy 


where p is written for ~. Differentiating this with respect to x, 
we have 

p=fi(p)+¥i (p)^> 

and therefore 

da: _ Ji ip) dp 

® p-MpY 

This gives on integration 

leg,. o+f-£<^ 

ip-flip) 

=‘0 + ir(p), 

say; the elimination of p between the last equation and 

y=¥'i(P) 

Vidll give the primitive. But it is not always desirable to eliminate 
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it may be retained as the parameter of a point on the corre¬ 
sponding curve, in which case its use would be similar to that of 
the eccentric angle of a point on an ellipse. 

(iii) It may happen that, in the case of an equation 




it is more convenient, or more easily possible, to express - and — 

CC CLX 

in terms of a new quantity a, than to solve the equation either for 
d*ij ?/ 

or for ~. We then should have relations of the form 
ax X 


The former gives 
and therefore 

so that 




X 


y=xf{u), 


The variables are separable; and we have 

/(“) du 


and therefore 


\ogx^A + f . 


dUy 


^g{u)-f{u) 

where is an arbitrary constant. This equation, combined with 
y=xf{u), gives the primitive of the original differential equation. 


Ex. 1. Solve 


dv ^ 


When we write the equation becomes 

vdv . dx - 


(1 - vf X 
Yi^4-log(l - v)+loga?=:il, 


whence 
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Ex. 2. Solve 


(i) 

(ii) 


Ex, 3. Solve 




Let and y=^"+i;, and suppose h and 1c so chosen that 

a/^^-&/r+c=:0, 2l/iH-J5^*+^7=0; 
then the equation becomes 

which is homogeneous. 

A B C 

If however ” = but - differs from each of these fractions, then the 

equations giving h and k are inconsistent. Let each of the equal ratios be 
equal to m ; then 

{ax +^ ~ + ^i/) + 

Substitute ax+hy^v, 

, - mv’\'C dv 


v-\-c dx^ 


and the variables are separable. 

j.A B C , 

If - = — =n, the equation is 

a 0 c ^ 


so that y^nx-\rE, 

Ex. A. Solve (i) 3y-7jr+7 = (3a:-7y-3)^; 

(ii) (av+4y + 3) ^=2y+:)7+l; 

(iii) (a»+5y+6)^=7.y+a7+2. 

Ex, 5. Shew that the equation 

in which P, Q, and P, are homogeneous functions of x and y^ P and R being 
of the same degree, may be solved by the substitution y—vx. 

Ex, 6. Solve 

{Aa^^Bxy-\-nX’^fiy+y)^^Axy’{‘By'^+olX’^ffy’^^/, 
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17. Let now the curves, whose equations arc the complete 
primitives of the homogeneous equation, be traced; they form a 
system of similar curves. For let there be drawn through the 
origin any radius vector cutting all thcvse curves and making an 
angle 0 with the axis of x ; the inclination to the axis of x of the 
tangent to one of the curves, at the point where this radius vector 
meets it, is given by 

and therefore all the tangents at points lying on this line are 
parallel. Consequently all the curves are similar and similarly 
situated. 


18. Standard IV. 

Equations arise in which one of the two variables does not 
explicitly occur. 

Consider, first, that class from which the independent variable 
is absent. The equation is of the form 

As in the general equation under Standard III, there are two 
methods of proceeding. If it be possible, we may resolve for ^ so 


that 




in which the variables are separable; the primitive is 

Or, if it be possible, we may resolve for y ; suppose the result to 
be given by 

Differentiating with respect to a?, we have 
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in which the variables are separable: and the integral is 

»=f-^dp+A, 

which, when combined with 

y=ft(p) 

for the elimination of p, will furnish the primitive. It may be more 
convenient to leave p uneliminated. 

Let us now consider the class from which the dependent variable 
is absent. The equation is of the form 


Since 


dydx - 


ax ay 

the equation may be written 


ti)- 


an equation of the former class, and soluble by the methods thereto 
applying. These methods however may be applied to the equa¬ 
tion without making it undergo this transformation. Resolving the 

equation if possible we shall have 

and the primitive is therefore 

yr=jF{ic)dx + A. 

Or resolving for x in terms of ^, when this is possible, we shall 
obtain 


Differentiating with respect to y, the absent variable, we have 
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the integral of which is 
This equation, combined with 

constitutes the primitive. 

It may happen that, in the case of an equation 

<}>(yyp)=o, 

it is more convenient, or more easily possible, to express y and p in 
terms of a new quantity w, than to resolve the equation either for p 
or for y. We then should have relations of the form 

The first of these gives 

.du 

SO that 

dx^-^du, 

and therefore 

^-c-\q^hu. 

J ff(u) 

This equation, combined with 

y =/(«). 

constitutes the primitive. 

Ex. 1. Shew how to obtain the primitive of the equation 

yl^(x,p)^0, 

when it is more convenient to express x and p in terms of a variable u than 
to solve the equation for p. 

^^.2. Solve 

^ ^ \dx) ^+2aj?* 

19. Standard V. 

When the equation of the first order is of the degree, suppose 
it arranged in descending powers of the differential coefficient, so 
that it may be written 

dy 




■‘cte 


+ P„=0, 
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in which Pj, Pa,.. Pn, denote functions of a? and y. If we look 

upon this as an algebraical equation in which has n roots 

Pi, Pa,.. Pn, these being functions of x and y, the equation 

becomes 

. 

This can be true only if one or more of the factors on the left- 
hand side vanish; and therefore any relation between x and y, 
which makes a factor vanish, will be a solution of the original 
equation, while no relation which docs not make some factor 
vanish can be a solution. Suppose then that the primitives of 
the equations 

% A ^// A A 

dx .’ dx 

(deduced by means of one or other of the preceding methods) are 
(^, y, C^i)~^* 2 (^,y, ^s)~0, •••....#•, <^n(^, y, C^«)~0, 
respectively. All possible solutions of the given equation will be 
contained in 

<l>i (^, y, C\) <j !>2 {cCyy.C^ . (I)n (os, y, Cn) = 0. 

But the generality of this integral will still be maintained, if 

all the constants Ci, .. C^, be made the same, say C\ for in 

order to find a value of y, we must equate to zero some fiwjtor on 
the left-hand side of the new form, and this would give an equation 
of the form 

^r(a?,y,C) = 0. 

Now C is an arbitrary constant; if then all possible numerical 
values be given to it, there must be included in the series of con¬ 
sequent equations all the integrals, which can be derived similarly 
from the corresponding factor of the first product. Hence we 
have as the general complete primitive of the original difierential 
equation 

. 4>n (». y. C) = 0. 

Ex, 1 . 

Then y= 

which, by the substitution y—xz, becomes 

dz . , 


( 1 +**)* 


== +C?.Z-‘. 
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When the positive sign is taken, the solution is 

2 ;«=smh(^+c). 

The negative sign gives 

2 ==ainh(c—a:); 

hence the general solution is 

[y - sinh {x +c)] [y - a? sinh (c - x)] =0. 

J&. 2. Solve <‘) (f)’-!-"! 

Ex. 3. Solve 

• (i) j^p^+*3x9/p-\-2?/^=0; 

(ii) x-p^ + ^xi/p + 3y2=0; 

(iii) p(jo+y)=a'(a7+y); 

(iv) - (x^+X7/+f)p^+(a^^+a^^^‘hx^)p -.r3y3=0; 

(v) {a^ - x^)p^ + bx{a^^x^)p^^p^bx=0; 

(vi) + 

(vii) p^+(.v+y-2-^ p+xy+^^^-y-^=0. 


Ex. 4. Shew that, if the general equation bo homogeneous in x and y, it 
can be solved by the substitutions 

dt 

y^tx, x^^z. 

Hence solve 
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SO that either 



or ^+/'(p) = 0. 

Taking the first of these, we have p = c, an arbitrary constant; 
hence the primitive is 

y = ca?+/(c). 

The second equation expresses as a function of p ; therefore, if p 
be eliminated between this equation and 

y=JP^+/(jp), 

a relation between y and x will be obtained. 

Of these, the former is evidently a solution of the equation, and 
from it the differential equation can be deduced at once; for, on 
differentiating, we obtain 

P = 

and eliminating c we have 

y^px+f{p). 

If now we turn to the other relation between x and y, which will 
be that derived from the elimination* of^ between 

y=pc+/(p)) 

o=®+/(i))r 

we see at once that it contains no arbitrary constant and therefore 
is not a general solution. Yet it may be a solution of the equation; 
for differentiating the first equation, we have 

g=, + [x+/'(p>]| 






by the second equation unless ^ be infinite; eliminating p from 
the equations y^px-^- f(pi) and ^ ~ obtain 


y 




which is the original equation. 


* It should be noticed that, for purposes of elimination, p is merely a quantity 
likely to depend upon y and ; it is not now necessarily ^. 
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Note 1. The relation between the two solutions, when both exist, 
is easily indicated by geometrical considerations. The first solution 

y = ca;+/(c) 

represents a family of straight lines; if they have an envelope, it 
is found by differentiating the equation with respect to c (in fact, 
this is equivalent to giving c a pair of equal values for the same 
values of x and y). Then we have 

0 = (c). 

The result of the elimination of c between these two equations is 
the same as that of eliminating p between the two equations 

y-=px+f{p\ 

(p); 

and therefore the curve represented by the latter is the envelope 
of the family of lines represented by the first solution, should these 
lines have an envelope. 

Such a solution of the equation, which is not included in the 
primitive (but which may be derived from it in the above manner), 
is called a Singular Solution, We shall shortly return to a more 
detailed discussion of singular solutions. 

Note 2. That the two solutions are distinct can be seen as 
follows. Let 

JJ^y-cx-f{c\ V=y-px-f{p), 
where, in F, the value oip is given by the equation a; +/' (p) = 0. 
Now 

dU'_ dU__. dV 

dx dy ’ dy ’ 

^ dUdV dUdV 

dx dy dy dx ^ 

which does not vanish identically; it does vanish in virtue of 
the two equations 17=^0 and F= 0, when we take these equations 
simultaneously. 

Hence (§ 10) the two equations 17= 0 and F= 0 are independent 
of one another; and the two solutions are therefore distinct from 
one another. 


FD K 
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Ex, 1. Solve 
The first solution is 

y=ca?+-. 

The second is given by the elimination of •p between 

0=j;-r. 

V 

and the original equation; eliminating we have 

y^—\ax. 

The latter is a solution, and so it is the singular solution; the curve 
represented is touched by all the lines included in the primitive. 

Ex, Solve (i) y=px+(l-^p^)^; 

(ii) y:=2^x+p-p^; 

(iii) ayp2+(2a?-6)p=y; 

(iv) a^(y-^p)=-yp^; 

(v) y==2xp+y^p^. 


21. There is an extended form of the equation, which can be 
solved in a similar manner, viz.: 

y = a;/(p) + 4>(p). 

To solve this, let the equation be differentiated with regard to 
x; then 

p =/( p )+[¥' (p )+f (p)] ^. 


or 


/(p) 


4>' (p) 

p-ApY 

which is linear in so and comes under Standard II. 


dx 

^p^ V(p)-p' 


Let the integral be 

F{w,p, c) = 0. 

The result of eliminating p between this equation and the 
original equation is the primitive. 

Ex, 1. Solve x-^-yp^ap^ 

or y=a,p-^. 

Differentiating with regard to x^ we have 

dp \ ^ X dp 
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dx X ap 

dp ”p(l+p2)~ 1 > 

the integral of which is 

=(7+ a log' {/o+(1 + 

This equation, combined with the original equation, gives the primitive. 

The equation could also have been solved by differentiating with regard 
toy. 

Ex, 2. Solve (i) x=^yp+ap^; 

(ii) y=j:/>+a^(l+p2)i. 

(iii) y=xnip+n(l+p^)^\ 

(iv) y=yp2^2p^r; 

(v) y(l+p2)i =71(07-fyp). 

Singular Solutions. 

22 . From the investigation in § 20, it is clear that a solution 
of a differential equation can sometimes be found which, when it 
exists, is usually distinct from the primitive; such a solution does 
not involve in its expression any arbitrary constant. It may, 
however, be included in the primitive, by assigning a particular 
value to the arbitrary constant; such a solution is then regarded 
as being both a singular solution and a particular case of the 
primitive*. 

We proceed now to consider the theory of these Singular 
Solutions of the general differential equation of the first order 
which will be written 

If the differential equation either be linear or be resoluble into 
a set of rational linear equations (as in the case of Standard V.), 
then it has no singular solution; any solution of it apparently 
of this nature is merely a particular solution, derived from the 
primitive by giving a particular value to the arbitrary constant 
therein contained. For the present purpose, therefore, the equation 
in p may be considered irresoluble: if it can be resolved into 
factors which are not linear and not resoluble into linear factors, 
then we should consider in turn each of these irresoluble factors. 

* An example is given below, Ex. 6, § 29. 
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We may thus consider ^ » 0 as a rational and irresoluble equation 
of degree n. Moreover, we shall assume that ^ is a one-valued 
function, and that it contains no factor which is independent of p ; 
such a factor, if it were retained and equated to zero, would satisfy 
the equation, but would not involve the differential coefficient. 
If in any case these factors occurred, we should suppose them 
removed. 

23. The considerations adduced in the Introduction furnish the 
inference that, if x and y be the coordinates of a point in a 
plane, the differential equation determines a system of curves in 
that plane, which depend upon a single independent variable para¬ 
meter ; and as the differential equation determines at any point a 
direction through that point, there will be n directions, given by 
the values of p there, and therefore n curves will pass through any 
point in the plane. To represent this system algebraically, we need 
an equation of the form 

.,c,^)=0, 

the constants in which are involved rationally and algebraically; 
but as only a single independent parameter is needed, there must 
be m — 1 algebraical relations among these m constants. Further, 
this function / will be one-valued; and any factor, involving x and 
y (or either of them) but none of the constants, would be rejected 
for the same reason as led to the rejection of similar factors from 
the difierential equation. As the differential equation cannot be 
resolved into simpler equations of a lower degree, the algebraical 
equation is not so resoluble; if it were, to each algebraical equation 
of lower degree there would be a corresponding differential equation 
of lower degree—a result excluded by hypothesis. And the reason 
that m constants connected by m — 1 relations are inserted instead 
of a single constant is this; the equation in the latter case would 
be the same as that derived from the former with all the constants 
eliminated except one, and as this elimination would usually 
imply operations (such as squaring) which introduce equations 
other than that wanted, the result would be that the final equa¬ 
tion would represent more than the single equation desired. For 
example, suppose that by any process an integral is obtained in 
the form 

{a?® 4- 2 /^ — (a? cos a 4* y sin a)}® = a® (a?® + y% 
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or, changing to algebraical constants, 

[x^ 4- y® — a (ia? + my)Y = + y% 

with the condition 

-f 7/^2 _ . 

then the equivalent equation containing one of those constants, 
as m, alone would represent not only this equation but also 
[a^ + 2/^ — a 4- {x^ + y% 

with the same limiting condition, and therefore would not be 
equivalent solely to the first of these. 

Further, there are n curves passing through every point in the 
plane; hence the equation 0, with the m — 1 equations between 
the constants, must give at every point n sets of values for these 
constants. Let the aggregate of the constants be denoted by c, so 
that for any point in the plane c will have n values. 

24 . Consider now the formation of the differential equation 
from the primitive 

/(a7,y,c)=0. 

It is obtained by eliminating the constants between the 
relations, this equation, and the equation 

dx dy dx 

But suppose the quantities c replaced by functions of x) the 
deduction of the differential equation will proceed as before, except 
that for the last equation we must substitute 

dx^ dy dx dc dx 

The result will be actually the same as before, if 

dcdx~ ’ 

dc 

To satisfy this equation we must have either ^ zero, which 
leaves c constant; or c must be determined by 



Let the value of c so determined be substituted in the function y! 
We may thus in general, as a possible solution of the same 
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differential equation, equate to zero the discriminant of f with 
regard to c; let this be written 

Disct<./(a?,y,c) = 0. 


25. This locus is the locus of all points in the plane at which 
the parametric constants c have two or more equal values. In it 
there will therefore be included the following:— 

(i) the locus of all the nodal points (double, treble, etc.) of the 
system of curves; for at such a point there are as many values of c 
equal to each other as there are branches through the point, since 
the branches belong to the same curve; 

(ii) the locus of all the cusps of the system, for similar 
reasons; 

(iii) the envelope of the system of curves, which may be either a 
single curve or several curves; for any point on the envelope may 
be considered as belonging to two separate but consecutive curves 
of the system, the constants of these consecutive curves being ulti¬ 
mately equal. [In the case, when the envelope can be decomposed 
into several curves, it may happen that one of these is merely 
a particular curve of the system f{x^ y, c) = 0; its equation gives 
part of the envelope and a particular curve of the primitive.] 

Let these three respectively be called the nodal locus, the 
cuspidal locus, and the envelope locus. 


Note, The occurrence of the node-locus and the cusp-locus in 
the equation 

Disctc/(a7, y, c) = 0 
may be explained as follows. 


The coordinates of a node or a cusp on the curve /= 0 satisfy 
the equations 

/** 0 - 


let these coordinates be denoted by 

Z=y(c), F-/i(c). 

On the consecutive curve /(a?, y, c + dc) == 0, the coordinates of 
the node or the cusp consecutive to X and F may be denoted 
by X + dZ, F+dF; and then, among the three equations to be 
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satisfied, we have 

/(Z + dZ, Y+dY, o + dc) = 0, 
that is, when we include only quantities of the first order. 

Taking account of the equations 

SL.o 8i_o 

8X ' sr ■ 

which are satisfied by X and Y, we infer that the equation 



holds along the node-locus or the cusp-locus. Hence the locus of 
all the nodes and the locus of all the cusps of the curves/*=0, for 
different values of c, may be expected to occur in the eliminant of 

/=« %-o- 

that is, in the discriminant. 

26. If we now consider the differential equation 

in connection with the system of curves, whose equation constitutes 
its general solution, it is evident that the envelope of the system is 
a solution of the equation; for at any point on the envelope (which 
is a point on two consecutive curves) the direction of the tangent 
is the same as that of the tangent to either of these curves at that 
point; and since the differential equation is satisfied by the quanti¬ 
ties, which are connected with the element of the system of curves, 
it must be satisfied by these (unaltered) quantities, which are con¬ 
nected with the element of the envelope. 

But the nodal locus is not a solution of the equation; if it 
were, the differential equation would, for the values of x and y at 
any node, be satisfied by the corresponding value of p at this point 
on the nodal locus. Remembering that the nodal locus is formed 
by a series of points on our system of curves, we know that the 
values of p at any such point which satisfy the differential equation 
are those given by that curve of the system which passes through 
the point. But as the tangent to the nodal locus at such a point 
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will not ill general be a tangent to any of the branches of the curve 
of the system at the point, it follows that the value of p for the 
nodal locus differs from those values of p for the curve of the system, 
which satisfy the equation when substituted in it with the coordi¬ 
nates of the point. And it would only be by accident that the 
value of p for the nodal locus could coincide with any of the re¬ 
maining values of jo, which do not belong to the curve on which 
the node lies, but are furnished by other curves of the system 
through that point. Hence the value of p for the nodal locus at 
the point will usually be such as not to satisfy the differential 
equation; and the nodal locus will therefore, in general, not he a 
solution of the differential equation. 

Exactly similar considerations, applied to the cuspidal locus, 
lead to a similar conclusion :—the cuspidal locus, in general, is not 
a solution of the differential equation. 

27. Now the envelope of the system can be derived from a 
knowledge of the differential equation alone, i.e. without a know¬ 
ledge of the primitive. At any point on the envelope, at least two 
of the branches of the different curves coincide in direction; and 
therefore for such a point we shall have equal values of p belonging 
to different but consecutive curves. 

If now we express the condition that two values of p shall be 
equal, by means of the equation 



and eliminate p between this and the original differential equation 
(in fact, if we equate the discriminant of to zero), then the locus 
Disety {x, y,p) — 0 

will be one at points along which two values of p will be equal, and 
will obviously include the envelope. 

But, besides including the envelope, this equation will also give 
the locus of all points 

(i) at which two branches of the same curve touch, i.e. will give 
all the cusps; this locus, as before, is the cuspidal locus; 

. (ii) at which two curves which are different but not consecutive 
touch; this locus is called a tacdocus. Thus, for instance, if we 
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have two infinite series of concentric circles one round each of two 
points, the straight line joining the centres (and produced both 
ways) is the locus of points of contact of two circles, one belonging 
to each system. 

As before, the cuspidal locus is rejected, not being a solution 
in general; and reasoning, exactly similar to that which led to the 
rejection of the nodal locus, indicates that the tac-locus is not a 
solution in general. 

Hence, of all these loci, the only solution of the differential 
equation is the envelope-locus; and this, and this alone, wc call the 
Singular Solution'' of the differential e(]uation. Either method of 
obtaining the envelope-locus may introduce some of the other loci 
which have just been shewn not to be solutions; and therefore in 
any particular case, unless the equation derived obviously represents 
the envelope and nothing but the envelope, it is necessary to try 
whether the result satisfies the differential equation. Should it not 
do so, it may happen that the integral equation can be resolved 
into others that arc simpler, and one or more than one of them 
may satisfy the equation; these will then constitute the Singular 
Solution. And those resolved parts which do not satisfy the diffe¬ 
rential equation will be found to be loci, which according to the 
principles above explained ought to be rejected. 

It may be added that the locus, obtained by equating the 
c-discriininant to zero, contains the envelope-locus as a factor 
once, the node-locus twice, and the cusp-locus thrice; and that 
the locus, obtained by equating the /^-discriminant to zero, con¬ 
tains the envelope-locus as a factor once, the cusp-locus once, 
and the tac-locus twice*. The results are often expressed in the 
forms 

Disetc/ (ir, y, c) = 

Disetp (a?, y, p) = ET^G, 

28. We can assign an analytical condition that the relation, 
obtained by the elimination oip between 

♦ Cavley, Mess, of Math,^ vol. n. (1873), pp. 11, 12, voL xii. (1883), p. 3, Coll, 
Math, Papers^ vol. vni. pp. 633,634; M. J. M. Hill, Proc, Lond, Math, Soc,^ vol. xix. 
(1888), pp. 661—589. Cayley inferred the results from geometrical considerations; 
an analytical proof is given by Hill, 

2-5 
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should provide a solution of the equation, which of course will be 
a singular solution. 

Imagine the second equation solved, so as to express p in terms 
of X and y ; and let the value so obtained be substituted in so 
that it becomes The equation then is 

<^' = 0 . 


If this equation provides a solution of the differential equation, it 
must lead to the appropriate value of p which, in that case, will be 
the value that was substituted in <^. Now the value of p arising 
through (f>' is given by 


d(j>' M' . 


moreover, 

<!>'== 4 >> 

SO that 

dx ^ dy dx ^ dy dx dp 


because 



d<f> 

dx 






Hence p is given by 




and this value of v is to agree with the value deduced from 

^ = 0 and substituted in ^ = 0, which by hypothesis then provided 

a solution of the differential equation. Accordingly, we infer that, 
if a singular solution of the equation ^ (a?, y, p) = 0 exists, it must 
simultaneously satisfy the equations 


*=». ^= 0 . 


dp 


dy 


If, however, the value oip be infinite, the last equation requires 

that ^ should be zero. In that case, the best method of testing 

the character of the equation resulting from the elimination of p is 
actually to try whether it does provide a solution of the differential 
equation. 
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29. It is to be understood that an irreducible differential 
equation has not necessiirily a singular solution. Thus let the 
discriminant with regard to p of 

p) = o 

be denoted by Uy where ?7 is a function of the variable coefficients 
of p in this equation, and suppose that U cannot be resolved into 
simple factors. 


If the equation [7= 0 be a solution of the differential equation, 
then the value of p is given by 


dU 

dx 


+ 


dU^ 

dy 


i>=o, 


and we must have the equation 

satisfied for values of x and y connected by C7 = 0. In other 
words, there must be a relation between the coefficients of p in (f> 
and their differential coefficients with regard to x and y\ but this 
will not in general be the case. 


If we consider in particular the equation of the second degree 
in the form 

2ilfj» + J\r==0, 

then the singular solution, when one exists, is = 0, where 8 is 
either LN — M'^ or a factor of this. In general, LN — M'^ cannot 
be resolved into factors; and it is not itself a solution, unless 


L 



2M 


dx dy 



where and these in general would be two independent 

simultaneous equations determining x and y as constant quan¬ 
tities. Yet, from what we have seen, the primitive of the differential 
equation is of the form 

Z'c«+2ilf'c + iV''«0. 


This equation may possess a general envelope; if it does, the 
envelope is contained in 
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and it is a singular solution of the differential equation. If the 
integral equation does not possess an envelope, (and it does not 
always possess such an envelope even when it is an algebraic 
equation^), then there is no singular solution. 

In fact, the exceptions in the first case—^when the differential 
equation has a singular solution—are the exceptions in the second 
case—when the integral equation represents a family of curves with 
a genuine envelope. 

The theory of singular solutions of differential equations of the first order, 
as at present accepted, was first given by Caylc}^, Mess, of Math,^ vol. ii. (1873), 
pp. 6—12, Coll, Math, Papers^ vol. viii. pp. 529—534; and an iriq)ortant 
memoir was independently published by Darboux about the same time, Bull, 
des Sc, Math,, vol. iv. (1873), pp. 158—176. Many memoirs dealing with the 
subject have since been written; it will bo sufficient to mention those by 
Workman, Quart, Jouni,, vol. xxii. (1887), pp. 175—198, 308—324; M. J. M. 
Hill, Loud, Math, Soc, I*roc., vol. xix. (1888), pp. 561—589; Chrystal, Trans, 
R, S, E,, vol. XXXVIII. (1897), pp. 803—824; and to refer to author’s Theory of 
Differential Equations, vol. ii., ch. viii., for an analytical discussion of the 
subject and, in particular, for an exposition of Hamburger’s method of 
treatment. 

We now proceed to consider some examples of the general 
theory. 

In the case of each example, the corresponding figure should be drawn. 

Ex, 1. Solve — 

The condition that p should have equal values is 
(^—?/)2 + 4ry==0, 

i.e. (a?+y)2=0, 

or 2^=-^, 

which is not a solution. Now the equation may be written 

(^-l)(/>y+^)=0, 

the solutions of which are 

y^x^c and y^+x^^c. 

The different curves represented are obvious. 

This is an example of the remark (§ 22) that, if the equation be reducible 
to linear and rational factors, it has no singular solution. 

Ex, 2, Solve p^y^ cos^a - 2pxy sin^a +y^ — x^ sin^a=0. 

The condition that p should have equal values is 

sin^a ^y’^ cos^a Qff - x^ sin^a), 

^ As to this result, see the memoir by Chrystal, pp. 819, 820, quoted below. 
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that is, 

(x^ sin^ a -cos^a) y^ =0, 


so that 

y=0. 


and 

y= ±;i7tano. 



The primitive is 

^+// - 2cx+(P‘ cos^a=0; 


and the condition that c should have equal values is 

or y= +07 tana. 

The curves represented are a series of circles; their envelope is the two 
straight lines y— ± a? tan a, which constitute the singular solution. 

The line y=0 is a tac-locus. 

It is easy to verify that the lines y= + a; tan a satisfy the tests in § 28, so 
that they constitute a solution of the equation. 

Ex,Z, Solve 4p2^(.r-a)(.r—6)={3a’‘^ — 2 a;(a+ 6 )+a 6 | 2 , 

The condition that p should have equal values is 

X (x - a) {x - 6) ^2x(a+b)+ a&P «0. 

The primitive is 

(y+cfzsx {x - a) (a? - &); 

and the condition that c shall have equal values is 

x{X’-‘a) (j7—^>)=0. 

The difierential equation is satisfied by .r=a, .rs=& (and the cor¬ 

responding infinite values of p); and these are singular solutions. The 
remaining factor in the p-discriminant gives 

3.V=a+6 ± (a^ - a6+; 
and these lines ai*o tac-loci. 

The cubic curve y^=x(x —a) ( 4 ?- 6), 

(0<a<b) consists of an oval cutting the axis of x at the origin and at a 
distance «, and of a curve like a parabola cutting the axis of ^ at a distance h ; 
the tangents at all these points are parallel to the axis of y. The system 
of curves is obtained by moving the cubic curve parallel to the axis of y. 
The straight lines x^Oy 07 = 0 , x^hy are envelopes of the system; the line 

3a’=a4-6 —(a^—is a tac-locus of real points of contact; the line 
3.r=a-f-6-f —is a tac-locus of imaginary points of contact. 

Ex, 4. In the foregoing, make «=*&; and remove (see §22) the factor 
(.V - a)K The differential equation is 

the condition that p should have equal values is 

.r(3a;—a)2=;0. 
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The integral equation is 

and the condition that c should have equal values is 

a)‘^=sO. 

Common to these we have a:=0, which (with the corresponding infinite 
value of p) is a solution of the equation, and therefore a singular solution. 
Every curve of the system has a double point; the locus of these is a?s=a, 
which is a nodal locus; the line is a tac-locus. 

Ex, 5, In the foregoing, let a=0 and remove the factor x. The diflerential 
equation is 

the condition that p should have equal values is 

^= 0 . 

The primitive is 

and the condition that c should have equal values is 

The differential equation is not satisfied by .r=0 (with the corresponding 
infinite value of p). 

The curve 2 /^==^ is the scmi-cubical parabola having a cusp at the origin; 
and the system is obtained by moving the curve parallel to the axis of y, so 
that .a?=0 is the locus of cusps, and therefore is not a singular solution. 

Ex, 6. p^--4xyp-h6y^=0; 

the condition that p shall have equal values is 

The primitive is 

y=c(x-c)% 

and the condition that c shall have equal values is obtained by eliminating 0 
between this and 

(x--c)(x-8c)=0, 

so that either 

or 

agreeing with the former. Both of these satisfy the differential equation. 
The first of them is a particular solution (corresponding to c=0), and it there¬ 
fore is both a singular solution and a particular case of the primitive; the 
latter is only a singular solution. 

Ex, 7. Obtain the primitives and the singular solutions (where these exist) 
of the following equations; and specify the nature of the loci, which are not 
solutions but which are obtained with the singular solution. 

(a) 

Primitive =? c (y—c); 

Singular solutions y = ± 2a?. 
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O) 

Primitive 
Singular solution 
Tac-locus 


c2+2cy4*a^=^^; 

:r=0. 


(y) 


( 8 ) 

W 

(f) 

(-») 


p*=4y(xp-2yy‘; 

Primitive y=(^*—c)^; 

Singular solution x* - 16y=0; 

Singular solution, also particular, 

y=0. 

xyp^ + (^2 ^2) jt? - ary=0; 

(l-y2)p2=l; 

(Jbx—ayy^ (b^ + a^p^) =c‘^ (/; 4- ctp)^. 


Further examples occur in the paper by Cayley, Mess, of MaiK^ vol. vi. 
(1877), pp. 23—27, Coll, Math, Papers^ vol. x. pp. 19—23: and in one by 
J. W. L. Glaishor, Mess, of Math,^ vol. xii. (1882), pp. 1—14. 


Principle of Duality. 

30. There exists in ordinary differential equations a duality, 
in virtue of which each equation is connected with some other 
equation of the same order by relations of a perfectly reciprocal 
character. We shall consider here only equations of the first 
order. 

We take a new dependent variable F given by 

Y = px-y, 

and we have 

dT—pdx’\-xdp’-dy 

^xdp. 

We take p as our new independent variable, and we write it X for 
symmetry, so that 

X=p; 

and then we have 

dY dY ^ 
dp~dX~^' 

With these relations, we have 

y=^px-y 
= PX-Y, 

so that the relations between the variables are reciprocal 
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If now we have an equation of the form 

the above relations transform it to 

^(P,PZ-F,Z) = 0. 

When the integral of either of these is known, the integral of the 
other can generally be deduced by a process of algebraical elimina¬ 
tion. Thus let an integral of the second be given in the form 

/(X, F) = 0. 


Then we have 


that is, 


and 


dx^ dy 

dY^dX 

9/ /XT X 9/ 

V 9/ -r 9/ 

- Y^y + X^^. 


The elimination of X and F between these three equations will 
leave an equation between w and y, which will be a solution of 


Note, The preceding process of constructing one differential 
equation from another is the analytical equivalent of the geometrical 
construction of a polar reciprocal of a curve. 

Let a curve C be drawn; a tangent to it at a point a?, y is 

where f and rj are current coordinates. Let the pole of this tangent, 
taken with respect to the parabola ^ 2—277 = 0, be Z, F; then its 
equation is 

Z^-97-F=0. 

As the two equations are the same, we have 
Z=jo, Y^px’^y. 

The locus of Z, F is a curve C\ the polar reciprocal of C ; and C 
is known to be the polar reciprocal of G\ that is, the locus of the 
poles of the tangents to C\ taken with respect to the parabola. 
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Thus the point x,y on G is the pole of the tangent to C' at the 
point , F; by a similar process, we should find 

y^PX--Y. 

These are the relations * used in the analysis connected with the 
differential equation. 


Ex, 1. Solve the equation 

{y-px)x^y. 

Effecting the transformation determined by 

px-y^Y, p^X, x=^P, 
we have the equation in the form 

Y 


that is, 

Writing FAT, we have 
and therefore 


Hence 
that is, 

Thus wo have 

and therefore 

Thus 

so that, as 
we have 

and therefore 


P=_-_ 

^ r+x' 

dV V ,._-F2 

^ 17 I 1 ^ ~ 2^ » 


dX F+l 

(1-4) 


dr+-‘^'}=o. 


1 


log V —log X =const., 

/(Z, r)=log Y- const. 

df _ 1 df _X+Y 

dX~ F’ dY~ ’ 


Y 


_p 

X+Y- 


J+F’ ^ 
r --2 ^= 1 - 1 . 
X 

log F--jv= const., 


y=^axe^ 

is the primitive of the original equation. 

* These relations are the simplest instance of what are called contact (or 
tangential) transformations. 
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Ex, 2 . Integrate the equations 

(i) (:y-px)x^cy^ 

where c is a constant • 

(ii) {y-px)(py'\ry-px)=:p. 


MISCELLANEOUS EXAMPLES. 


1. Solve the equations: 

(i) y-xp:=^x+yp\ 

(hi) x^+y-^p^i 
(v) my—nxp =^yp ^; 

(vii) p^ 4 * = cLxp ; 

(ix) ax^y^p+y=^2xpi 

(xi) y-^xp=^f{xp^)l 
(xiii) (1 ~/;)2~6~2i^=-.p2g-2a;. 

(xv) (1 + 63^2 _ Zx^y') p =— x ^; 


(ii) a{xp+2y)z=^xypi 
(iv) p'^’\’2xp—y; 

(vi) i^=-y^{y-\-xp)\ 

(viii) a^p^ + x'^yp 4- =0; 

(x) p^ 4- ^yp cot x—y^\ 

(xii) 

(xiv) (jU'+yp)2=(l+pS)(y*+JU?''‘); 
(xvi) 2 /=x{p+(l+p‘)i}-, 


(xvii) ay+hxp^xf^y'**' {cy + exp ); 

(xviii) yp {x^ H-y24- a?)+x (^^q-y^ - j--o ; 


(xix) (.rp-y) 2 =:^ 2 _ 2 |^ 4 . 1 . (^^-y) 2 =a(l+p 2 )(^ 24 .^ 2 )!. 

(xxi) (a2 4 - .^2)4 ^ 4- y= {a^ 4 - ^ 2 ^; 

(xxii) y^px-]r{l’^p^)^<i>{x^+y'^)\ 


(xxiii) {x 00s I +y sin | j sin | ^ cos|^ xp ; 


(xxiv) {x^y^ 4- xi^y^ 4-+ 1 )y+(*3?^^^ -^ -xy+\)xp^0\ 

( xxv) {(jr 2 - y2) sin a+2a:y cos a—y {x^ 4-y^)^ } Jo 

=2.xy sin a — {x^ -y2) cos a 4 ^ (^*4-^*). 

2 . Shew that, if 

^4=1+-^i- 3?4“^ .^3ar24’...> 


where the quantities A are connected bj the relation 

^ (w— 1) (??l — 2) 

then log {u{l--x)^}==^x-\‘ ^x\ 


3. Integrate the equation 

cos 6 (cos 6 - sin a sin <f>) dB \cos 0 (cos —sin a sin &) c?<^ 3 = 0 . 

Shew that, if the arbitrary constant be detcrrained by the condition that 
the equation must be satisfied by the values (0, «) of {By ^), the equation is 
satisfied by putting ^a. 
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4. Prove that, if the differential equation 

cydx--{ 2 /+a-\- hx) dy ~ nx {xdy ^ydx)=0 
be transformed into an equation between u and x by the substitution 
u(y + a-\-hx+'tix^) ==y (c+ nx\ 

then the variables are separable; and reduce the equation to the form 

dv dx 

by the further substitution a and fi being suitably determined. 

(Euler.) 

6. Reduce the equation 

axyp^ 4 * {x^ -ay“ — h)p--xy=0 
to Clairaut’s form; and hence solve the equation. 

Solve the equation 


where a+fi + y—0. 




a:+y-l 

dx+dy 


= 0 , 


6. Show that, if and ^2 bo solutions of tho equation 




where P and Q arc functions of x alone, and y<i—y\Zy then 

-f—da? 

5;=l+ae •'J/i , 

where a is an arbitrary consUnt. 


7. I^ove that the variables in the equation 

{x (x+t/)+a^} ^ =y +6“ 

may bo separated by the substitution x=n-^v and v, provided /r be 

properly chosen; and integrate the eqxiation. 

8. Shew that the equations 

?/—and y’-xp=^h{l+x^p) 
are derivable from a common primitive, and determine it. 

Are the pair 

and y-(l+p®)'‘^s=6 

so derivable 1 Also the pair 

yp^ax and 

9. Integrate the differential equation 

X {ay^ + {ay +^ + {ay +== 0 . 


A tangent to a cun^e at any point P cuts the tangent and the normal at a 
ffxed point 0 in tho points M and and the rectangle OMP'N is completed. 
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Find the curve which is such that the triangle formed by the tangents at any 
three points P, R is equal to the triangle formed by the corresponding 
points F\ R\ 

10. Determine the system of curves which satisfy the differential equation 

dx{{\ {(1 +2/^)^ 4'Wa;}=0; 

and shew that the curve, which passes through tho point ^=0 and 
contains as part of itself the conic 

(1 + = nK 

11. Integrate the equation 

x—yp 
b x-\-yp* 

and examine the nature of the solution 


12, Discuss the question whether y=0 is a particular solution or a 
singular solution of the equation 



13. Obtain, and interpret, the primitive and the singular solution (if there 
be one) of each of the equations 

(i) (ii) 

(iii) y(l+^2)«,2^;?; (iv) /)2r=:(4y+l)(p-y). 


14. Prove that, if a locus of points of inflexion can be obtained from tho 
integral family of curves of the equation 0 (.r, y, p)~0y it will be included in 
the result obtained by the elimination of between the equations 




Discuss the solution of the equation 

(4p+2^+=(1 + ^2) (1 ^ 4^ ^ 

16, Obtain the primitive of tho differential equation 


(Darboux) 


2y*^^+^. 

Show that exactly the same equation is obtained by expressing the con¬ 
dition that p should have equal values in the differential equation as by 
expressing the condition that c (the arbitrary constant) should have equal 
values in the primitive; and determine the geometrical meaning of this 
equation. Is it a singular solution If 
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16, The primitive of the differential equation 

(2^2 ^ 1) _|_ (^2 ^ 2X^ +y- + 2) ^ + 2j^2 ^ 1 ar 0 

is c2+c(^+y)-M — ,ry8=0. Verify this; and obtain the singular solution both 
from the equation in p and from the equation in c, exiffaining the geometrical 
significance of the irrelevant factors that present themselves. 

17. Shew that the solution of the equation 

^ 4^p —0 

is +2c.r (3a“y2 — —0. 

Is 2^ = ± ay a singular solution ? 

Trace the curve and the locus given by the equation independent of an 
arbitrary constant. (Woolsey Johnson.) 


SUPPLEMENTARY NOTE: 


runge’s method for the numerical solution of 
differential equations. 


It is not always possible to obtain the explicit expression for 
a quantity y as defined by a differential equation even of the 
first order. Cases arise in which the quadratures required do 
not belong to known forms; cases occur in which reduction to 
quadratures is not possible, that is to say, the equation cannot be 
solved analytically in simple forms. 


There is, however, a convenience, particularly for numerical 
problems, in being able to assign a numerical solution; and a 
method has been devised by Runge* which is effective for this 
purpose. The following account of Runge^s method relates only 
to insoluble differential equations of the first order; reference 
should be made to his memoir for applications to equations of 
higher order. Briefly stated, the question may be propounded in 
the form: 

A quantity y is defined by the differential equation 


dx 


/(«>> y)> 


and it is subject to the condition that y = b, when as — a", what is 
the value of y, when a: = c ? 


* JIathematisohe AnnaUn, t. XLVi. (1896), pp. 167—178. 
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For the purpose of the question, it is assumed that a, 6, c, are 
real; that c is greater than a; and that /(^, y) remains finite 
throughout. As a matter of fact, we take /(wy y) to be not greater 
than 1 numerically: if at any stage the value of f{Xy y) is greater 
than 1, we deal with the equation 

which satisfies the assumption made. 


The range between a and c is divided into portions, not 
necessarily equal to one another; if h denote one of these portions, 
the governing consideration is that the approximation shall be 
accurate to quantities of the order h inclusive. According to the 
degree of accuracy required, we shall have an indication of the 
extent of the portions. 


For brevity, write 

y)> s')* 

fu flU fasy fuy 


respectively, when x is made equal to a and y to h after the 
differentiations are affected. Let 


hi =y ’{a + \liy b -}- \foh) h ; 

and let 
where 

r'=/(a+A,64-r)A 

Then, expanding and rejecting powers of h beyond A*, we have 
hx -f ^ (/i + i {fix 4- ^/i2 A® 4-, 

hi==foh + i {/ii4*2/^i2 4“/o®/22 + 4 / 0 / 2 )} A® 4 .... 

Let the value of y when a*« a 4- A be denoted by 6 4 A; then, if 
A =* aiA 4-JOgA® 4 -JusA® 4 ..., 
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we must have 

... 

=/(a +A, 6 + A?) 

=/o + hf, + J Qi%^ + 21ikf,, + k^f^) + ... 

~yo + {fi 4* Oj\f^ 4- (^2^2 4 / 11 4 ^ciifi2 4- cti^fzd 4 •. • • 

Consequently 

ai=/o, 

=/i 4/0/2, 

«3 =/ll 4 2/,/,2 4/o%2 4/2 (/l 4//2), 

which are the initial coefficients in the accurate value* of k. 
From the expressions for ki and Zjo, we have 

k = 4 ^^2 

^ ^’1 4 J (^2 

accurately as far as quantities of the order A® inclusive. 

When we write k in the form 

i(*'4 4/c,4r'), 

the approximation takes the form stated in Simpson’s rulef. 

Having now obtained 6 4 A? as the value of y, which is associated 
with a 4 /t as the value of a? to the required degree of approxima¬ 
tion, we can take a + h and 6 + & as initial values of the variables 
for the next portion of the range of variation of w: and obtain a 
final value 6 +A; + k' of y which is associated with the final value 
a + h + ft! of o!, to the same degree of approximation as before. 
We thus proceed from portion to portion of the range until the 
ultimate value of a; is attained. 

Ex, 1. A solution of tho equation 

dy 

dx ”” y^’\-x 

is to satisfy the condition that y=l when 07=0; find its value when x—\. 

For the sake of illustration, the range from 07=0 to a7=-5 will be divided 
into two portions: from 07=0 to 07 = *2, and from 07=*2 to o?= *5. 

For the first portion of the range, we have 

a=:0, 6=1, h—% /o=l. 

* It would, of course, be possible to use this expansion to calculate h; but the 
c ilculations are long, and might be intricate. They are avoided by the adoption of 
Range’s result. 

t Lamb, Infinitesimal Calculus (2nd ed,), pp. 260, 277; in this connection, see 
Bunge, p. 168 of the memoir quoted on p. 53. 



56 


NUMERICAL SOLUTION 


[chap. II 


^, =/(•!, 1-1) X-2 

—IS— 

1 *44 — •A 

F=/(*2, l-2)x*2=*2xi:5|^2 = ‘^27; 

/(a+h, 6+r)=/(-2, 1-127)=J|~;|=-692; 

4=i(^:'+r') 

=iM/o+/(«+A, 6 +r)} 

= •1 X 1-592=*159. 


and therefore 
Consequently 


J(^2-^-i)=-002, 

^=/'j 4- ^ (X’2 — Z-i) = *156. 


.V=1-166, x=% 

are simultaneous values for the solution determined by 

y=l, 47=0. 

The calculations in the second stage are similar to those which precede: 
only the results will be stated. We have 

a=-2, 6 = 1-156, /i=-3; 

>ti = -135; 
i&' = -183, 

F = -104, 

F' = -085, 

4=-134. 

Hence we have 

i57=-135; 

and therefore the value of y, when 47 =*5, is given by 

y=1-156+135 
= 1-291, 

with a possible error of one unit in the third place of decimals. 
iS'x 2. Apply the process to the equation 

dy 

dx y + x 

for a solution which is 1 when 47=0; and prove that y=1*499 when 4?=1. 
(It is convenient to divide the range into three portions 0 to -2, *2 to *5, and 
•6 to 1.) 

Integrate the equation; and compare the result obtained by the numerical 
process with the accurate valua (Runge.) 
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THE GENERAL LINEAR DIFFERENTIAL EQUATION WITH 
CONSTANT COEFFICIENTS 

Preliminary Formulce. 

31. Before proceeding to the discussion of the linear equation 
of the n*''* order with constant coefficients, it is convenient to for¬ 
mulate and prove certain theorems in differentiation and integra¬ 
tion, which will be required ip that discussion. 

d 

Let D stand for for and so on. Then this s 3 mabol 

D obviously is subject to the fundamental laws of algebra; for 
evidently 

{lF + D>^)u = (D^ + D’')u; 

D’' ./)'*« = i)« .!)»■« = !>»+’•«; 

D(u + v) = Du + Dv. 

It is necessary to deal with negative indices; thus if we have 
Du = v, 

and if, after the algebraical analogy, we write 

u = D~^v, 

we have v=Pu = D.D~% 

so that D.D~^ = 1. 

Thus D"* represents such an operation on any quantity that, 
if the operation represented by D be subsequently performed, the 
quantity is left unaltered. It at once follows that these symbols 
with negative indices also follow the laws of algebra; and an 
operation with a negative index is equivalent to an integration. 
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But it is important to point out that the special object of these 
inverse operations is to find an integral but not the complete 
integral; and the arbitrary constant which arises in integration is 
therefore omitted. 

In what follows, yjr denotes a functional symbol; and (x) 
everywhere denotes a rational function of x which can be ex¬ 
panded in ascending or descending integral powers (or both) of 
the variable. 

32. Theorem /. 

For, since D stands for ~ , 

When each side is operated on with the equation becomes 

= aD~^ ; 

or transposing the sides of the equation and dividing by a, we have 
Repeating these operations, we obtain the equations 

Now as is a rational function which can be expanded in 
powers, we may write 

= [^0 A.\Ci “f"*** “H + •..q- *1"• • • 3 

s= yfr (a) e®*. 

33. Theorem II. If X denote any function whatever of Xy then 

'\|r(D) [ei^^ X] = e^^^yfr {D + a) X, 

A single operation with D gives 

D{e«*Z} = e«®(D + a)X, 

from which, if both sides be multiplied by e”®®, we have 
(e"®* De®*) Z = ( jD + a) Z, 

so that the effect of operating on Z with er^De^^ is to give D + a 
operating on Z. Let the operation be repeated; then 
Def^) {fT^ Def^) Z = (D + a) (D + a) Z,, 
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or (er«* Z = (D + afX. 

Operate again with e“®* i)e“®: then 

(g-o* (e-»* Z = (D + a) (2) + a)® Z, 

or (e-«» DV®) Z = (Z) + a)* Z, 

and so on. If the operation be performed n times, the resulting 
equation will be 

(g-a* 2 )»eo*) x={D + a)" Z, 
which, multiplied by e“*, gives 

jyn. {gO* I = gO* (2) + o)» Z, 
where a denotes a positive integer. 

Consider now the case of negative indices; write 
(2) + a)"Z = Zi, 
so that Z = (Z> + a)-“ Z,. 

Then the result just obtained may be written 
D«e“* {D + a)-” Z, = e“®Zj, 

Operate on each side with 2)“”: the result is 

(2) + a)-» Z, = 2)-’* e®* Zj. 

Now no limitations were assigned to the form of Z and there 
are therefore none on that of Z„ which can thus represent any 
function of x ; denoting it therefore by Z, we have 
2)-» (e“* Z} = e»» (2) + a)-” Z. 

Let V^(2)) be expanded in integral powers of 2), positive and 
negative (if necessary); and let e“®Z be operated on by these 
integral powers in succession, the equivalent values derived from 
the foregoing equations being substituted and the terms collected 
as before; then the result is 

(2>) Z} = e®* (2) + a) Z. 

Corollary. If we write 

e“®Z=r, 

so that F is a function of x, then 


f (D) F= f (2) + a) {Fe"®*}, 

a theorem which is useful. For example, let it be required to find 
a particular value of y to satisfy the equation 





34. Theorem HI. If ^jr (x) be an even function of oo, say <f> (^), 
then 

(D) sin (aw + a) = <^ (— (i^) sin (aw + a). 

For i )2 sin (aw + «) = (— a^) sin (aw + a); 

and the theorem follows as before. 

Corollary. If (w) be not an even function of w, it can be 
expressed in the form 

^{a?) + xx{a?) 

where ^ and ^ even functions of w; in this case, 
yjr (D) sin (aw 4 - a) = {<^ (D^) +• Z)% (D-)} sin (aw + a) 

= ^ (— a^) sin (aw + a) + 

If the function to be operated upon be the cosine instead of the 
sine, the corresponding changes are obvious. 

36. Theorem IV. This is really an extension of Leibnitz's 
theorem for the successive differentiation of the product of two 
quantities whose differential coefficients are known. 

If yjr (w) as before denote any rational function expansible in 
integral powers of and yjr' (w\ yjr"(w), (a?),... denote its first, 

second, third,... differential coefficients with regard to w, then the 
extended theorem is 
(D) uv 

= uf(D)v + Du^|t' (D)v+~f" (D)v + ^^lr'" (D)v + .... 

The proof depends on Leibnitz's theorem, and is similar to that 
of the preceding propositions. 
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The advantage of this theorem arises in cases where one of the 
two quantities u and v is a power of Xy or is the sum of powers of 
X. If, for instance, w = the series on the right-hand side 
need only be written as far as the term; and such inverse 
operations as are to be carried out will be performed on a single 
quantity v. 


Ex. Shew that, if 

{D^Jcfy=xWy 

where F is a function of x only, y is given by 


g-te ^^2 J Ie^v<M-4xIll^=^Vd3^+6 jjjj. 


36. Another important operator which sometimes occurs is 
X ^ or, with the previous notation, xD ; and similar theorems 

concerning this can be enunciated. 

Let F{z) denote a rational function of z expansible in powers 
of z\ then in F{xD) we shall have terms of the form {xDJ^ which 
d" d d 

means, not x^ but op^^rating n times. The rela¬ 

tion between these two operatorswill be obtained immediately (§37). 


Theorem /. F(xD) = F (m) x^. 

For {xD)x^^mx^y 

{xDfx'^^ = {xD) mx^ = m^x"^, 

and so for all integral powers positive and negative. Hence the 
theorem. 


Ex, 


then 


Prove that, if be a function of x of the form 


F{xD) 




.jL+^ 

'F{0yF(l) 


G . D , 

^+F(2)^+y^)^+" 


Theorem IL F(xD) x'^ V—x'^F{xD + m) F. 

We have xD (x^ V) = x^ (xD -f m) F, 

or (ar^.xD.x^) F=(a?Z) + m) F, 

so that the operators x~~^.xD.x^ and xD'\-m are equivalent. 
The course of proof follows lines exactly similar to those for the 
corresponding theorem with F {D)\ and the result is in the 
enunciated form. 
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37. The relation between the operators and xD is given by 
the formula 

= xD(xD — 1 ) (xD — 2 )... {xD — -f 1)^ 

The theorem can be established directly; for if u the subject 
of operation be expanded in a series of terms of the form A^nX^, 
the result of operating on this with J?" and multiplying by x'^^ is 
zero if m < and is 

m(m~ 1) (m —2)... (m —+ 

if m ~ w; but this is also the result of operating with the right- 
hand side. Hence the operators are equivalent for each term of u 
and so for the sum of all the terms of m, i.e. for u itself. 

The theorem can also be established by induction; for suppose 
x^D^u = xD (xD — 1 ) (xD — 2 )... {xD — w -|- 1 ) w, 
and write u = (xD ^n)v; 

then D^u = xD^"^^ v, 

and so v = xD (xD — 1 ) (xD — 2)... (xD — n) v. 

Now w is any general function; hence v is also a general function. 
The theorem, if true for n, is thus, true for n-f-1; it is obviously 
true for the values 1 and 2 , and so it is true generally. 


Some Properties of the General Linear 
Differential Equation. 


* 38. The general type of linear differential equation of the 
order is 


dx^ ^ dx^^^ 




dx^-^ 




dx 


+ = 


F, 


in which JTi, Xg, ...,Zn, F, are functions of x (or constants) but 
do not contain y; for the sake of shortness, let it be written 

^(i))y=F. 

If this equation be integrated step by step so that each 
integration reduces the order of the equation by unity, every 
time such a reduction is effected an arbitrary constant enters, 
and therefore, when ultimately the integral equation is obtained, 
n arbitrary constants in all will have entered; or we shall expect 



GENERAL PROPERTIES 


63 


37 -^ 0 ] 

the primitive of a given linear differential equation to contain 
a number of arbitrary constants equal to the order of the 
equation. 

There are certain properties appertaining to all linear equations 
in common which simplify to some extent their integration; the 
most important of these are the following. 

39. I. Let rj be any particular value of y, which satisfies the 
equation; and let 

Then substituting this value o^y in the equation we have 

But, since v is some solution of 

4)(D)y= F, 

the equation now becomes 

o(i))r=o, 

so that to solve the original equation we must solve generally this 
equation, which is the same as the original equation except that 
the right-hand side is now zero. When the primitive of this modified 
equation, which will contain n arbitrary constants because it is of 
the order, has been obtained, it must be added to rj ; and the 
result equated to y will be the primitive of the given equation. 
The primitive then consists of two parts: 

First, the quantity rj, which is called the Particular Integral 
and is any solution whatever (the simpler the better) of the original 
equation; 

Second, the quantity Y, which is called the Complementary 
Function and is the primitive of the equation when the right-hand 
side is made zero. 

The sum of these two parts is the primitive of the general 
equation. If in any particular case the right-hand side should 
already be zero, the former of these parts will not occur. 

The various methods available for the deduction of the Particular 
Integral occur later in § 46. The remaining properties are useful 
in the investigation of the Complementary Function. 

40. II. If F = Fi be a solution of the equation 

*(jp)F=0, 
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then Y—CiYi is also a solution, where (7i is a constant; and if 
Yu F.,.... Fn, be particular solutions, then 

F=:OiFi + £?,F,+. ^GnYn 

is also a solution, where C?i, Cg,.. are constants. 

For 4> (D) F- ^ {D) F, + «>(D) C,F, +.. 

and each term on the right-hand side is zero. No restriction what¬ 
ever has been laid on the values of the constants G, and they there¬ 
fore are completely arbitrary; the above value of F is thus the 
primitive of the simpler equation 

4>(D)F=0, 

and so it is the complementary function in the integral of the 
equation 

Hence the determination of the complementaiy function is re¬ 
duced to that of particular solutions of the simpler equation. 


41. III. If a single particular solution of the simpler equation 
be known, the order of the given differential equation can be lowered 
by unity. 

Let Fi be a solution of 

3>(i))F=:0, 


and let the substitution of the value YiZ be made in the equation 


then, by § 35, the left-hand side becomes 




n! 


in which the operations ^are derived from <E> by temporarily 

considering D as a magnitude and obtaining the partial differential 
coefficients with regard to D. But 


SB" 


= nl, 


gn-i^ _ n ! 
~ 1! 


D + {n-\)\Xu 


2! II 


Z,i> + («-2)!Za 
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and so on; hence, re-writing the equation, we obtain 

7,D^z + (Zi Y, + nDY,) + . + Dz^~Y^ +z^(D)Y,= V. 

But by hypothesis 

so that the last term on the left-hand side disappears; the quantity 
Fi is supposed known, and therefore all the functions of it on the 
left-hand side may be considered known. Let Z bo written for Dz ; 
then the equation becomes 

Z+(X,Y, + nDY,)D’^’-Z-i -... + F,= F, 

an equation of order 71 — 1, 

B.V. As a corollary prove that, if m i)articular solutions of the simpler 
equation be known, the order of the original differential equation can be 
reduced by m. 

42. IV. The given equation may be transformed into an 
equation, from which the second term (i.e. the term involving the 
differential coefficient of order one less than the order of the 
equation) is absent. 

The substitution of YiZ for y gives, for the coefficient of D^^^z, 

(and up to this point in the last section the assumed value of Yi 
was not used, so that the equation there was perfectly general). 
Since the term in is to be absent, we now have 

and therefore 

logFi=-ljXicfo. 
or F = 

no arbitrary constant being inserted as the differential equation 
remains linear and of the order. If this value of Fi be substi¬ 
tuted the differential equation in ^ is freed from the term in D^'^^z, 

Of these properties, I. and II. will be immediately useful. 


FDE 


3 
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General Linear Equation with Constant Coefficients. 


43. If, in the general linear equation, the coefficients of y and 
of its differential coefficients be constants, it may be written 


da?" 


+ ... 




== 


or say f{D)y^V, 

in which f{D) is a polynomial function of D alone, and V is any 
function of x. It has already been proved that the solution of the 
equation consists of two parts which can be obtained separately; 
these will be taken in turn. 


44 To find the Oomplementary Function. 

The complementary function is the primitive of 

fiD)y=Q. 

Now it has been proved that 

so that y = e®* will be a particular solution of the equation, if a be 
such as to make 

/(a) = 0. 

But /(z) is a polynomial function of degree n, and therefore 
there are n roots of the equation 

/(5)«0. 

Let these n roots be a, X; then e®*, are n 

particular solutions of the equation 

Ai>)y=0; 

and the primitive is therefore 

in which A,B, L, are n arbitrary constants. This value of y is 
the complementary function of the original equation; and, if the 
roots be all real and different from one another, it is complete. 

If however two roots be equal to one another, say a and /9, then 
the value of y becomes 

y = 4 -jB) e®*-f * 4-... + 

« Aief^^Cey^+... 4 
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Ai being a single arbitrary constant (equal to the sum of two 
arbitrary constants). There are now only n—1 arbitrary constants 
in y ; and the expression therefore ceases to be the primitive. In 
order to obtain the primitive, we may suppose that the roots are 
not equal but differ by some quantity h which will ultimately be 
made zero; the part depending on the roots a and ^ will then be 

= 6-“ + 5 (l + ^’+... ) • 

= 6“* |(^ + B)-\-Bhx-^Bh A a,^+... I. 

As the equations A and B are arbitrary, we may assume them 
infinite in such a way that, as h approaches zero, Bh is finite and 
equal to jBj, while A and B are of opposite sign and their numerical 
difference (or algebraical sum) is finite and equal to Ai ; thus the 
sum of the two terms Ae^^ + Be^^ becomes 

+ + — aj» + ...^| = (il, + 5iar)e“* 

ultimately, when h is made zero. 

Similarly, if r roots be equal, the corresponding r terms in the 
complementary function will apparently coalesce into a single 
term. It is easy to shew, by reasoning similar to that adopted 
for the case of two equal roots, that the r terms will be trans¬ 
formed to 

[Ai + A^x + Asa>^ +. •. + ArX^'-^], 

a denoting the common value of the r equal roots; and the com¬ 
plementary ftinction will then be 

Again, if the roots be not all real, those which are imaginary 
must occur in pairs, when (as is usual) all the coefficients a in f{z) 
are real; let such a pair be 0 The corresponding terms of 

the complementary function are 

which it is sometimes necessary to express in a form free from 

* Throughout the book, i will be used to denote ij “ f> accordance with 

custom. 
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imaginary quantities. If cosines and sines be substituted for the 
exponentials, this expression becomes 

^ cos -f i {A' — B') sin (px). 

Since A' and are arbitrary constants, we may write 

A' + B=F, 

t(A'^B')^0, 

and we then have F and G arbitrary; the corresponding terms in 
the complementary function therefore become 

e®*® (F cos (}>x 4- G sin (f)x). 

hsi&tly, if a7i imaginary root he repeated, the conjugate imaginary 
root will also be repeated; and the corresponding terms in y will 
be 

^ iB-Hi) (A' + A"x) + (B + B'x). 

Using the same method as before, and writing 

A' + B' = F, A" + B'^F\ 

i(A’^ B) = G, i (^" - J5") = (?', 

we obtain as the corresponding part of the complementary function 
qBx {(i^+cos + ((r 4- G'x) sin <^^}. 

Results, analogous to those in the case of multiple repetition 
of real roots, are obtained in the case of multiple repetition of 
imaginary roots, 

46. In some cases of the general linear equation, when the 
coeflScients are not constants but are some functions of x, a method 
somewhat similar to this will apply. Thus, it might happen that, 
when for y in the equation 

4- 4-... 4- Xn^iB 4- Zn) y * 0 

there is substituted (m, x), where is a function of definite 
form, the resulting equation had a factor independent of x such 
as (f> (m); if this were so, the factor would usually be of the degree 
w, and so equated to zero would satisfy the differential equation 
and would furnish n values of m which may be denoted by 
7»n; the primitive would then be 

y « Ai-f (nil, + A^ir(m^, a?)4-... 4- An^r (mn,,x). 
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If two roots were equal, as mi and m. 2 , then writing mg = wix -h h 
we have for the corresponding part of y 


or 


{nil, a:) + B'^ylr {m^ x). 


on changing the constants and making h ultimately zero as before. 
A similar process holds for the case of a multiple repetition of 
any root nii. In the case of imaginary roots, the corresponding 
parts of y should usually have the constants changed in the 
modified expression, so as to leave the latter free from imaginary 
symbols. 


This process was adopted in the case of constant coeflScients, 
the special form of used being When the equation is homo¬ 
geneous (§ 55), that is, when it takes the form 


x^ 


.ntM 


dx'* 


rn-i^y 


I+= 0, 


dy 


dx 


in which the quantities A are constants, the proper form of 
^|r (see § 36) to be substituted is x'^^. Occasionally, by a suitable 
change of variable, a given equation can be reduced to the above 
shape. 

Ex. 1. Solve g+ 3 g+ 25 ,= 0 . 

When we substitute the equation for m is 

(m+l)(m+2)=0, 

SO that y=+ Be~*K 

Ex.%mw 


The equation for m is 

so that cos {fix +a), 

or y ^ {A COB fiX+B sin fjLx). 

Cor, The solution of 

85=0 



is 


y == A oos fiX-i-B Bin fix. 
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Ex, 3. Solve 

The equation for m is 
and therefoi*e 


Ex, 4, Solve 
The equation for m is 
and the value of y is 


ete* dx 


Ex. 6. Solve 


{A + Bx) cos nx-\-(C-{- Dx) sin nx. 


When we substitute for y, the equation for m is 
m(m—l)+m--1=0, 
so that m=: + l or — 1; the value of y is therefore 

X 

JKr. 6. Solve 

With the same substitution as in Ex. 5, the equation for m is 
m (m —l)(w--2)—3w(m—l) + 7w-8=0, 
or m3--6m2+12?7i —8=0, 

giving w=2 thrice. Hence the value of y is 

dm dm^ ' 

m being put equal to 2 after differentiation; and thus the integral is 
{A‘{■B log x-^ C (log x)^}. 

Ex, 7. Solve (a+ hx)^ ^+.4 (a+6a?) ^=0. 

Let a-\-hx—z\ the equation will then be similar in form to the last two. 

Ex, 8, Solve 

(i) (D^+5D^^6)y=0; 

(ii) (D*+a*)y==0; 

(iii) {D^-a^)y==0\ 

(iv) 

(vi) (l+*)’^+(l +^)*^+3 (1 +^) %- 8y-0. 
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46. Returning now to the linear equation, in which the co¬ 
efficients of the differential coefficients of y are constants, it is 
necessary to find a Particular Integral of the equation 

in which F is a function of x. Solving by the method of symbolical 
operators, we have 

the evaluation of the right-hand side will furnish a satisfactory 
value of y. 

In some particular cases the form of F renders evaluation 
easy; we will proceed to mention some of these which occur most 
frequently. 


I. Let F be a pol 3 momial in x ; suppose the highest power 

of ^ in F to be the To find the particular integral, 

must be expanded in ascending powers of D ; and, because 
and operators of a higher order would reduce to zero all the 
terms of F, the terms in this expansion beyond D’*- may be 
omitted. Further, if the lowest power of D in / (D) be then 
the expansion will begin with and it does not need to be 
carried on beyond 2)”', i.e. j hence in f{D) all terms of 

order higher than may in this case at once be omitted before 
expansion. 


Ex. 1. Solve (Z>2-4Z>+4)y=^. 

We have 

as the particular integral The comx)lementary function is {A-^Bx ); hence 
the primitive is 




Ex. 2. Solve (Z)‘-a‘)y=«s. 

The primitive is evidently 

^ a* 
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Ex. 3. Solve (E* afl. 

We have 

=^^{l+W+3D^+AEP+hD*-J^Qiy>) x\ 

terms up to the fifth l)eing retained (§ 46), Now H-2j9+... and i may be 

considered separate operators; operating with the former first and remem¬ 
bering that only a particular value is wanted, so that constants need not be 

inserted with ~, the value for y is 

<y,6 »'»4 

|+|+a,:3+i2.v^. 

ITow if ^ had operated first (or if the second operator had been taken 
distributivcly, each term with ^, so as to be 

i+J+3+4/>+5i>2+6Z)3), 
then the value for y woiild have become 

^+|‘+aT:3+i2^+30a:+36. 

The primitive is 

y=(,4'+ '^) c*+,4 +-5,2:4* ^_|. 12^. 

The apparently additional part of the particular integral obtained, when 
the operators are taken in the second order, is seen to be included in the 
complementary function, since A and B are arbitrary constants. 

Note 1. It is easy to see that in general not merely may the terms of an 
order higher than be at once removed from /(2>), but also that in the 
development of the expanded factor of /(/>) all powers of 2> of an order 
higher than can be omitted, whatever be the magnitude of k. 

Note 2. In particular, if X be a constant, only the lowest power in f{D) 
need be retained. 

Ex. 4 Solve 

(i) (/)4+2Z>3+3i)2+2i)+l)3^=l+^+a?2; 

(ii) (i>3+/)2-.Z>^.l5)y=;p2 


II. This method may be applied to evaluate y, when F is an 
exponential, and to simplify the process (by rendering the evalua¬ 
tion more proximate) when V contains an exponential factor. In 
either case we may write 

Fsse^Z, 
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If X be a constant, the value of y is now at once obtainable by the 
preceding method. The quantity a may or may not be a root of 
/ {z) = 0. Suppose it to be a root occurring r times, so that for 
a single root r=l. If a be not a root, r = 0. Then expanding 
f{D+ a), we have 

/(i) + = + (a)+..., 

in which (a) means the differential coeflScient of f(z) with 
respect to z, when a is substituted for z; for y, we have (by at¬ 
tending to the remark at the end of Ex. 3 on p. 72) 

WT=e“*!.-i-r- G 

j /W (a) 


G 


r\ 

/«(o)' 


'D' 


In particular, if r = 0, then 


Ex,b. Solve (i>2+i>+l)y*=ej2*. 

Here 2 is not a root of = 0, and therefore 


and the primitive is 


® A 55, 

^“2«+2+l”7® ’ 


^=e cos5^+-5sin ^ 

iSr. 6. Solve (Z)*-4Z)+3)y=2fi3». 

Here y= ^D-i}(Br W)^ 

1 


si A-' 


)^r 


= (5S» 


i)(Z>+2)' 


and the primitive is 


y=.4«*+-Sd®* 4- 
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Ex, 7. Solve (i) (Z>— 

(ii) (Z)^— 

Ex, 8. The -roots of tha equation f{z)^0 are n in number, being 
« 2 > •••> «n; obtain the particular integral of the equation 

/(i>)5^ = 6>«x*+C«8» + .., +ean* 

Discuss the case when two of the roots («! and ag) are equal 

If X be a pol 5 momial in then the quantity 

/(D + a)^ 

must be evaluated as before in 1. 

Ex,^, Solve 



and the primitive is 

Ex,\0, Solve 
.. Here 

and the primitive is 

Ex,l\, Solve (i) (D2-hD+l)2y=a?c*; 

(ii) 

III. Suppose that V contains a sine or a cosine as a factor, so 
that 

F—Xcos(7W7+ a), 

in which n and a are constants. Then we have to evaluate 
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Let yy=j^^Xsin{nx + iii)-, 

len y + iy^ 

= e‘<"*+“' j,,,} . . X. 

f{D + m) 

It now remains to evaluate 


f(b+in)^' 

which may come under one or other of the given rules. Let its 
value be w + iv ; then, equating real and imaginary parts, we have 
y — u cos {nx +«) — ?; sin {7}x + a). 

In the case when X is a constant and cos nx is not part of the 
complementary function, so that in is not a root oi f{z)^0y the 
evaluation is immediate; for then 

fijJTTn) ^ ~ f {in) 

If, however, cos 7ix be a part of the complementary function, so 
that in is a root occurring r times, then since 


we have 


f{D + in) = {in) + (in) + 

r» 

1 

+ (iiiY 


we must separate and equate the real and imaginary parts as 
before. 


Ex. 12. Solve 


o 

j- %+cos ax. 


= real part of 


ea»- /l. Jlfi. l)\ ' 

. r ^ 

a® (71^-a^y^) 


X cos ax , Sasinao? 

71^ —(w2—a®)^' 
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Ex. 13. Solve 




Then 




COS A’ 


— real part of 


1 


(^ + i)2 + l 
1 




1 

v/ 


w 

2i 


X . 

=^-Bmx; 

and the primitive is 

cosa: +j5sin sin x. 
Ex. 14. Solve 0 (Z>)^=cosw^, 

cos nx not being a part of the complementary function. 
Let 0 {D)=(l>i (2)2)4. 


1 

— n^) cos 7i.r+ n<l) 2 (^n^ ) ^inn x 
“ {^( - w 2)}2 4 n 2 {^2 ( - w 2)}2 

If, however, cosw.r be a part of the complementary function, then the 
denominator will vanish and apparently render the particular integral infinite. 
But it is merely a part of the complementary function, multiplied by an 
infinite constant, which may be absorbed into the arbitrary constant. To 
evaluate the particular integral, it would be sufficient to evaluate 

assigning the infinite part (when k is made zero) to the complementary 
function, and retaining the finite part as the particular integral. It is however 
better in such cases to use the former method; in fact, this method is prefer¬ 
able only in the case of examples like that just treated. 


Ex. 15. Solve 


(i) ^-f-yaasin wa? (both when n is, and when it is not, tmity); 
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(when a is, rand when it is not, unity); 


(v) ^+4y«^sin2^; 

(vi) (/>2+ rrdYy^ (1"“ 5 

(vii) (7)2 -2i)+4)2y=^c®cos (3i.r+a); 


(ix) ^+w^=8inXji;+p>^+A'5; 

(x) {/>^ + (wi2-f- n^) 7)2 ^ 7;i2^2j y ^ QOQ i(m+n)a?cos \[m — in)x\ 

(xi) ^^+2'=:rsin|arsin^a7. 

Ex. 16. The equation 

& - 2a ^1+ hy =ccp* sin (ya+o), 

where a, 6, c, 5^, ct, are constants, is of great importance in dynamics. The 
form of the primitive depends, to some extent, upon relations (of equality or 
inequality) among the constants. The results, for the various cases, are as 
follows. 


I. Let &>a^ and take 6=a‘‘^4-K‘'*. 

(i) If p is not equal to a, and is not equal to ic^ ; or if /»=a while 
is not equal to ; or if whileis not equal to a ; the primitive is 

y ==: e«* cos kx + B sin kx) +(/i' cos qx + F^m qx\ 

where A and B are arbitrary constants, and where E and F are definite 
constants given by the equations 

E{{p - a)2+#c2 - ^}^^Fq (/> - a)=e sin 
— ^Eq (/?—«) A‘F{{p —a)2 +=c cosaj 

(ii) Ifps=a and q=K, so that the equation is 

- 2a ^+(a2+ic2) y = ce^ sin (kx+ a), 
dx^ dx 

the primitive is 

f* 

y=sd*^ (A cos KX + B sin kx) - — xe^^ cos (-f a), 
where A and B are arbitrary constants. 

II. Let h^a\ so that the equation is 

^ - 2a ^== ceP^ sin (qx + a). 

^ oar ax 
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(i) If p is not equal to a and q is not zero; or if while j is not 
zero; or if p is not equal to a while q is zero; then the primitive is 

^+ Bx) (^cos qx^F sin qx\ 

where A and B are arbitrary constants, and where E and F are definite 
constants given by the equations 

i? {(p - a)2 ~ ^2} ^ p—a)=c sin a I 

~ "lEq (p - a) +F{{p - a)2 - q^}=c cos aj * 

(ii) If p—a and 2 ^= 0 , so that the equation is 

the primitive is 

p=(A+ Bx+^cx-sin a)e®*, 
where A and B are arbitrary constants. 

III. Let b < a\ and take 

(i) When q is not zero, the primitive is 

y=^ 6 ^(“ + m) *+cos qx-vH sin qx\ 
where A and B are arbitrary constants, and where G and H are definite 
constants given by the equations 

^ {(p - a )2 - ^2 „ ^ (p - a)=c sin 

- ^Eq (p—a)+i^{( p - a)-—cos a) ’ 
the form being effective for all values of p. 

(ii) When q is zero, the preceding form is effective unless 

(hi) When q is zero and (p-d)^=fjL% the equation may be taken in the 
form 

^-2a^+(a2-/a2)y=ce(«+»‘)x+^e(<'-»*)» 

covering both the exceptional values ofp. The primitive of the equation is 
y = Ad^ +#*)*+ Bei^ ^ *}, 

^ 2/i 

where A and B are arbitrary constants. 


IV. If F contain a power of a? as a factor, so that we may 
write 

then for the determination of the particular integral we may use 
the extended form (§ 35) of Leibnitz’s theorem. 

Thus 
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where the series must be carried to the (m + 1)^^ term; each of 
these terms still leaves a quantity to be evaluated which may be 
effected by the methods applied to one of the preceding cases; if 
it may not, the quantity may be obtained by the next method, 
which is of universal application. The success of this general 
method depends solely on the solution of an equation (the solution 
being requisite to obtain the complementary function) and on the 
integration of resulting expressions. 


V. Suppose that all the fectors, which occur in V and can be 
dealt with by one or other of the foregoing methods, have been taken 
outside the operator and that the quantity remaining comes under 
none of these heads, so that we have to evaluate expressions of 
the form 

„ .L_ u 


Let 


^lr(D) 


be expressed in partial fractions, each having for its 


denominator a linear factor or a power of a linear factor of ir(D), 
the constant quantities occurring not being necessarily real; then 
the fractions will be of the form 


A 


n 


{D - «)»’ 


where n is an integer, An and a constants, and a a root of ^fr (z) = 0. 
Hence 


_1 

1 ^( 1 )) 


— 2_ — 

(i>- 


U 





Udx\ 


If imaginary quantities enter into any expression, the conjugate 
imaginary quantities will enter into some other; such a pair of ex¬ 
pressions must in general be combined so as to leave no imaginary 
quantity in the explicit expression of the particular integral. 

Ex, 17. Solve (Z>‘-*~6Z)4'6);/«logx 

1 _ 1 1 
2>2~52>'+6 Z)-3 D-r 


We have 
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Hence the particular integral is 

log X - 2 ^ 3 ^ logx^e^ log xclx^e^Je^^ log xdx; 

and the complementary function is 

Ae^^+Be^, 

Ex, 18, Let the right-hand side in the preceding example be xlogx 
instead of log x; then we may either integrate by parts or use the extension 
of Leibnitz’s theorem. The latter gives 

= x^Je~^logxcLs—e^JJe~^logsdiifi—xe^Je~^]ogxda!+e^JJe~^logsda^. 


Ex, 19. Solve 


rj 


y 


where (7 is a function of x. We have 

^JL f JL_ JT_L_ u\ 

2m (2) - m />+in J 

1®*“/; 

or, changing the variable under the sign of integration, 

1 /*» 

=~ I sin 71 (^ — d^, 

in which is the same function of f as U is of x. 

Note, There is another method of integrating this equation which proceeds 
on different lines. Multiply throughout by sin nx ; then 


and therefore 


dx 


S nx'^ny cos 7ix^ = U sin tw?, 

J U^mxn^d^, 


sin nx^ny omnx^ — + 


Similarly, multiplying by costio? and writing the equation in the corre¬ 
sponding form, we find an integral 

^ oos7M?+7i-y sin nx^Bn'\' cos n^d^. 
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Eliminating ^ between these, we obtain 

1 

y^A cosnj: + i?8inna7+~ / 

agreeing with the former result. 

Or we may proceed thus. Multiply throughout by ; then 


so that 
Similarly 




dx 


-my- 




Subtracting the one equation from the other and changing the constants 
of integration, we again obtain tlie original result. 


Ex, 20. Solve 


when nia and when n=a; 


where U is any function of x\ 

Ex, 21. By means of (iii) in Ex. 20, prove that 

IFi 

47. Owing to the close similarity between the linear equation 
with constant coefficients and the homogeneous linear equation, 
the latter may be dealt with here; it may be written in the form 

+• • •+df 

where F is a function of x alone and may be a constant G. In 
the latter case, the particular integral is at once obtainable; it is 
evidently 


d 


An 


If the operator ® ^be denoted by then (§ 37) 

.(a-m + 1); 

ax^ 
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and the differential equation may be written 

Consider the two points of the primitive separately. The com¬ 
plementary function is the primitive of 

Now we have already seen that 

F(%)a;P = F(p)a^. 

Hence, ifp be so chosen that 

F(p)^0, 

then is a solution of the equation; and if piyp 2 , be the 

roots of F(z)=:iOy the complementary function is 

y = + .+ 

The case of equal roots has been discussed already (§ 45); if 
two roots be imaginary and conjugate, say p^ and p^y so that 

then the corresponding part of y will be 

af [Ai cos (/8 log^.‘) -h A 2 sin (^S log a?)}, 
the arbitrary constants having been changed. 

Ex, If the-imaginary roots a±i^ are of multiplicity r, the corresponding 
part of the complementary function will bo 

[{il 1'+jlg' log «+4 3' (log ar)2+...+ .d (log *)’■■" 1} cos (/3 log 

+{5 i'+log X+Bs (log 3:)2 -p ...+Br (log a;)*— 1} sin (fi log a;)]. 


48 . The particular integral is the value of 


1 

F{^) 


V. 


The evaluation may be effected in two ways, which are really 
equivalent save for the difference in operators employed. 


If V either be a power of x, or contain as a factor a power of Xy 
say x^y then 




F(^ -f m) 


T. 
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In the case when T is a constant, the evaluation is easy. If m 
be not a root of — then we may expand + in 
ascending powers of ^ and neglect all but the first term, which is 
independent of ^ and in fact gives 

^ F{m) ‘ 

The same method (of expansion) will apply when iT is a rational 
integral function of logo?; and since 

• !^loga?==l, 

the expansion does not need to be carried beyond where n is 
the index of the highest power of log x in T, 

If however m be a root of multiplicity r for F{z) = 0, then 

cxr+i 

+ m) = ^ F<^> (m) + (m) + ...; 

and we have to evaluate 

1 

If r be a constant (7, then since 

il = loga;, 

the value of y is 

(7(logir)^ 

~F^^' 

If it be a function of logic as before, the operator should be ex¬ 
panded in ascending powers of ^ up to being retained in 

the denominator), and the value of y will be given as the sum of a 
number of terms of the form 


that is, of a number of terms of the form 

■ (log ic)«+*', 

(.s*-fr)r ^ ' 

A general expression can be given for the particular integral in 
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the case when F takes none of these forms. Let be expanded 
in partial fractions, and suppose some term to be 

A 

then y will be the sum of terms of the form 

A 




F, 


which is equivalent to 

-die® - Ffl?“®, or Aaf^ J 


Note, Another method of proceeding is to change the inde¬ 
pendent variable from x to z, where xi^e^\ this changes & into ^ 

or D, and all the methods of § 46 will now apply. It is easy to see 
that all the cases indicated for S’ are strict analogues of cases 
indicated for D. 


Ex, Solve 

(i) *2g-4*g+6y=x; 

^ 33+(1 + log^)“; 


(vii) - (2m ^^^= n^^logx\ 
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MISCELLANEOUS EXAMPLES. 

1. If there bo two linear equations of orders m and n {n>m) satisfied by 
the same dependent variable, a third linear equation of order can 

without any integration be derived from the first two; and the equations of 
orders ni and n—m (when integrated) will suffice to furnish the integral of the 


equation of order n. 

2. Solve the equations 


(Liouville.) 


, . 2 dy 

da^^xdx 
dS ^ 




- n arc cot 


^+y=sin^8in2j?. 

3. Prove that the solution of 

(Z>H-c)“y=cosaj? 

is + + cos 

4. Obtain the general solution of the equation 

in the form 

y=e ~ (A cos 7i't+B sin ii't )+^ j e ” 4'^ (^ sin tj' ~ U'dt\ 

where is the same function of t' as U is of and 7i' is given by 

(See also the results in Ex. 16, § 46.) 

5. Solve the equations 


9 - 


(i) ^+4^-*^-2.^1-4y=^+2cos(logx); 

<“) 0+12g+12y=16.’‘«*‘; 

(iii) f^+32^+48y=xe-2*+e2*cos2l4;; 

CtiT* CtX 

g+g+y=«^+^-*s»»2^; 


1 


dy 
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6. Obtain the complementary function of the equation 






in the fonn 

r=n-l cue COB ~ 
rssi 

and shew that the part of the particular integral, corresponding to the typical 
terms under the summation sign, is 

« C 08 |-+a(..-|)sin-|/(|)(ff 

7. Prove that the solution of the equation 

is .y=“5;" + 

n-Q ^ + 

8. Prove that 


9. Prove that 

(ii) {^)=(^*); 

(iii) D'^{^ — nYy^^^D^y, 

dt 

10. Prove that, if S denote x ^, 

where An^ Ai, ..., ^„-i, are arbitrary constants, 

11. If P, §, iZ, be commutative symbols of operation, the solution of 
P. Q, P. is 

««P-i.0+§~^0+P-i.0. 

Apply this result to obtain the comi3lementary function of the equation 

/(i>)y=o, 

(i) when the equation f{ 6)—0 has no equal roots, (ii) when the equation 
/(d)=0 has some equal roots. 




CHAPTER IV 


MISCELLANEOUS METHODS 

49 . Before we discuss the linear equation of the second order 
with variable coefficients, there are several miscellaneous methods 
which it is advisable to consider; they apply to systems of equa¬ 
tions which admit either of complete solution or of approach to a 
solution in the shape of a first integral. It is to be understood 
that the equations hereafter given are typical and not merely 
isolated equations which can be integrated; it is frequently possible 
to include others under some one of the following classes, by means 
of well-selected substitutions for either the dependent or the 
independent variable. Such substitutions point out however the 
limits within which the methods are for the most part effective, 
so that it must be borne in mind that* the methods are not of 
general application to all linear equations of the second order. 

60 . The simplest case of all is that in which the equation is 
of the form 

^-Y 
da^~ ' 

where X is a function of x alone. It is immediately integrable; 
the result of integration is 

Aj denoting an arbitrary constanc. A second integration gives 

dx jxdx + AiX + Ai, 

Ai being another arbitrary constant. Proceeding in this way, we 
shall have after n integrations as the general solution 

y « j[. X (dx)’' + + .+ B^-iX + Bn, 
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in which J?r replaces and is therefore an arbitrary con- 


Ex. Shew that the Particular Integral can be expressed in the form 




where T is the same function of / as X is of x\ 

61 . Another very simple equation to be considered is 


(Jordan.) 


in which F is a function of y alone; but in general it is integrable 
in simple terms, only when n is either 1 or 2. 

In the case when n is 2, let the equation be multiplied by 2 ^; 
then each side may be integrated, and we have 

= (y) + A, 

suppose. The variables can be separated; the general solution 
of the equation 

^-V 

da?~ 


Ex, Solve 
A first integral is 


2+«V=0. 




where c is an arbitrary constant; separation of the variables gives 

-Jy _ 


and therefore 


(c2-y8)4 


• V 

arc sin ^=0^7+a, 

y-scsin {ax+a). 
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62. Any differential equation which merely expresses a rela¬ 
tion between two differential coefHcients, whose orders differ by 
either 1 or 2, admits of solution. As a type of the differential 
equation, when the orders differ by 1, we may take 


dx^ * 

Let = Y ; then the equation becomes 


the integral of which is 

Suppose this equation can be solved for Y and that the 
solution is 

(f>(x-\- A), 

that is, 

Then this is one of the cases already discussed (§ 50), and the 
general integral can be obtained. 

Or, after obtaining the equation ^jr{Y) = x + A, we may proceed 
thus. Since 


we have 


Similarly 


± (d^~"-y\ _ XT 
dx\da?'-^)~ ’ 


f, f YdY 

dw»-‘ “ J J F(Y) 


f dY [YdY 
'Jf(Y)Jf(Y)’ 


and so on, until 


_f dY f 
'~Jf(Y)J 


F(Y)JF(Y) . JF(Y)’ 
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an arbitrary constant being introduced after every one of the inte¬ 
grations, which must be taken in order from right to left. Then 
we have two equations between x, y, F, from which Y is to be 
eliminated. The eliminant will be the primitive. 

It is evident that the equation 


^\y\ _ ^ 


can be solved by this method. 


Ex, 1. Solve 

II 

Let 

4. 

then 

dx 

of which the integral is 

X 



Therefore 

.r 

^^^Ae^'hBx+O, 

where B, C, are arbitrary constants. 

Ex. 2. Integrate 


(i) 


(ii) 


(iii) 



63. As a type of the differential equations which connect 
differential coefficients, whose orders differ by 2, we may write 

da?" 


Let 




then the equation becomes 


da^ 
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/ 


dz 


{A + 2!f{z)dz\^ 




If, after the integrations have been carried out, the equation 
can be resolved for z in terms of x, say 

z^e{x\ 


\vherc the function 6 {x) will involve the constants A and B, 
then — 2 direct integrations will furnish the primitive. But 
if it should be impossible to effect this resolution, then we have 


Hence 


(^‘y 

f 

J 


/ zaz 
{A + 2jf{z)dz\^‘ 

dz f zdz 

{A + 2 Jf{z) dz^U^ + 2 //(^) dz}^ ’ 


and so on. Ultimately we shall obtain y as a function of z; and the 
primitive will be the elirninant with regard to z of the equation 
between y and z and the equation between x and z. 


Ex, 1. Solve 


® dx*'~dx^' 


When we write z for , the equation becomes 


X _£ 

SO that ^=cic«-fc 2 e 

and therefore y=Ae^+Be 

in which A and B replace CiO,^ and respectively. 


(i) 






Ex, 2. Solve 
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54. In some particular cases, the general differential equation 
of the second order can, by substitution, be depressed so as to 
become a differential equation of the first order. Such cases 
occur when one of the variables is explicitly absent from the 
equation. 


First, consider an equation in which x docs not occur, so that 
it may be written in the form 



dx^ dm?) 


Let 


dy 

dx 




and then 


^ =2? ^; the equation thus becomes 



a differential equation of the first order to find p in terms of y. 
Let the solution be 

p^fiy) 


in which / (y) will include an arbitrary constant. Then the 
variables are separable, since we may write 

dy 

fty)' 


'dx\ 


and integration of this equation will lead to the primitive. 


Next, consider an equation in which y docs not occur, so that 
it may be written in the form 



^ = 0 
dx ’ da?) 


Let^ 


then^= the equation is transformed into 



an equation of the first order to find p in terms of x. Let the 
solution be 

p=^F{x), 

where F includes an arbitrary constant. Integrating this, we 
obtain as the primitive 


y — A •{•jF{x)dx. 
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Note, The foregoing explanations relate to an equation of the 
second order; but they apply to similar equations of any order. 
When either of the variables is explicitly absent from an equation, 
whatever the order of the equation may be, the same substitution 
can be applied; the order of the transformed equation is less by 
unity than the order of the original equation. 


Ex. 1. Solve 




When we write the equation is transformed into 

^ f/y 1 

1 - i/^ 

the integral of which is 

where fj. is an arbitrary constant; the primitive is given by the evaluation of 


Ex. 2, Solve 




The substitution transforms the equation into 


on integration, this gives 


and therefore 


(1 d-^' 

il+p^)i 


SO that the primitive is 

v—{pdx=B’{- f - ^ — ^dx. 

Ex, 3. Integrfite 
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(iv) 

(1+^) 


(V) 



(vi) 

(1 -3?) 

dx^ ^dx~ ' 

(vii) 

d'^y 


(viii) 

.y (1 - log y) ^ J+(1 + log y) 


Homogeneous Equations. 

65. There arc certain classes of differential equations in which 
a kind of homogeneity subsists; and the solution of these can, by 
suitable transformations, be made to depend upon that of equations 
of lower orders. The homogeneity is constituted as follows: if y 
be considered to be of n dimensions, while x is of one dimension, 


dy 


Ay 


dh! 


then since it is the limit of is of ti — 1 dimensions; 

being the limit of ^, is of w — 2 dimensions, and so on; and the 

equation is said to be homogeneous when, if these dimensions be 
assigned to the corresponding quantities, all the terms in the equa¬ 
tion are of the same dimensions. The simplest case is, of course, 
that in which n is unity. 

First, let n be unity so that x and y may both be considered of 
one dimension. Let y = xz and x = e^; then 

dx dO^ ^ 


da^ \dd^ 




ana so on; the resulting differential equation becomes one between 
z and 0. Now it will be noticed that the coefficient of 6 in the 
index of the exponential, wherever it occurs in any differential 
coefficient, is the number representing the dimensions of that differ¬ 
ential coefficient; and therefore, when substitution takes place in 
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the differential equation, supposed homogeneous, the index of 6 in 
the exponential will be the same for each term of the equation, and 
this exponential will therefore be a factor which may be removed. 
The new independent variable 6 will no longer occur explicitly in 
the equation, which will therefore be of the class already discussed 
in § 64 and can have its order depressed. 


Ex. 1. Solve 




Making the substitutions of wc have 

dH 
'dd'^ 
dz 

When we write the equation l»ccomes 


d^z dz f (dz U 

+c/r • 


or, if v^zs^ 


and therefore 


dv 

dB 


+ V={wi {v -f 2)2 -I- m^}i; 




dd 


ds 


-=^aB, 


{m (1 + s'f + -s^-s 
The variables are separated; and the equation can be integrated. 


Ex. 2, Solve 

(i) + = + 

(ii) 

Passing now to the case in which homogeneity is constituted 
on the assumption of n dimensions for y, we write 

We now have 

and so on. It is obvious that the coefficient of 0 in the index of 
the exponential, which occurs in the expression of every differential 
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coefficient, exactly measures the dimensions of that differential 
coefficient. As in the former case, the exponential will disappear 
when substitution takes place; the differential equation, having 
been thus transformed into one from which the independent 
variable is explicitly absent, can have its order lowered by unity. 


Ex, 1. Solve 




This is homogeneous if y bo considered to bo of two dimensions while x is 
of one. Hence we substitute 


and the equation becomes 






A first integral is given by 




in this, the variables can be separated in the form 

_ * _ 


the integrrJ of which will vary (l)cing either an inverse circular function or a 
logarithm) according to the sign of A, 

Ex, 2. Solve ^ 

(ii, V >- 

A particular set of cases arises when n is made infinite; all 
d^i 

the quantities ^ .. have then the same dimensions. The 

simplest method of solution is to adopt the substitution 

the resulting equation between u and x is of an order lower by 
unity than the given equation. 
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Ex. 3. Solve 


Exact Differential Equations. 


66. A differential equation of the form 





’ dx 



0 


is said to be exact when, on representing the left-hand member 
by V, the expression Vdx is the exact differential of some function 
tr, which is necessarily of the form 




* dx 



Consider first a linear exact differential equation, which may be 
represented by 


p +p 




■P, 


where all the coefficients arc functions of x. An equation of this 
form will not in general be an exact differential equation; but 
we proceed to shew that, if a certain relation be satisfied by these 
quantities P, the equation can be integrated once. 

Indicating for convenience differentiation with regard to x by 
means of dashes, we have on direct integration 

Jp„ydx = ^P„ydx, 

Jp,^da!=-Jp/ydic +P,.y, 
fP.^dx^ jp^'ydx-P,'y + P,y’, 
fPs^ds= - lp/"ydx + P/'y-P,y + P,y", 


PDE 
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and therefore 


/(P„-P/ + P,"-P3"' 

4. 

+ (Pl-P,' + P/-. 

■)y 

+ (P,-Pa' + P;'-. 

■)y' 

+ (P3-P/ + P3"-. 

.)/'+ 


)ydoo 


= J + Qxy 4- Q^y' 4.4 Qn » 

where the law of formation of the successive coefficients Qn 02> ••• 

is the same for all and, in particular, 

Now the condition of intcgrability evidently is that there shall 
be no term remaining which involves an integral of y ; and so 
the necessary and sufficient condition is that 

Qo ~ 9, 

that is, 


® dx da?- 


^np 


When this condition is satisfied, the first integral of the 
equation is 

. 

where -dj is an arbitrary constant. / 

If now the coefficients Q satisfy the corresponding condition 

dx^ da^ . dx^-^^^* 

the equation is again integrable; and the process can be continued 
so long as the coefficients of each successive equation thus derived 
satisfy the condition of integrability. 

Ex, 1. Express the successive conditions in terms of the coefficients P only. 
Ex, 2. The equation 

is an exact equation; for we have ^ 

Po«li Pi'=b Pa^ssO, Pa'^-sO; 
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and so the condition is satisfied. Integrating each side, we have 

(flM^-6a:)^-{(2a-c) a;+e-6} ^+(2a-c+a:)y=](.r®+A 


In practice, it is sometimes easy to see that a given equation is integrable. 
In many cases the quantities F are either of the form or sums of 

expressions of this form; and x'^ is a perfect differential coefficient, if m 

be less than n ; for integrating it by parts wo have 














If 7 t=r:?a+1, the last tenn is (- Vf^m \y. 

When we apply this lemma to the present example, the terms involving 

, are seen to be perfect differential coefficients; and ^+y ^ (^)5 

so that the left-hand side is a perfect differential coefficient and the equation 
is therefore exact. 


Ex, 3. Prove that the equation in Ex. 2 cannot bo further integrated by 
the foregoing method. 

Ex, 4. Obtain a first integral of the equations 


(i) 




' dx 


and shew that the equation 

becomes integrable on being multiplied by some power of x. Obtain its 
integral. 


67. The method, used for integrating exact equations which are 
not linear, may be illustrated by considering an example. 

Ex, 1. Solve 


On the supposition that this is an exact differential equation, we may write 

dx’k■{x^'^r'3^y^p) dp^ 

where p stands for ^. Let denote what would be the value of if jo alone 

were variable, so thfl^|/^ 
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and therefore 




Let the restriction now be removed, so that 

dUi^ + 2yp^) dx 4 - {x^ + dp^ 

dU ’-dUi=^(2f-\‘Xp)dx=^d{xy)y 
which gives on integration 
that is, 

and therefore the first integral is 

The preceding method will be seen to lead to the following 
general rule for the integration of an exact differential equation of 
the 71**^ order. The equation, being derivable from one of order — 1 

7/ 

by direct differentiation, will contain only in the first degree; 

if this condition be not satisfied, the equation is not exact. 

Let the equation be written in the form 0, and integrate 

Vdx as if were the only variable occurring in V and its 

differential coefficient; let the result be Z/j. Then Vdx-^dUi 
involves differential coefficients of y of the order w — 1 at the 
utmost; as it is an exact differential, the highest differential 
coefficient of y which occurs can enter only in the first degree. 
Repeating the process as often as necessary, we shall ultimately 
have 

Then a first integral of the given equation is 

£r,+ cr, + ... = (7. 

Ex. 2. Obtain a first integral of the equations 
dxdx-^ 


doT 


(ii) 


Ex. 3. Shew that the equation 




dxr 


=0 
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becomes integrable on multiplication by the factor Hence 

deduce a first integral and the primitive. 

Ex, 4. Obtain a first integral of the equation 

dx^ 2 + -y + 25 ^+”■ ^ 

having given that there is an integrating factor of the form Xi 

(Euler.) 


Linear Equation of the Second Order. 


68. We shall here prove some of the leading properties of the 
linear equation of the second order; but the present investigation 
will not for the most part anticipate the discussion of the general 
linear equation, for the properties here established belong solely 
to the equation of the second order. 


The general form of the equation is 


dx 


+ 


Qy = B, 




.,u) 


in which P, Q, and P, are functions of x; they may in special cases 
be merely constant quantities. 

Substitute in the equation for y a value vw^ where v and w are 
both functions of ic; as yet, the only limitation on them is that 
their product must be equal to y. We then have 



As we may choose a relation arbitrarily between v and w or 
make either of them satisfy some condition, we will suppose it 
possible to determine w so that the coefficient of v may vanish, 
that is, 


d^w 

d^ 




which, it will be noticed, is the same as the original equation with 
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the right-hand side equated to zero. The quantity w being now 
considered known, the modified equation becomes 


so that 


and therefore 


dJh) /2 dw ^ j^dv 
dx^ \w dx ) dx^ 


vf = A’hJwRe^^^ dx ; 


v = B + A f~e-fP‘i^+f~ IwRe^P^dx. 
J lU- J J 


It therefore follows that, if any solution whatever of the original 
equation with the right-hand side equated to zero can he found, the 
complete primitive of the original equation in its general form can 
also be found. The problem of deducing this complete primitive 
is therefore resolved into that of finding some single solution of 
the simpler equation. This, in the most general case of P and Q 
unrestricted to particular functions of x, has not yet been effected; 
but in special instances it is possible to determine such a solution 
as is desired, sometimes by inspection, sometimes by means of a 
converging series, sometimes by means of a definite integral; 
but in the two latter cases (which are usually closely connected) 
the explicit evaluation of the form obtained for v is difficult or 
impossible, though this form (§ 5) still remains the solution. 


Ex. 1. Solve 






A particular solution of 

is evidently y^x. Writing y^xv in the original equation, we get 


dH /2 






Hence 
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If w =0, or if m be any positive multiple of 3, this can be simplified. 
Ex, 2. Solve 

(ii) {ax-bx^)^^+Za^+-2by=sD^-^i 

(iii) (l+i^,g-2.|+2,.X 


69 . If, however, a solution of the equation when R has been 

put zero cannot be obtained, then it is sometimes useful to remove 

« dv 

from the transformed differential equation the term involving 

In' that case, w must satisfy 


from which we find 


22j+P»-0. 


^4; = 


there is no necessity for adding a constant in the integration, as it 
will afterwards disappear. Insert this value of w in the equation, 
and write 


/-Q-sS-if; 


then the equation becomes 




In some particular instances, this equation admits of immediate 
solution; but they occur much less frequently than those to 
which the preceding method applies. The advantage of the new 
form, which will be indicated shortly, lies in an altogether different 
direction. Now we know that, if a solution of this equation with 
the right-hand side equated to zero can be obtained, the primitive 
of the general equation is obtainable; and we may therefore quote 
the equation in the form 


dH 


+ Jt; = 0. 
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Ex. 1. Solve 


f^+JL(_8+;ri+:«;)=a 

dx^ x^ dx 4^*^ 


Hence P“ -\, and therefore w^e "Also 


x^ 4x^ 4iX 4iX^ 4x 


so that the equation giving v is 


The solution of this is 


d^v 2 ^ 


v=Ax^+—; 

X 


and therefore the general integral of the first equation is 

y = (Ax^+Bx~‘^)e^^, 

Ex. 2, Solve 

(i) g-26^g+6V3/=^; 

<«) 

60 . The advantage of using the form 


instead of 


, +Jv = 0, 


g+p|+e,=o, 


as typical of the linear differential equation of the second order, 
lies in the fact that, for all substitutions such as zf (x) for y in the 
latter equation, / is a function of P and Q of such a form that, 
when the new equation 

2 ^ + P . j ^ + «^=0 

has its second term removed by the substitution 

gz=we~^{^*^, 
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Thus I is exactly the same function of Pj and Qi as it is of P 
and Q; and we may therefore call I an invariant of the coefficients 
of the differential equation*. The equation so reduced may be 
said to be in its normal form. Any two linear equations, such 
as the equations in y and z, can be transformed into one another 
if the normal form of each be the same. 


If it bo known that two given equations are so transformable and the 
equation of substitution between the dependent variables bo desired, this can 
easily be obtained by using the normal form as an intermediate transformed 
equation. Thus, in the general exami^le, the equation in y becomes transformed 
to that in v by writing 

and the equation in v passes into that in z by writing 

and therefore the relation which transforms directly the y-equation into the 
;s-equation is 

Ex, 1. Prove that the equations 

can be transformed into one another; and find the relation between f, 
and X, 


Ex, 2. Find the value of Q which is such that the equation 

may be transformed, by a substitution y=zf{x\ into 
d^z \dz ( 71^ ^ 

dtj^^^xdx’^y xy 

Obtain the value of f(x), 

61 . Let yi and y 2 be two particular integprals of the equation 


* Malet, PML Trans. (1882), p. 761. 


4-S 
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and Vi and Vg the corresponding particular integrals of 


then 

and therefore 


da^ 


+ = 0; 


and 


2/2 V2 ' 


so that $ is the quotient of two different solutions of either 
differential equation. We now proceed to find the equation 
which is satisfied by s. Since each of the quantities y (or v) may 
consist of two terms each containing an arbitrary constant factor, 
the quotient of one by the other may contain three arbitrary 
constants (not four, since without altering the value or generality 
of such a quotient any of the four constants may be made unity); 
therefore the differential equation satisfied by s, a function in¬ 
volving three arbitrary constants, must be of the third order. 


Indicating differentiation with regard to x by dashes, we may 
write 

Vi' + Jvi == 0, 

V2 ■+• IV2 == 0 . 


Substituting sv^ for Vi in the former equation, we have 


that is, 
so that 


8'% 4* 25-yg + SV 2 H- ISV 2 = 0, 
6*"?;2 4 * 2 $' v 2 = 0 , 



V 2 


^ Differentiating this, we have 




and the transposition of the last term gives 
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This is the differential equation satisfied by a ; and it is of the 
third order, as was indicated. 

The function of the differential coefficients of s with regard to os, 
which occurs on the left-hand side of the equation, has been called 
by Cayley the Schwarssian Derivative* and is denoted by him by 
{a, os]; it is so called because its properties are discussed, and it is 
of fundamental importance, in a memoir by Schwarz in Grelle^a 
Journal (t. Lxxv), though the function is not originally due to 
himf. 

62 . If now any solution of this equation can be obtained, then 
a solution of the original differential equation can be immediately 
deduced. For let such a solution of the new equation be denoted 
by a ; then since 



we have, on integration, 

where C is arbitrary. This is one solution; another is 
Vi = V2a = C8''~is, 

From these, the corresponding solutions of the equation in y are 
derived by inserting the exponential factor. When any one solution 
of a linear equation of the second order is known, we can obtain 
the general solution; and hence any particular value of a siitisfying 
its differential equation will lead to the complete solution of the 
first of the differential equations. 

This theorem holds in regard to the general linear equation of 
the second order; one of its chief applications arises when the linear 
equation is that satisfied by the hypergeometric series, to be 
discussed in Chapter vi. 

* Cayley, Camh, PhiL Trans, (1880), vol. xra. p. 6; Coll, Math, Pa'pers, vol. XL 
p. 148. 

t It occurs implicitly in Lagrange’s memoir ‘<Sur la construction des cartes 
gdographiques,” (Euvres, vol. xv. p. 651 (this reference is due to Schwarz), and 
Jacobi’s Fundamenta Not^a ; and explicitly for the first time in Hummer’s memoir 
on the hypergeometric series in Crelle, t. xv., which is referred to in Chapter vi« $ 
see also Cayley, l,e. 
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Ex* 1. Prove that, if 

the Schwarzian derivative of a vanishes. 

Ex, 2. Find the general value of s when 

x^{s^ 

where a is a constant. 


Ex. 3. Prove that 
(i) 

(iu) {«, of} =(If)* [{*. y} - y }]; 

(iv) {«, *}= (jy {>, y}- (If)* ®}+ (£)* {y, v). 

(Cayley.) 


63. Another method which is sometimes effective is that of 
changing the independent variable. 

Take z as the new independent variable; then 

dy _ dy dz 
dx dz dx^ 


d^y _ d^y /dz\^ dy d^z ^ 
da^ ~ dz^ [dxj ^ dzdaf^^ 


and the original equation becomes 


dz^ \dx) dz \da^ 



0 . 


As yet, z is quite arbitrary; it may therefore be chosen to 
satisfy any assignable condition. Thus we may choose to make 

the coeflScient of ^ vanish; then 
dz 


da^ 




and therefore z is given in terms of x by the equation 
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The eliminant of this relation between z and x and the trans¬ 
formed equation may furnish a differential equation which proves 
integrable. 


One integrable case occurs when the value of z^ thus obtained, 
is such as to satisfy the relation 



where /a is a constant; and then the equation takes the form 




+ A‘2/ = 0. 


of which the integral is 

y = Az^ + 

a and /8 being the roots of 

w(m —1) + ^=0. 


It is not difficult to prove that the relation, which must exist 
between P and Q in order that this may be the case, is 

dx 

Another integrable case would be furnished by 





and so for other cases. It will be noticed that in each instance the 
equation is reduced to what may be called a known form, that is, 
one of which the primitive can be obtained. 


Ex. 1. Solve 

Hence 
so that 

and 




j f fwir 

dx 


£i»arcsino7. 
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When the independent variable is changed to z, the equation becomes 


and therefore 


y e- arc sin arc oos » 


Solve (i) 

(iii) Zx+idj, ( 6(^+1) y. 

w <'+*^s+*i+2j-o. 


64. The property used in § 60 to obtain the relations between 
the dependent variables in two equations, which are transformable 
into one another—viz. that the equations have the same normal 
form—can be used to obtain the relations between the dependent 
variables in two equations, the independent variables in which 
are different, on the hypothesis that the equations ultimately 
determine the same function. The process adopted will be similar 
to the former one, as both equations will be reduced to their 
normal forms in the same variable and these, being assumed 
identical, will give the conditions necessary for the justification 
of the hypothesis 


Let the two equations, which are to be thus transformable into 
one another by changing both the dependent and the independent 
variables, be 


and 




•■(i). 

.(ii), 


in which P and Q are functions of x, and R and S functions of z. 
Writing in (i) 
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we have 


Writing in (ii) 


we have 






dz 


■4't/t;i = 0 


In (iii), changing the independent variable from x to z, we 
obtain 


dz^Kdx) ^ dzdx‘^^y^ 
or 

dz'^ ^ dzz'^^z^^^~ ’ 

in which dashes indicate differentiation with regard to x. To 
reduce this to its normal form, we write 

Vie = 2 / 2 , 

or, on the evaluation of the integral in the exponent, 




the equation then becomes 




where 


^ z’* zV z' 


and {z, x] is the Schwarzian derivative of z. 
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If, then, the equations be transformable into one another, the 
normal forms will be the same when expressed in terms of the 
same independent variable; hence, comparing (iv) and (v), which 
are the normal forms, we have 

^2 = ^ 1 . 

and 0 = J. 


Substituting for G in the latter equation, we have 


and substituting their values for and Vi in the former equation, 
we have 


y 


.dx/ 


These two equations are the conditions that the differential 
equations (i) and (ii) should be transformable into one another. 
The first of them gives the relation which must exist between the 
independent variables. When the first is .satisfied, the second gives 
the relation which must exist between the dependent variables. 

The foregoing equations enable us to obtain the general form 
of all differential equations into which (i) is transformable, and 
also to obtain the connection between two given related equations 
Thus, for instance, the equation in a given independent variable z 
equivalent to (i) would have as its normal form 


where 


and 



and since z and I are known in terms of «, J is also known in 
terms of a and can therefore be expressed in terms of z. Every 
differential equation, which is equivalent to (i) and has z for its 
independent variable, must have the foregoing equation in Vi for 
its normal form. 
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and 


'dx^ ‘^dx 
k dk 




are transformable into one another by the relation 

and find the relation between z and v. 

Ex, 2. Prove that the equations 

fin 

^ (1-.)H2 (7?-1+.) J+i-(1->fc) t;=0 

^_ 52„=0 
dx^^ xdx ^ 


and 


arc transformable into one another by the relation 

^-1=07^; 

and find the relation between y and v. 


(G. H. Stuart.) 


Method of Variation of Parameters. 

65. It was proved (§ 58) that, if a solution of the equation 

be known, the p^mitive of the equation 

g+j>g+to=ii 

can be obtained. The following method, which is different from 
the methods already indicated, is effective in giving for this 
equation, and for other linear equations, the Particular Integral; 
and it can be applied where the earlier methods cease to be 
applicable. 

Let yi be a solution of the equation 


so that 
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Eliminating Q, we have 

y^di? ^da?^ V^dso y d3})~^' 


and therefore 




where the constant A clearly is not zero when y denotes the most 
general solution of the equation 

We now have a relation between y and y^ of the first order; its 
integral is 

Cdx 
J Vi 

Let ya stand for the quantity of which A is the coefficient, so 
that the primitive is 

y = J5y, -f Jya, 

and ya is a particular solution of the differential equation. Then 
the preceding analysis shews that any two particular solutions y, 
and ya are connected by the equation 

where the value of G is no longer arbitrary but^J depends on the 
forms of yi and yg, the two particular solutions of the equation. 

66. Let us now take the above value of y and substitute it in 
the equation 


on the supposition thaj A and B are no longer constants but 
functions of w to be so chosen that the equation shall be satisfied. 
Thus the form of y is the same for the two equations, but the 
constants which occur in the former case are changed in the latter 
into functions of the independent variable; to this process is applied 
the name Variation of Parameters (§ 14, Note 1). 

We have now two unknown quantities A and J?, in terms of 
which y, a single unknown, is expressed; and we are therefore at 
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liberty to choose any relation between, them that may be most 
convenient for our purpose. When we differentiate y, we obtain 


dx dx 




^ dA 

dx^y^dx 


provided 


dx 


dx 


dB 


dA 




dx 


we shall take this last equation as the chosen relation between A 
and JS. Again, if we differentiate so that 

^ 4 A I t 

da^ da^ daf^ dx dx dx dx ’ 


and substitute these values in the original equation, then, since 
yi and are particular solutions of the equation when ii = 0, we 
have as the result 

dB dyi dA dy.^ _ ^ 
dx dx dx dx 

Thus 

dA ^ 

^ ^ Q^Pdz . 

2/3 dlh ’ 

y'dx~yux 

and therefore 

A = B' + ^j Ryie^^^ dx, 
B^F-^jRy,eSP<^dx, 

where E and F are arbitrary constants, and (7 is a specific constant 
depending upon the forms of yi and ya* 

If now, in the differential equation, we write <}> {x) for P and 
yjt(x) for B; f^(x) for yi and f^{x) for y.,; then the general 
solution of 
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is 

y = Ef, (a,) + Ff, {x) + ^ * i/r (f)e/« * (x)/, (f) -/>(*)/■ (f)} d^> 


where fi{x) and/^{sc) are particular solutions of 


and are therefore connected by the relation 


It may be noticed that we may make G unity without loss of 
generality; for, if it be not unity, we may substitute for f^ {x) the 

quantity ^/a {x) which, while still a particular solution, will render 

the constant unity. 


Ex. 1. Solve 


Arranged in the ordinary form, this is 


^ dy \ 

dx* x-1 dx^x-l^~ 


Particular solutions of the equation, without the right-hand member, are 
X and e*; hence, if we take 

fi{x)==x, Mx)=d‘, 

we may proceed as above, and have as the primitive 


As in the general case, A and B are connected by the relation 



dA^dB ^ 

while 

dA ^dB 
dx dx ^ ' 

Thus 

dA ^ A 

— and -y- *» — 

dx dx 

and therefore 

li 

+ 

s 

1 



and 

1 

II 
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The primitive is therefore 
Ex. 2. Integrate by this method the equation 

%+Qy=Ry\ 

where Q and R are functions of x alone. 

Ex, 3. Solve 

(ii) (l-«2)^|-4»:^|-(l+^;5)y=j;. 


67 . The method of variation of parameters may be applied 
in a manner, different in regard to the terms neglected, to obtain 
a subsidiary integral, the constants in which are subsequently made 
variable parameters. Thus consider the equation 




Neglect the term involving F in order to obtain a subsidiary 
integral; this integral satisfies 

dy 


and therefore is 


dx 


elf^y)^y^C, 


Suppose now that (7, instead of being a constant, is a function 
oix and let this relation be differentiated; then 


or 


Therefore 




c"— 


C7*=il - 21 dy l’(y) 


and so 
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A first integral of the original equation therefore is 
= [A -2 

This can be again integrated since the variables are separable. 

Ex, 1. Solve in this manner the equation 

Shew also that the integral of this equation may be derived by the method 
of54. 

By changing the independent variable in this example from x to y, obtain 
the integral of the equation 

Ex, 2. Integrate the general equation 

firstly^ by neglecting the last teim to obtain a subsidiary equation and then 
varying the parameters; 

secondly^ by applying the same method to the integral derived from neglecting 
the second term; 

thirdly^ by multiplying by and then integrating each term. 

It thus appears from these examples that 

dx^^\dx) ^ 

is integrable in the cases :— 

(a) when both P and § are functions of a?, 

(/3) when both P and Q are functions of y, 

(y) when P is a function of x and Q a function of y. 

Two Particular Methods. 

68. When, in the equation ^ quantity / is a 

rational function of a fractional form such that the denominator 
is of a higher degree in the variable than the numerator, the 
following method is sometimes of use. 
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where 




P2=/+P,* + 


dPr 
dx • 


On integrating the equation as if the left-hand side were a 
perfect differential, we have 




dP,\ 


Since the quantities Pj and Pg are connected as yet by only a 
single relation, we may assign as a further condition to determine 
them 


P. = 2 


This gives as the equation for Pi 


dx 


^ p 2—r. 

while, if any value of Pi satisfying this be obtained, an integral of 
the original equation is obtained in the shape 

It should be pointed out that the possible utility of this method 
depends on the form of the equation which gives Pij this would be 
lost by the substitution 

P _ Idv) 

^ w dx* 

for then the equation giving Pi becomes changed to the original. 

With the assumption which was made as to the form of /, we 
may write 


V VU UV 
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say, where T, U, and V, are rational integral functions of as, 
we may assume 


P 


Then 


leaving the constants in f{x) as the quantities to be determined 
from the equation; but in general there are not sufficient dis¬ 
posable constants arising in f to allow the equation to be satisfied. 
Hence this method, like the other methods which have been 
proposed for the solution of the linear equation of the second 
order, is not one of universal application, but is effective only in 
particular cases. 


Ex. 1. Solve 


as(l-xy^^~2v. 


Hero the equation for Pi is 
dPi 


_-1. 

dx ^ x{\~-xy^ 


E, F 


Lot A = ~ + substitute; the equation is satisfied by E^F^ - 1, 

and therefore a first integral is 

dz 2 


dx x{l—x) 


z=>A, 


where 


1 V {dx f dx 

VX=^z{l — 47 ). 


The primitive can easily be deduced, for the first integral equation in z is 
linear of the first order. 


Ex. 2. Solve 


(i) (l-^)*^+^=0; 

(u) (2ar+l)* (**+«+ 



sin 3x 
sin^A’ * 


If a term involving ^ should occur in the equation, this term 


should be removed before appljring the above method. 
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(i\ Y - (a+2) a; rfy ay _ 
dx^ x{i-x) dx 07(1-^) * 

(i\\ cPy , <»-( a+<3 + l)^ % agy 

' ' dx^ x{\-x) dx x{}.-x) * 


dx^'^ 


?/=0. 


^(l~.t;) dx x{i-~x) 

Ex, 4. Shew that this method will apply to the equation 

da^ {x^-\-2Ax’\-Bf^ 

provided there be a single relation between A\ B\ and C"; and find this 
relati/Jn. 


d. A certain class of linear differential equations can be solved 
by the resolution of tie operator on y into the product of operators. 
Thus consider the eo nation 


+ ^' ^+“"y = 0, 


7 » I 7 

ax'" dx 

in which u, v and w are functions of x] then, if the operator 

, d . 


bo resoluble into the product 

d 




p, q, r and s being functions of x, the equation can be integrated. 
For, if we write 


we have 

and therefore 


dz ^ 

z=Ae 


and we must now integrate 

M 

dx 


dy M -f-dip 
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which is linear of the first order. In order that this resolution 
may take place, we have the three equations 

. ds 

P+P^-W, 

to determine four quantities p, g, r and s; but we may consider 
and r as known factors of u, and use the two remaining equations 
to determine q and s. 

But these cannot be solved in general; and again therefore the 
method will apply only in particular cases. 

Ex\ 1. Solve 

2 ) ^^+{x^-x) (&»*+ 7 ^) y=0. 

Here we may write jp=^+2 and —1. 

If we have 

E^E^\ I FE^-e 

•-E+F+2E+E=:--2K EF^EF'+E^--1 •, 

F-2F'^2 ) FE-^2E'=^0 / 

which are satisfied by 

Hence the equation may be written 

A first integral is ^ 

(j7-l) (207—l)y=A (j74*2)2e'"3*j 1 

and the primitive is 

(i) CM!^+(3a+6ar)^+3i>y«=0; 

(ii) (*-l)(^-2)g-(2*-3)g+2y=0; 

(iii) (ap-?)^-(3»-4)^+(jr-3)y=0; 


Ex. 2. Solve 
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(iv) (*8+3®+2)|j+(5*2+Ya;+4)^+(6^+:y;;.,-+4)y=0; 
(vi) a-* (a— bx) ^—Six (2a — bx) ^+2 (3a-bx)y^ 6a*. 


70. There is a particular form into which the ordinary linear 
differential equation of the second order may be changed; multi- 
plying 

throughout by we may write it 

i W S)+««"'•* j-o- 


dx 1 dxj 

Let a new independent variable z be taken such that 
dz = dx ; 

then the equation becomes 
d 


dz 


(2e2/^<*»^|+2/ = 0. 


Now Qe^/Pdaj ig definite function of x and therefore of z\ 
let it be denoted by where is a function of z. Then the 
equation is 

d fl dy\ 

dz\udzyy~^’ 

which is the form referred to. 

Sir William Thomson (afterwards Lord Kelvin) indicated a 
method of approximating to a solution of this, equation by 
mechanical means*. 


Ex. Express Prove that 

where 

Sn + l-f dx I fiSndXy 
Jo Jo 

expresses the solution of this in a series necessarily converging for all values 
of Xy provided ft remains finite. 

Work out the case when fi=a?". 

* See Proc. Roy. Soc, vol. xxiv. (1876), p. 269. 
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General Linear Equation. 


71 . The general linear equation with variable coefficients is 
of the form 




da."-' 


+ X, 


da”-""^ 


+ X„_,g + Z„y=F ...(i), 


in which Xi, X 2 , . . Xn, and V, are functions of os alone; 

equations, in which the coefficients of the differential coefficients 
of y are constants, have already been considered. The coefficients 

Xo, Xiy .. Xn, tnay be taken to be integral functions of a?; if 

in any equation they were not actually so, the equation could be 
transformed so that its coefficients would be integral functions of x 
by multiplication throughout by the least common multiple of the 
denominators of such fractions as occurred in the given form. 

The primitive of the differential equation consists, as before, of 
two parts:— 

First The Particular Integral, which is any value of y (the 
simpler the better) satisfying the equation; 


Second, The Complementary Function, which is the general 
solution of the equation without the second member, that is, of the 
equation 


d»y - 


’da:" 


dy 

dx' 


• + -^n—1 + Xny ■■ 


‘0 ...(ii). 


The equation (ii), being of the order, will have in its general 
solution n arbitrary constants—the necessary number for the primi¬ 
tive of (i), which is the sum of these two parts. 


72 . If yi be a solution of (ii), then Aiyi is also a solution 
since the equation is linear; and therefore, if yi, 3 / 2 ; yn> b® 
n different particular solutions of (ii), 

y^Ajyi -f A^y^ +.4* Anyn, 

where Ai, J. 2 ,.. An, are arbitrary constants, is also a solution. 

If now the solutions yi, ya,....... yn> be independent of one another, 

so that no one of them can be expressed by means of a linear 
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function of all, or of any of, the others, then the foregoing value of 
y is a solution involving n arbitrary constants; it is therefore the 
Complementary Function. In order that this may be the case, 
there must exist no equation of the form 

^ij/i “I" ^23/2 “h.+ “ 0, 

for any values whatever of the constants Xj, Xg.. X„, other than 

zero for each of them. If all the constants X be not zero, we have 
the derived equations 


’ da;"-* ^ ^ . 

d""yn_Q 
+ dx-=^-^’ 

' da;“~ “ ■“ da;«-= . 


^d'!h dy. 

. 


and, since the Vs do not all vanish, the determinant obtained by 
eliminating the X’s must vanish, that is, 


' .’ dx^^^^ 

d^n-2 > .» 


^2 d^n 

dx* dx" .* dx 

Vu 2 / 2 , ., Vn 


= 0 . 


Hence the condition that the y s should be independent or, in 
other words, that the foregoing value of y should be the Comple¬ 
mentary Function, is that A should not vanish. 


73. It is easily proved that, if A be zero, then some equation of 
the form 

+ +.+X«yn = 0 

must exist. For otherwise let the value of the left-hand side 
be denoted by u\ multiply the columns in A by Xj, Xg,., X^ 
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respectively and add them together, substituting their sum for 
any one column—as the first. Then we have 




d^'yn 



. 

d"^^u 


1 

ta 


dx^-^' " 

dx”-^ 


2/2, 

Vn 


an equation of order n — 1 which determines ii. Now this is satis¬ 
fied by'Z4 = 2 /i,y 2 » •••, 2 /n»that is, it has n particular solutions which 
are supposed independent. But the number of independent par¬ 
ticular solutions which an equation can have is equal to its order, 
a property which is violated by the preceding result. The fore¬ 
going equation in u must therefore be an identity so that u is zero; 
and therefore, on the supposition that A is zero, there is a relation 
between the n quantities y, 

74. The value of A, when different from zero, can be found as 
follows. Let the values y = yi, 2 / 2 , be substituted in (ii) and 
from the n resulting equations let the coefficients Xj, Xa, 
be eliminated; then we have 


^ 0 , 


d^yi 

d”y^ 

d"-yn 

dx?" 

dx^ ' 

■■■■’ rfa;” 

d^-^y, 


d^^yn 

da^-^ ’ 

d®”-* ’ ■■ 



d^->y. 

d^Hyn 

daf^-^ ’ 

da;”-’ ’ " 

■■■■’ dx”-’ 

yi. 

2/2) 

• • • • > Vn 


+ XiA = 0. 


The determinant which is multiplied by Xq is 


dx 


this equation is 


z.g+j:,i=o. 


and therefore 


which when integrated gives 
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Since A and J XiXo are determinate functions of x, the 

constant 0 must be determined by some other method; compari¬ 
son of particular terms is often effective. The value of G will 
evidently change with a change in the set of fundamental solutions 
yi, ya> •••> ynl but C is never zero. 


Ex. Lot 2/i be a particular solution of the equation 


Y Y 




+. +Xm.^i ; 


when we write y\\zdx for y, the equation determining z is (§ 76, •post) of order 
m—\. Let J5i be a particular solution of this, so that y\\z^dx is a second 
particular solution of the y-equation; and let Zi\%Ldx be substituted for z. 
Thus the equation in u is of order m - 2. Let be a jmrticular solution of 
this equation ; then y^\zydx\Uidx is a third particular solution of the original 
equation. Proceeding in this way by — 1 successive substitutions, wo shall 
arrive at an equation of the form 

dv) ^ 

of which a solution can be found ; and there will bo, in all, m particular 
solutions y. 

Prove that these particular solutions y are independent of one another; 
and shew that for this set of particular solutions 

= . 

(Fuchs.) 


75. The Particular Integral may now be deduced by means 
of the method of the variation of parameters; this is the most 
symmetrical method, but another will be indicated in the next 
section. In the equation 

y = -^1^1 “b -^22^2 “b.“b ^nyui 


let the A*& be supposed functions of x instead of constants; then 
the value of ^ is given by 


dx 




dx 
dA, 


+ y. 


■a* 

d)A>^ 

dx 


+ An 


d]fn 

dx 


dAn 


Now as we have n functions A, while the only condition as yet 
attached to them is that they are such as to make the preceding 
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value of y satisfy the differential equation (i), we may make them 
satisfy n — 1 other conditions assigned at pleasure, provided these 
are not inconsistent. Let us assume as one of these conditions 


dAi dA2 

2 '-^+2 '*-^ +. 

, dAn 

we then have 


dx ^ dx^ ^ dx ^ 

, j dyn 

.d.^■ • 

Differentiating this again, wc have 


^V-A ^^^A . 

dai‘ ” dx^ d®* 

.da.-* ’ 

provided we assign as another condition 

d^i dA 1 ^ dy^ dA.2 ^ 
dx dx dx dx 

dy^dAn 
da; dx ~ 

Proceeding in this way, and assuming that the A's are such as 

to satisfy 


dAi dA^. 

dx^ dx dx^ dx 

d*y„di4„ 
da? dx ~ ' 

d^i/i dAi ^ d^yz dA^ j_ 
dx^ dx dc^ dx 

, d^yn dAn ^ 
da? dx ~ • 

d^~^yi dA 1 d^^~^y2 dA^ 

dx^^~^ dx ^ hx^'^^ dx ^ 

d^ ^y^idAn ^ 
da;’-* dx “ ’ 

(which, with the previous two, make up w — 1 assigned conditions, 

not inconsistent), we have 


da;* “ *da!=> ■‘■ "d*’ 

A-A 

.” dx'' ’ 

d”-'y_ ^ d”~^yi , . d"-iys 
dx^~'^ ^ dx^^^ ^ dx^’’^ 

.da;"-‘ ■ 

The last of these, when differentiated, gives 

^ A , A , 

da;" * da;" * da;" . 

A-A ‘^”2'’* 

+ da;" 

d"-*y,d^, d"-iysda4, 
dx dx^'^^ dx 

j d^'-^yndAn _ 
da;”~^ dx ’ 
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but, as all the conditions which were assignable have been used, the 
second part of the right-hand side does not vanish. We multiply 
the differential coefficients of y thus expressed by the algebraical 
coefficients, which are attached to them in the equation (i) of § 71, 

and add the results; since y is a solution of (i), and ^ 2 ,.. 

are solutions of (ii) of § 71, wc have 

Y a. a- a. A 

\ dx^~‘^ dx dx'^~^ dx * * *. dx^~^ dx ) ’ 

Let Ay be the minor of A, for the values r = 1, 2,..., 


dA dA 

then the n equations giving the values ^ ^ ^ ■ 

have as their solution the equation 

for all the values of r. Hence 

dAr^ FAy 

dx XqA* 

and therefore 

. ^ fVAr , 


dAn 
^^ dx ’ 


^ y = Cy -|- 


TFAy , 

J A^A 


where Or is an arbitrary constant. The value of y is therefore 




the Particular Integral being 


fVA, , , [VA,,, ^ 


Ex, 1. Shew that, if /i(^')i /sWj ^ three particular solutions of 

the equation 

3+<#>wS + «5|+%=0, 


in which Q and S are functions of x only, then the complete integral of 


FDB 


5 
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is given by ^ 

.y=Cl A W+C2/2 (^)+C3/3 (x )+|V (f) X^^*^"** 


dfiii) c%(i) d/s(f) 
^r’ rfi? ’ di 

/,(a / 2 (f), /3(«) 

/iW, / 2 (^). /sW 


rff, 


where Ci, ^ 72 , C 3 , are arbitrary constants and a is a determinate constant. 


Ex, 2. Solve the equations 

(ii) (^+2)2-2^S+(^+2)§-2Ty=^+2. 


76 . When we know one or several particular solutions of the 
equation (ii) of § 71 , the order of the equation can be depressed 
by a number equal to the number of particular solutions known. 
Thus suppose we know that j/i is a particular solution of the 
equation; when we change the variable from y to yi u, the equation 
becomes 




d^u 

dx^ 


4 -X, 




+ X'n -1 


du 

dx 




or, what is the same thing, 
^ d^u 




in which X/, ., X'n^u are functions of Zq, Zi,., Xn^u 

du 

and diflTerential coefficients of y^. If now for ^ we substitute v, 

the resulting equation is of order n — 1; the original equation has 
therefore had its order depressed by unity. 

If 3/2 be another particular solution of (ii), then y^jyi is a value 

of w, and therefore ^ is a solution of the equation in v ; this 

equation can therefore have its order depressed by unity and the 
order of the new equation will be less by two than that of (ii). It 
therefore is possible by proceeding in this way to diminish the 
order of an equation by m, when m particular solutions are known. 
Each depressed equation remains linear. 
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77 . When w — 1 particular solutions of an equation of the 
order are known, the equation can be depressed so as to be a 
linear equation of the first order, and as the latter can be solved, 
it follows that we can obtain the primitive of an equation of the 
order when n — 1 particular solutions are known. The following 
method of obtaining the primitive avoids the process of successive 
depressions of the ditiferential equation. 

Let the n —1 particular solutions of the equation (ii) be re¬ 
presented by 2/1,2/,.,., 2/n^i; a-nd let Ci, C., .. be ?i-l 

functions of x such that 


2 /= 6^2/1"!" ^22/2 + 


is a solution of (ii); as this is the only relation between the w — 1 
functions, we may assign at pleasure n — 2 other relations, provided 
they are not inconsistent. Let these be 

dC, dC^ 

y^dx^y'^d^^ . 

dCn-i ^ 

dyi dCi dy.i dG.2 
dx dx dx dx 

, dy^^i dCn—i ^ 
dx dx 

dCi d'''-^ dC^ 
dx dx^^ dx 

d^ dGn^i _ 

dx “ ’ 

then the values of the successive 

differential coefficients of y are 

given by 

^4- 

dx ^ dx " dx 

• p ^2/«—1 

. ^^^^^~dx ’ 

dx?~ ^ ^ da? ^ 

, n 1 

. ' ^ ^ da? ’ 


d-^y_ d«-^y. d>-~-y, 

dx'^ ^ dx^^^ ^ dx^~'^ 


da?^^ ‘ da:"-' “ da:"-' " 

,^=T^dGrdyyr 
^^1 da: ’ 

d»y „ ^ d«y. 

da?' da?'^ dx" ^ . 

, n d^yn^i 
dx" 

„ r-»-i dCr d"-' yr ’•= 5 -1 d?Gr d»-<‘yr 
r^i dx dx^^^ dxr^ dx^ ' 
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The substitution of these values in the equation (ii) gives 
^ , ^dCrd'^-^yr\] . •'“"-I (£0, ^ 

“t r=i w dx “i ~d^ 

since yi, y-i, .. yn-i. are particular solutions. 


Let A denote the determinant 

dgf-i > .. ^n-2 > 

d^^yi d’*~‘yi. Vn-i 

. '(£»"-» 


I yi. 2/2. . 2 /n-i I 

“ u 

and let the minor of ^ denoted by A^, for the 

values r = 1 2,., ?i — 1. Then we have 


dCi dC^ dCn^i 

dx dx dx 



and therefore, for these values of r, 



Hence 



»’=*ridad«-'y,_ ’•=5-\ d’^-^yr c£A 

r=i dx dx"~'^ ^ ril '' dx”^^ ^ dx' 

and 

‘•=»-idad"-=y, d^-^yr 

r=i dx daf*~^ “ r=i ' dx"-^ ^ ’ 

Also 

d^Cr dz. dAf 

da? ~dx 

and 

»-=|-i(£Ar(£»-»y,_ 


dx dx^ ’ 

so that 

r=«-l d^Cr _ dz ••“"-l dz 

,=i dal‘ da?*-^ dx ^ da^ ~^dx 
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the transformed equation therefore is 


Dividing by XqA, we have 


dz 
dx ^ 


/2 dA 
\A dx 



the integral of which is 


The corresponding value of Cr is derivable from 


and therefore 


dx ’ 

Or = Ar + A 


for the values r = l, 2,.. ri —1. Hence we have n arbitrary 

constants, viz. Ai, A 2 , ., A^^i; and the primitive of (ii) 

is thus 

r=»-l r-n—l r\ fXj , 

y= t ArVr + A 2 yJ 
r=l r=l J ^ 

Ex. Solve completely 

where P and Q are functions of x. 


Geometrical Application : Trajectories. 

78 . It has already been noticed that a differential equation is 
the appropriate analytical expression of any property of a curve 
which is connected with its direction and its curvature; and it 
therefore follows that the investigation of many geometrical 
questions ultimately depends upon the solution of a differential 
equation. In the higher parts of mathematics, differential equa¬ 
tions are of almost universal occurrence; but in other subjects 






134 


TRAJECTORIES 


[chap. IV 

it is less possible than it is in geometry to give examples, as there 
is no necessarily general method of arriving at the differential 
equation, while its deduction in geometrical problems is obtained 
almost immediately by the use of the formulae of the differential 
calculus. There will be no attempt to give here any complete 
classification of applications to geometry; only a single general 
problem will be discussed, that of Trajectories. 

A Trajectory is defined to be a line which, at its points of 
intersection with the members of a family of curves expressed by 
one equation, cuts them according to some given law. 


79 . As the most general form possible, let 
f{x,y, a) = 0 


denote a family of curves of which a is the parameter; through 
any point on one curve a trajectory will pass, and there will thus 
be a second system of curves representing these trajectories. Let 
f and vj be the current coordinates of this second system; and 
suppose the analytical expression of the law which holds at each 
point of intersection to be 


F 


dy 




^ di) ePf) 


= 0. 


In this equation, f and ^ at a point of intersection are respectively 
the same as a: and y, being the coordinates of that point; but 

.are not the same as ., for they indicate the 

direction and the curvature of the two intersecting curves. 

We proceed as follows. 


From the equation 

/(a?,y, a) = 0 

we obtain the values of all the differential coefficients of y, which 
occur in the relation 0, as functions of oc, y, and a ; and in each 
of these expressions we substitute the value of a as a function 
of a? and y derived from the equation of the curve. This will be 
equivalent to eliminating a between /= 0 and the equation giving 
each differential coefficient. Let these values of the differential 
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coefficients of y be substituted in jP=0; it then becomes an 
equation which involves y, and differential coefficients of rj 
with respect to But we have seen that x and y are the same 
as ^ and 77 , since both sets are the coordinates of the same point; 
therefore jP== 0 becomes a differential equation in rj and f only. 


80 . The most frequent example of trajectories is that in which 
a system of curves is to be obtained cutting a given system at a 
constant angle. If this angle be a right angle, the trajectory is 
called orthogonal \ if other than a right angle, the trajectory is 
called oblique. 


In the case of orthogonal trajectories, the tangents at a common 
point are to be perpendicular, and therefore 


1 + 


dxd^~ ' 


which is the form of i^=0 for this case. For the given system of 
curves, we have 

f(x,y,a) = 0, 
dx dydx ^ 


from which we eliminate a and obtain a relation between x, y and 

which is really the differential equation of this system of 
ax 

curves; let this relation be 



Now, for the trajectory, we have 


and 


_ 3 _. 

dx dr) ’ 


therefore the differential equation of the trajectoiy is 





V> - 



0. 
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The elimination of the parameter is immediate when the 
equation of the given family of curves occurs in the form 

y)==«- 

For we then have 


dx dy dx ’ 


which at once gives ^ independent of a, and is the form of y/r = 0 


for this case. 


81. When the equation of the curve is given in polar 
coordinates, the same method may be applied. For we then 
have 

X(r, 0,c) = O 

as the equation of the fomily of curves. If (f> be the angle between 
the radius vector and the part of the tangent to the curve drawn 
from the point back towards the line from which 0 is measured, 
we have 

tan^ = r^^; 


while, if $ be the same quantity for the trajectory, and H and 0 
be the polar coordinates of a point on it, 

tan 4> = iZ -Tr, • 


Since the tangents are at right angles, 

4> ^ = ^TT, 

„ d@ 


and therefore 


where H and r, @ and 0 (but not their derivatives), are the same. 
Now 

+ ^-0- 
dr'^'dff dr~ ’ 

eliminating c between this equation and the equation of the curve, 
we find a relation of the form 




TEAJECTOEIES 


137 


80 - 81 ] 

For the trajectory 

i2 = r,0 = ^,and^ 
dr 


1 1 dR_ 

dR 


the differential equation of the trajectory is therefore 

This, when integrated, gives the equation of the system of curves 
possessing the required property. 


Ex, 1. Find the orthogonal trajectory of the series of straight lines 

y=mx. 


We have 



and therefore the differential equation of these lines is 



IIoncG, by our rule, the differential equation of the system of orthogonal 
trajectories is 


which on integration gives 






drj 

dr 




a series of concentric circles having for common centre the common point of 
the lines. 


Ex, % Find the orthogonal trajectory of 

r’‘=a”sin nO, 

Taking logarithms and differentiating, wo have 

n dr ^ c os nO 
r do sin nO ’ 

which is the differential equation of the family of curves. For the trajectory, 
we have 

rdB’~ dR^ 

and therefore the differential equation of the trajectory is 

^ ci?e , cos n0 ^ 

SAf ^CSS 

dR sin 710 


5'5 
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The variables may be separated; we have 


n 


dR 

It 


-w- 


sin w9 

I -^ 

cos 710 


c?e, 


SO that cos we, 

the family required. 

Ex. 3. Prove that, whatever be the value of w, a non-parametric constant, 
the orthogonal trajectory of the curves included in 

is a family of conics. 


Ex, 4. Shew that the orthogonal trajectory of a system of confocal 
ollii)ses is a system of hyperbolas confocal with the ellipses. 


Ex, 6. Obtain the orthogonal trajectory of the system of curves 

(i) r’^sin 

(ii) r 2 =a 2 log (c tan B)y c being arbitrary. 


Ex, 6. Shew that, if f{x+iy) be denoted by where u and v are real, 

and i denotes V—1? then the families of curves const., const., are the 
orthogonal trajectories of each other; and the families cos a 4* sin a=const., 
for diffei*ent values of a, are oblique trajectories of each other. 


In particular, shew that, if u and v, so obtained, bo homogeneous of order 
w, then the value of u is 


027 

nu^x^ 



How may the value of u be found when n is zero ? 


Ex, 7. Find a system of curves cutting, at a constant angle other than 
right, a system of concentric circles. 


82. If one of the variables be given as an explicit function of 
the other and the parameter, the equation will be of the form 

y^(})(x, a); 

instead of eliminating a we may proceed as follows. Let the 
equation of the orthogonal trajectory be 

where in the last a is to be considered an unknown function of f to 
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be determined so that the curve may be the orthogonal trajectory. 
We now have 

dy _ 3<^ 
dx dx ’ 


and therefore 


d<f> da 

dr 


^ /9<jf) ^ da\ 
007 \0f da d^J 


+ 1 = 0 . 


Now, as no further differentiations are to take place, we may 
0<^ 
dx^ 


write ^ in place of”, since x is equal to f; hence we have 


1 + 


'0<^Y 00 00 da ___ 


This is an equation between two variables a and when 
integrated, it determines the value of a which, being substi¬ 
tuted in 

t; = 0 (f, a), 

gives the orthogonal trajectory. 


Ex. Obtain the orthogonal trajectory of the ellipses represented by 

Here 

and the equation determining a is 
which gives 

da^ _2 
This on integration leads to the equation 

a2(l-.f2)^^^g2 + log|2. 

therefore the orthogonal trajectory required is 

I,2 = ^«f2+l0g{2. 
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MISCELLANEOUS EXAMPLES. 


1 , Solve the equations: 


(i) 


d^y ^2 dy 
dx^ 




(ii) J+2j.(l+»")-0; 

(vii) ^^1 + 27 i cot nx ^+(m^ - td) =0 ; 

(rtii) ,(,+j)g+(r-,)g+»(J)’-3,.0i 


d^ V 

(x) sin2x^^=2j/; 






2 . Assuming that the primitive of 

• 'Z? 

is of the form y=w + ~, prove that it is given by 

w=A sin (a?+a), 2;=,4 cos(a 7 +a). 

Obtain the jirimitive of 

g+(i-|)y=**. 
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3 * By tho method of variation of parameters, deduce the primitive of 




4 . Prove that the equation 

(oj+ftaa;) ^'+(ai+6ia;) ^+(ao+&ox)y=0 
has a particular solution of the form provided 

(«() hi — b{)) (^1 ^2 ^ i ) ~ (<^0^2 “ 9 

and hence solve the equation, assuming this condition satisfied. 


(Schlomilch.) 


6 . Integrate 


sin^ X - 4- sin x cos 


If w=0 when ^=0, and w=l when ^==^> then — l when 

Also solve the diflferential equation 


. o A 


determining the arbitrary constants by the conditions thaty=a and ^.=0 
when a’=0. 

6 . The equations 

have a solution in common; find the primitive of each, and the necessary 
relation between /*, P\ §, ^ supposed to bo functions of x, 

7 . Prove that the equation 

«-»-). 10-.-.), j(—.4j. 

can bo integrated by the method of § 68, provided the relation 

(a+l)^+(ti+l)i+(t+J)4=^ 

be satisfied for some one set of signs given to the radicals. 

Find the solution when this condition is satisfied. 


8 . Solve the equation 
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where a, 6, k are constants, by assuming 

and obtain the general solution. 

Solve similarly the equation 

(a+x)ib+.v)^+i{a+'2b+3ji:)^+i'^y=0i 
also Ex. 1 iu § 68. 


9 . Prove that, if (f) (x) bo a particular solution of the equation 

dh 
^2= 






then 



is a particular solution of the equation 


dv^ 


*2. 


Hence solve the equation 




10 . Prove that, if z^(f>(x)he & solution of 

d^z . 

then *** ^ solution of 

the constants a, h, c, c?, being connected by the relation 

ad^—5c=I, 


Hence solve the first equation in question 8. 

11 . Shew how to solve the equation 

, At , . ^.y _ y 

dx^^a + bx (a+hx)^ dx^^^ *** (a + bx)^ * 

where JT is a function of x only, and ..., il„, are constants. 

12 . Integrate the equation 

3 + ( 2 ^+«) %+ 0 

J[ being any function of x. 
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13 . Shew that, if a particular solution of the equation 

|+j,y+jr..o 

be known, A'l and X2 being functions of .r, the primitive can be obtained. 
Hence solve the equation 

dy ^ ^ _ siiiA' 

■~ + v2sina?=2 . 

dx cos'^.r 


14 . The primitive of 




being y^^Ayi+By^, 

shew that the differential equation which has for its primitive 

is 

+ m |j (»1-1) i (wi -1)/> +mqF (ar)|- z=0, 


16 . Given an equation 


■^’W=yiy2- 




(Hermite.) 


shew that the equation, whose integral is given by 


and that the equation, whose integral is given by 




»=0. 


Account for the respective orders of these equations; and state their primitives 
when the primitive of the first equation is known. 

16 . Prove that, if yi and be two particular solutions of the equation 

the roots of yi=0 and y^^O separate each other so long as both of these 
solutions remain continuous. 


(Sturm.) 



144 


MISCELLANEOUS 


[chap. ly 


17. Solve the differential equations; 


(i) sin2^^-fsin^cosd^-3^=^-sin^; 

(iu) (l+a*“)g+cu?g=«V; 

(iv) «*(**+a)^^+;»!(2a^+a)^=K*y; 

(Vi) (a^-^)g-8.|-12y=0j 
(vii) (3 -a-) 3-(9-4^-) J+(6-ar)y=0. 


18 , Solve the equation 




where P, §, and P, are functions of x which satisfy the relation 




When this relation is not satisfied, can the equation bo solved by the 
introduction of a factor fi so chosen that the new coefficients satisfy the 
relation ? 


19 . Solve the equation 


^ _ h 

dx'^^ (2cx—x^)^* 


(Stokes.) 

20 . Find the form of </> such that, if x=(f>(z) be substituted in the 
equation 


it will become 




and thence solve the former equation. 

21 . Prove that the equation ^ transformed into 

g+/'(.)|+y*(.)-0, 
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when the relation between z and x is given by 
and {z) is given by 

Q^lPdx ^ ^ g2/P(z) dz^ 

Hence reduce the equation 

^ CuX 


* flfe V, 


22. Solve the equation 


where A and B are constants. 


.n_^B\dvA . 


Verify that the equation 






\.^•3 ^'lx) 


(hToi^ 


is transformable into the foregoing equation by the substitution 

X =sin (arc tan ^), 
provided —4iB'^ - 4.4 4-^; 

and find the relation between y and v. Hence solve the second equation. 

23. By transforming the dependent variable from y to e*, solve the 
equation 

v^yJ±^A-a^piy 
dx^ dx dx 

Hence solve the equation 

(Sparre.) 

24. Prove that the primitive of the equation 


d?(r 5 (doS^ ^ 2_n 

Sx* 4<rU»j 


where o- is the Schwarzian derivative of y with regard to .r, is 
y {A' + B'x+C'x^-)==A -^-Bx+Qx^; 
and shew that this is also the primitive of 

ya, 3^2, 3yi =0. 

2/iy 4 ^ 3 , 6^2 

.ys, 5^4. 10^3 

where yi^ y%y ... are the first, second,.differential coefficients of y. 
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25. Prove that the primitive of the equation 

/.r—aX” 
cs+d~\x-(i) ’ 

whore 71 ^ —I- 20, Discuss the case in which 0, supposed constant, is equal to h . 


26. The arc of a plane curve measured from a fixed point A up to a point 
P, whose rectangular coordinates are a: and ?/, is denoted by s; obtain the 
general Cartesian equations of the curves for which the following equations 
respectively hold; 

(i) (ii) tS=carctan ; 


(iii) 


'd7/\^__ dx d^x ^ 
^ds) ds 


(iv) 


A‘=a 


dif 

dx' 


«=(^+2cx)i; (vii) s=(j/°-+nufi)^. 


27. Find the general differential equation of all parabolas touching the 
axes and having their chord of contact of constant length. Solve the equation 
obtained. 

Obtain also the differential equation of all parabolas touching the axes. 


28. Show that the differential equation of a general conic is 

j ’ 

and of a general parabola is 

dn^ \\dxy j • 

(Monge and Halphen.) 

29. Find (i) the curve in which the radius of curvature is proportioiml to 
the arc measured from a fixed point; (ii) the curve in which the product of 
the perpendiculars from two fixed points on the tangent is constant; (iii) the 
curve which has an evolute similar to itself. 


30. Find a differential equation of the first order of the curve, whose 
radius of curvature is equal to n times the normal; and shew that it is 
always integrable when 71 is an integer. In particular, shew that when Ww2 
the curve is a cycloid, when w=1 a circle, when -1 a catenary, and when 

—2 a parabola. 

31. Shew that the system of curves, cutting a system of confocal ellipses 
at a constant angle a other than right, is given by 

xs=c cos 0 cosh 71 (X+</)), y « c sin sinh 7i (A+^), 

where 2o is the distance between the foci and 71 is tan a. 

(Mainardi and Mukhopadhyay.) 
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32. Obtain the orthogonal trajectories of the curves 

(i) (ii) 14 - 2 c.ry ; 

(iii) (iv) 

in the last r and / are the distances from two fixed points. 

33. The curve, for which the ordinate and the abscissa of the centre of 
gravity of the area included between the ordinates .v^a and x—x are in the 
same ratio as the bounding ordinate y and the abscissa .r, is given by the 
equation 

y^~ * 

34. The curve whose polar equation is r»"cos rolls on a fixed 

straight lino. Assuming that straight line to be the axis of shew that the 
locus of the curve described by the pole in the rolling curve will have for its 
equation 



In particular, shew that, when 27a=1, the described curve is a catenary; 


when 777=2, the described curve is an elastica. 


(Frenet.) 
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83. It may happen that a differential equation, the solution of 
which is required, comes under none of the preceding classes which 
are all of some particular form, and therefore that the methods 
applicable to these fail. Eccourse can then be had to approximation, 
in order to obtain the value of the dependent variable. The form 
of approximation which is most frequently adopted is that derived 
from converging series; by retaining a large number of terms the 
error can be made small, and the series may be considered to 
represent the value of the variable. That this method is d pnori 
justifiable may be seen as follows. 


The given equation is a relation between the successive differ¬ 
ential coefficients of y and may be considered as giving the one 
of highest order in terms of those of lower orders; thus if it were 

dF‘V • dv 

of the second order, it would give ^ in terms of ^ and y. When 

differentiated once, it would give in terms of ^ and y> 

that is, in terms of ^ and y, since is expressible,in terms 
of these two, and so for each of the differential coefficients of 
higher order, which can thus be expressed in terms of ^ and y. 
But the differential equation will not give any relation between 
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~ and y, which are thus independent of one another. Suppose 

now that a value a be assigned to a; and that for this value of x we 
d'li 

make y — A and =* 5, which constants are, in general, arbitrary; 

then the equations derived by successive differentiation furnish the 
values for ic = a of the differential coefficients of y of successive 
orders. Let these be denoted by (7, D, E,,... Now if the value 
of y be </> (x), which we assume is a function expansible by Taylor's 
theorem in a converging series of ascending powers of a; — a, we 
have 

a)} 


= c^(a)H-(/r~a) 


A. (^1“ I (^) 


where 




stands for the value of 


d^ (f> (x) 


, when a is written 


^ ^ ±\JJL UI-AVy T ^ VT XV XO TV X X U UWXX 

for X after differentiation. Inserting now for the various coefficients 
their values, we obtain 

y = ^ («.) = ^ + ii (.z’ - a)+ +. 


This series, if it converges, is a solution of the given equation. 

It should be remarked that, for some particular value of x, the 
differential equation may determine not the coefficient of highest 
order but one of lower order. Thus the equation 
d^7/ 2ndy „ ^ 

d^y 

would for values of x other than zero determine^ ; but for x—0 

would give ^ ~ consider infinite values of any coefficient 

excluded. 


The foregoing method and another, which is in practice substi¬ 
tuted for it and which will be explained in the next article, are 
almost impracticable in the case of equations which neither are 
linear nor can be transformed so as to become linear; for such 
equations, the determination of more than the first few terms of 
the expansion often entails great labour. 
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Ex. 1. Let us apply the foregoing method to the equation 

When differentiated n times, the equation gives 

and therefore, when a;=0, 




d)/ 


Now the given equation leaves y arbitrary, say=^, and arbitrary, say = 2?, 
d^y 

when :r=0; but ” 7 -^= 0 . Hence we have 

OLXq 

(pP *^y ^ (pP “ ^y 

dx^j^P + ^ dXifP ~ ^ 

= (-l)P3p(3p-3)...6.3 
=0; 


cPy 


similarly 


and 


= (-l)P(3?)-l)(.3/)-4)....5.2..e; 
~^^=(-l)'’(3p-2)(3p-6)....4.1.y„ 


=(-l)P(3p-2)(3p-5)....4.1.A. 

The expansion of y is, by Maclaurin’s theorem, 

y-yo^^clx„^2! dt„^^3l dx„!>^4l 

This expression is the sum of two converging series. It contains two arbitrary 
constants, and is thus the primitive of the equation. 




£x. 2. Solve 
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Ex. 3. Obtain an integral of the equation 


in the form 


d-y dy _ 


y=A 



ni‘x^ 


P7257^+ 


F7F7¥74^ 



84 The preceding investigation shews that, by means of the 
differential equation, and by the expansion of a function in terms 
of the independent variable as given in Taylor's or in Maclaurin's 
theorem, an expression in the form of a scries can be obtained for 
the dependent variable; but, instead of working through what is 
sometimes a troublesome process, it is convenient to accept the 
principle that a series can be obtained, and so to assume for y 
some series arranged according to powers of x with indeterminate 
coeflScients and indices. This series is then substituted for the 
dependent variable in the differential equation; as it is to be a 
solution of that equation, it must make the equation an identity. 
A comparison of the indices of the independent variable will shew 
the law of their progression; and a comparison of the coefficients 
of the different terms involving the same powers of the variable 
will give the required relations between the coefficients in the 
expression assumed. The latter will then, for such values of 
the independent variable as leave the series converging, be a 
solution. 


85. As the method just indicated is really equivalent to the 
earlier one, it is not better suited to the solution of non-linear 
equations; but much labour is saved by it when the differential 
equation to be solved is linear. One of the most important forms 
to which it is specially applicable is that which may be written 

where and yjr are polynomial functions of their argument. To 
solve this equation, assume 

y = AiX^^ + +..., 

where m,, mg, mg,... are exponents in ascending order of magni¬ 
tude; since 
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the equation, when the value of y is substituted in it, gives 
(nil) + A2<f> (vi^) +... 

4- (mi) 4 (mg) 4 ... = 0. 

In this equation, mj — 1 is the lowest exponent and it occurs in 
only a single term; as the left-hand side is to vanish identically, 
this term must disappear, and therefore 

or, since -dj is a coefficient of a term actually occurring and so is 
not zero, we must have 

i/r (mi) = 0. 

A comparison of the indices of the remaining terms shews that 
mi = 7712 —1» and therefore = mi 41, 
m2 = m3-l, „ „ 7/^3 = mi 4 2, 

and so on; while a comparison of the coefficients of terms involving 
the same indices gives 

Ai^illh) 4 Aal/r (777.) = 0, 

^2^ (771.) 4 Ag-i/r (mg) = 0, 


and so on. Take now any value of mi as given by the equation 
'>|r (7r/,i) = 0, say mi = a; as Ai is quite arbitrary, denote it by A, 
The remaining coefficients are given by 




<^(«) A 

t(a+l) ’ 


A — I <l>(a)<f>(a+l) . 


and so for the higher coefficients; the corresponding value of y is 
thus 


Ax^ 



yfr (a 4 1 ) 


# 

x + 


<f> (a) (f> (a-h 1) 
'i|r(a4l)'^(a42) 


x^ 


<l>(a)(f>(a + l)if>(a + 2) 

(a 4 1) (a 4 2) (a 4 3) 


The expressions connected with the other roots may be similarly 
obtained*; and as the equation is linear, the sum of all these values 
of y is a solution. 
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Of this general form the most important example is that 
equation which has for a solution the series known as the hyper¬ 
geometric series; it is discussed in full detail in the next chapter. 


Ex. 1. Provo that the primitive of the equation 

2 n dy , . 


is given by 

y=/lj^l- 


2(!J« + 1) 2.4(:ift + l)(2, 


2/i + 3) ^ 


+Bx^- 


.fl-- 

L‘ 2(3-5 




2rt)''’2.4(3-2»t) (5-2«) 



Ex. 2. In the case when 2?i=l, the separate parts involving the arbitrary 
constants in the pmeeding example become the same, each being 




If this l)e denoted by v, and y^uv^v)^ where u and w are to be determined, 
we have on substituting, since v is a solution of the original equation, 


d^w \ dw 

+5 S 


'drv> ^ 1 2 — 

^X dx)'^ dx dx 


As there are two quantities u and Wy we may assign any one condition we 
please; let this be 

dru \ du^^ 
dx^ X dx~“ 


The value of u hence derived is A -f A* log a?, and thus 


d^w 1 dio . 


2 B dv _ 


or 


(Pw 1 dw 
dx^^X dx 


A-mw—2Bm 


1 mx^ m^x^ 

2~'Z‘TI'^¥T¥Tq 





The value of y is now 

v(A + /?log.t’)+«>, 

and therefore contains two arbitrary constants, the total number necessary 
for the primitive; hence we require only a particular integral of the equation 
in w. To obtain this, write 


then 
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Substituting and equating coefficients of different powers of a', we have from 
the 

coefficient of .^i=0; 


. 

..„7)iB'+2^B2=B7)) ; 

.. 

.... 3 ^/ 53 +m5i=0; 

... 

.... (2w 4-1 )^52ft +14- 7nB2H 

x^ .. 

- 

^2» —2 

,... (2 W.)^52n 4“ TDlB^n - 2 “ (' 


, Bni^ 


These equations give 


Bi — 0 — Z?3— ... —■52ft _1 — •••> 


so that no terms involving odd powers of x occur in w. For the coefficients of 
even powers, we have 

7 ? 7 ? 7 ? 


n _ . n n »» 

»3 


7)1- 


and, generally, 

•S2»=(-1)" *-5 2^4276!!...(2„)2 («+—+K 1 )+(- ^^“2274r6277^„)2* 
Hence the value of y is 
(4+i?log*) |l 


4^62'' 


•} 


■¥B 


'{ 1 -- 


mx^ , 7n^a^ 

W 2VP "" 2^74V^® 


...} 


As 5' is undetermined, there are apparently three arbitrary constants. 
But it will be seen that the expression multiplied by B' is the same as that 
multiplied by A ; and therefore these two constants coalesce into one new 
arbitrary constant A', which takes the place of A 4*5'. 
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Ex. 3. Obtain the primitive of the equation 

,dy 

in the form 

y iU\x 23+2'<.3= 


OOa-* 

3» 2^3^4“' 


K..) 


( X . 1 ?^ X^ Ot^ \ 

1 ■“ J2 12 ~ £2, 32”^ 12 22.32, 42 

(Fourier.) 

Ex. 4. Integrate in series, and express in a finite form, the primitives of 
the following equations :— 

(0 (l-.**)5-xJ+a^y=0; 

(ii) (x-x^)'^'+(l-Zx?‘)‘^-xy==0. 


86. There are two special cases which occur in the integra¬ 
tion of some differential equations. They owe their origin to the 
same cause, but they require to be dealt with separately. 


As an example of one of them, let us recur to the series 
obtained as a solution of the equation 


which was 
Aaf^ 




_ 4> . <f>(a) (j)( a + l) 

A^(tt + 1) ■^i/r(a+l)^(a + 2)“ 




the constant a being some root of the equation 

y}r {m) = 0 . 


This equation will usually have more than one root; let some 
other root be denoted by 6. Then, in the case when b is greater 
than a by some integer k, the solution in the form above adopted 
ceases to be available; for in the denominator of the coefficient of 
within the bracket there occurs the factor yft{a + k) or yf/ (b) 
which is zero, so that, unless there be a zero factor in the 
numerator, the coefficient apparently becomes infinite. 


When such a zero factor does not occur in the numerator, we 
must recur to the fundamental equations from which the series 
was derived. These are 
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AI (}> (ct) -f (rx +1) = 0, 

A.^<f> (a -f 1) 4- A^yjr (a + 2) = 0, 

Aic(l> (a + & -1) 4- Ajc+iyjr(a + k) = 0. 

Now since vanishes and Ajc^i is not infinite, being a 

coefficient in a series supposed converging, it follows that either 
AjcOT <f>{a+ k—l) is zero. Rejecting the latter on account of the 
hypothesis that no zero factor occurs in the numerator, we have 
Aj^ = 0, and thence from the preceding equations we find that all 
the coefficients A^, A^^ ..., are zero. Hence the part of the 
series which precedes the term inside the bracket is, on account 
of its coefficients, evanescent, and the series actually must begin 
with the term Caf''^^y that is, with Gx^; and this will be the series 
derived from the root b of the equation '\lr(7n) = 0. One of the 
particular solutions has thus disappeared; but to obtain one in its 
place, we may proceed as in Ex. 2 in § 85. Denoting by v the one 
which remains and has absorbed the other, we may write 

yssUV + W, 

and, after substitution, assign some one relation which shall serve 
to determine u and w and render the differential equation easier 
to solve; this relation will usually be determined by the special 
form of the equation. 

1. Consider the differential equation 

Substituting y^ o -f ^+A 2 ^”* ^ *+. - . 

which is easily seen to be the necessary form, we find as the equation 
determining m 

m (w — 1) — 4/71+4 a= 0, 
that is, (m — 1) (m — 4)=0. 

Hence a=l and 5=4, so that the roots differ by an integer. It will bo found 
that, on taking the root m= 1, the equation is of the form discussed and that 
the terms up to, but exclusive of, disappear; while the series derived from 

the root w = 4 is 
Complete the solution. 

Ex, 2. Solve 
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87 . We now proceed to consider the other special case. 
Hitherto it has been assumed that no vanishing factor occurred 
in the numerator; and the result of the necessary alternative was 
indicated. But a vanishing factor may occur in the numerator of 
some of the coefScients of the terms within the bracket, either in 
that term in which there is a vanishing factor in the denominator, 
or in an earlier term. In the latter event, all the terms which do 
not have a vanishing factor in the denominators of the respective 
coefficients disappear; and if such a factor never occurs in a later 
term, the series will'end at the term next before the first which 
contains that vanishing factor in the numerator, and the solution 
will thus be expressed in a finite form. But some vanishing factor 
may appear in the denominator of a later term, and the coefficient 
of this term will then take the indeterminate form 0/0, while the 
intervening terms will disappear; and all the terms after this will 
contain this indeterminate coefficient. The series will then be of 
the ibrm 

A(xP‘’\- + ... -f Q 4- 

where A; — 1 is not less than/! This may be written 

where A is arbitrary, and BjA^ ..., FjA, are determinate; il/, being 
equal to x 0/0, is arbitrary (on account of the indeterminateness 
of 0/0) and LjK, ... are determinate. This series is a solution 
of the corresponding differential equation; it therefore will be a 
solution when a particular value is substituted for the arbitrary 
constant; hence 

obtained by writing ilf=0, is a solution. In such a case there is 
therefore a solution of the equation expressible in a finite form. 

Ex. 1. Consider as an example 


When wo write 
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the equation to determine m is 

and therefore or +3. 

For the root — 3, it is not difficult to obtain the series 


r 2 2 1 *1 

1 -^^4-terms in which vanish 

. .^-3r -2-1-0 -1-2.3_-l.0.1.2 .3.4 -] 

[__5._8.-9.-8.-.5.0 -5.-8.-9.-8.-5.0.7 


Write Al instead of 

then the series is 


-2.-1.0.1.2.3 


-6.-8. -9.-8.-5.0 




;•«+ 


4.5 




-1; 


4.5.0 


(42 _ 32) (52 _ 32) (42 .. 32) (52 __ 32^ ((52 ^ 32) 






thus verifying the theorem that one solution of the equation is expressible in 
a finite form. 


Ex* 2. Verify the general theorem in the case of the equation 


Ex, 3. Solve the equation 
dx^ 




88 . Further illustrations of these special cases will occur 
later, and they need not therefore now be considered in greater 
detail; various other matters arise which will be discussed in 
connection with special equations. Thus it has not been stated 
that a series must always proceed in ascending or in descending 
powers of the independent variable; but the comparison of the 
terms in the differential equation after the expression for the 
dependent variable has been therein substituted will indicate the 
nature of the series. In the case when one of the solutions 
becomes evanescent one method has been pointed out, which will 
be useful for supplying the deficiency thus caused; another will 
be indicated below. In fact, the difficulties that arise are usually 
connected with special equations and not with the general equation; 
and therefore some special equations will be considered. Of 
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equations of a particular form, there are four which reckon as the 
most important among those included in the class soluble by means 
of series; they are :— 

First, the differential equation of the hypergeometric series 
which will be discussed separately in the next chapter; 

Second, Legendre's equation; 

Third, Bessels equation; 

Fourth, Riccati's equation. 

The last three of these will now be discussed in order. It must 
of course be understood that what is carried out here is merely the 
complete solution of the differential equations. There is no attempt 
at an exhaustive investigation of the properties of the respective 
functions determined by the dependent variables. 


Legendre's Equation. 

89. This differential equation is 

(l-^)2-2^^+«(« + l)y = 0. 

or, what is the same equation, 

in which the quantity n is a constant. The equation is one which 
frequently occurs in investigations connected with questions in 
most of the branches of applied mathematics; in these cases, n is 
usually, but not always, a positive integer. The equation is one 
of the second order, and has therefore two independent particular 
solutions; and every other particular solution can be expressed in 
terms of these two. It will be found that the form of these funda¬ 
mental particular solutions is different in the two cases when n is, 
and when n is not, a positive integer. 

We proceed to obtain these solutions. In accordance with the 
general method of integration by series, we write 
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and substitute this value of y. Then we have 

j 

~ (miJ-iic”*!-! ^ + •••)} 

= nil (nil + 1) -d— ??ii (mj — 1) A iX^‘^i~~^ 

•f ma (m2 -hi) A2X^2 — m2 (wia — ^ ) AqX^^^-^ +.; 

and this must be an identity. An inspection of the equation shews 
that, so far as powers of x are concerned, we have 

nis = nil — 2 , 

7?lg = Wia — 2, 


or the scries must be one in descending powers of x\ wc there¬ 
fore now assume that nii, nh,.,. are arranged in descending 
order of magnitude, their common difference being 2. A com¬ 
parison of coefficients of the same powers of x gives, for those 
of x^, 

{mi (mi 4-1) — n (n +1)} Ai = 0, 
or (mi —?i)(mj-f-n 4-1) Ai = 0. 

Now Ai is not zero, being the coefficient of the highest term 
in y; hence either 

7^ = 71, 

or mi = —(?i4-l). 

The relation between the coefficients of consecutive terms arises 
from equating the coefficients of si(]es; it is, for 

values of r greater than unity, 

n (n 4-1) Ar = (^rii — 2r 4- 2) (mi — 2?’ 4- 3) Ar 

- (mi — 2r 4- 4) (mi — 2r -h 3) A^^i, 

and this gives 

(n — nil + 2r — 2) (n 4- — 2r 4- 3) Ar 

= — (mi — 2r 4- 4) (mi — 2r 4- 3) Ar^i- 

90. Consider first the solution corresponding to 


mi —n. 
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The highest term is then and the relation between the 

successive 4’s is 

(2r-2)(2ii- 2r + 3)Ar- — (n — 2r + 4i)(n—2r + 3)Ar-i, 
so that 

. _ (n —2r + 4)(n —2r + 3) . 

2(r-l) (2?i-2r + 3) 

_/ ■I'lr-i w(n-l)(w-2)...(«-2r4-4)(»-2r + 3) 

'' ’ 2'-M.2.3...(r-l)(2a-l)(2«-3)...(2a-2r+3) *’ 

and therefore the series becomes 


A, 



nOij-l) tt(?t-l)(H-2)(>t-3) , 

2(2w-l) 2.4(2n-l)(2»-3) 



Let the series within the bracket be denoted by y,, which is 
therefore a particular solution. When n is a positive integer, the 
series is finite. When n is even, the last term is 

/ ixla Tt(n-l)0?-2).2.1 

^ '' 2.4...(n-2)7K2a-l)(2n-3)...(n + l)’ 

or, what is the same thing, 

. nlnlnl _ 

'■ ‘ ^n\^n\2nV 


while, when n is uneven, the last term is 


_ «(?i-l)0i-2).3.2 _ 

^ ^ 2.4...(n-3)(n-l)(2n-l)(2jt-3)...(»+4)(n+2) ’ 


or, what is the same thing, 


(- 


- 1 ) 


nfmlOi-l)! 


i(n-l)!|(a-l)!(2tt-l)! 


%c» 


The numbers of terms in the two cases are respectively 1 and 
i (n +1). 


When n is an integer, 2n is an even integer, and therefore a 
zero factor can never enter into the denominator in this case; thus 
the series considered will never come under the class considered in 
§ 87 which yields two solutions. 


TDK ♦ 


6 
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The series multiplied by 

2ft! 

2».w!ft!’ 

ft being a positive integer, is usually denoted by P„, and sometimes 
is called a Zonal Harmonic. This function is an extremely im¬ 
portant one in physical applications. 

Ex. 1. Verify that 

fin 


Ex, 2. Shew that is the coefficient of z" in the expansion in ascending 
powers of « of (1 - %xz+z^) ” 

Hence show that v=(l - ^xz-^-z^) ^ is a solution of the equation 


"^dx 




= 0 . 


Ex, 3. Provo that the roots of the equation ^i=0 are all real and numeri¬ 
cally less than unity. 


Ex. 4. Provo that the sum of the coefficients in Pn with their projicr signs 
is unity. 

Ex, 5. Obtain the equations 

(i) nPn =(271 -1) . 1 - ~ 1) /V - 2; 

fJP 

(ii) {x’^^\)'^^7ixP^^nP^^,^ 


Ex. 6, Prove that 

P„=:- f'{x±(a^-l)icosm’>tftf, 

^ J 0 

i>„=i f"{a,±(x2-l)ico.S(i}-’-irf<f>. 
Try 0 

Ex, 7, Shew that 

Pn(.x)dx=0, 

when m and n are different positive integers; and that 
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In the case when n is not a positive integer, the series pro¬ 
ceeds to infinity; and for convergence, it is necessary that x should 
be greater than unity. But in particular when 2n is equal to 
some positive odd integer, say 2r — 1 , then the coefficient of 
has a zero factor in the denominator, and no zero factor occurs in 
the numerator either of that term or of any subsequent term; 
hence (by § 86) the terms whose indices are higher than n — 2r do 
not exist in this solution of the differential equation, which will 
therefore begin with multiplied by some new arbitrary con¬ 
stant. But since 2w, = 2r — 1, therefore — 2r = — (?i +1), or the 
solution degenerates into an infinite series of descending powers of 
X beginning with To the consideration of this solution we 

therefore proceed. 


91. We take now the second solution of the equation determ¬ 
ining the value of mx\ this is —(?i+l), so that the term with 
highest index may be taken to be The relation between 

the successive coefficients is 


(2n-|-2r —l)(2r— 2) J.r = (n-f 2r —3) (7i + 2r—2)4y.i 
for values of r greater than unity; and therefore 

. __ (?z + 1)(?i 4-2).(??.-f-2r —2) 

'^'*““2'-M.2.3...(r-l)(2n + 3)(2/i4-5)...(2n + 2r-i)^^' 

so that the series is 


Ax 


{ 


,^—( 71 + 1 ) 


+ 


(n +l)(n + 2) 
2 (-in+3) 


(>»+l) (n+2)(n + 3)( n + 4) , 

2.4(2«+3)(2n+5) 


Let the series within the bracket be denoted by which is a 
particular solution; the series yz multiplied by 

2».n:M! 

(2re + l)!’ 


n being a positive integer, is usually denoted by For con¬ 
vergence, it is necessary that a; should be greater than unity. 
This function Q„, like the function P„, is of great importance in 
physical investigations. 

When » is a positive integer, the series proceeds to infinity. 
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When is a negative integer, is a finite series; if n = - 
the series begins with and proceeds for|> terms; if w — — ( 2 p+l), 
the series begins with and proceeds for p +1 terms. 

When 2 ?i is equal to an odd negative integer other than — 1, 
say — ( 2 r + 1 ), then the coefficient of has a zero factor in 

the denominator, and no zero factor occurs in the numerator of 
any term in the scries; hence, as before, the preceding terms do 
not exist, and the series begins with multiplied by some 

new arbitrary constant. But since 2ii = —(2r+l), therefore 
— (w 4 - 2 r - 1 - 1 ) = n, or the solution y.. becomes an infinite series of 
descending powers of beginning with a;”, i.e. yg degenerates into yi. 

92. We thus have the following results. 

I. When n is a positive integer^ there are two independent 
solutions of the differential equation; ( 1 ) y^, a finite series, ( 2 ) y^^ 
an infinite series; and the primitive is 


II. When n is a negative integer^ there are two independent 
solutions; ( 1 ) yi, an infinite series, ( 2 ) a finite series; and the 
primitive is 

III. When n is not integral and 2n is not equal to some odd 
positive or negative integer, there are two independent solutions; 
( 1 ) t/i, an infinite series, ( 2 ) 3 / 3 , an infinite series; and the primi¬ 
tive is 

y=Ayi-k-By^. 

IV. When 2 n is equal to an odd positive integer, there has 
been obtained only one solution of the differential equation, for y^ 
degenerates into yg, this solution being an infinite series; the 
primitive is thus not expressible in terms of y^ and y^ alone. 

V. When 2 n is equal to an odd negative integer other than — 1, 
there has been obtained only one solution of the differential 
equation, for degenerates into yj, this solution being an infinite 
series; the primitive again is not expressible in terms of yi and y^ 
alone. 
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VI. When 2n is equal to — 1, there has been obtained only 
one solution of the differential equation, for ?/j and are the same 

infinite scries beginning with the primitive again is not 

expressible in terms of yi and y^ alone. 

It therefore remains to obtain the primitive in the last three 
cases. 


93 (i). Consider first the cjase when 2a is equal to an odd nositive integer; 
then 

« I + (« + l)(>t+2)(«+3)(w4-4) , 

is a definite solution, and we have to find a second and difierent particular 
solution. In the first instance, assume 

2 w= 2 jo+l + ^, 

where 6 is an infinitesimal quantity which will ultimately be made zero. 
Then, so long as 6 is not zero, the quantity. 

is also a definite solution; and it ceases to be so by the vanishing of since 
d enters as a factor into the denominator of the coefficient of and all 

lower powers. Now wo have 

A2/i= a 

n{n— I)...(?i~2p-hl) 


+(-i)p 


4 .(_l)P+i 


+ (_l)P + 2 


2.4...2/»(2a —l)(2a-~3}...(2yi--2^4'l) 
n —l)...(w — 2/y--1) 




2.4...(2p-h2) (29i-l)(2a-3)...(2/i-2;y- 1) 


^n- 2 /j -2 


n (n — —2jp —3) 


- '•Ki 


2.4...(2/)+4)(2«-l)(2»-3)...(2«-2iB-3) 

1 ) 




-1 


(2?i-l) 




I / « -[Np_ n(n 

' 2.4...2p(27i~l)(27i-3).„(2w-2^o+l) J 

pn-2p~2 j-^ (n~2;?~2 )(n~2y 3) \ 

-2/?-ll (2p+4)(2»-2p~3) *'7’ 


(Tp»- 2 p ~2 

2h 


^ ^ ^2.4...(2p+2){2n-l)(2»-3)...(2?i-2jo4-l)’ 


where 
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and 80 i8 determinate and finite. But 
and therefore 

(1 4 .^ log or), 


approximately. Also the coefficient of within the second bracket is 

(n —2/)-2) (« — 1) 

^ (2jo + 4) (2jD+GM+2r + 2) (2a - 2/) - 3) (2/^ - 2n - h)...(2?i ~ 2p - 2r -1)’ 


i.e., is 

. f/i-fl-^)(w4-2-^)...r« + 2?‘-^) 

^ (2?i+3-^)(2yi-h5~d}...(2;i + 2r+l-^)(^-2)(^~4)...((9-2r)’ 

i.e., is 


(w +1 - ^) (w + 2 - ^)... (71 +2r - 

(2/1 + 3-0) (2n + r3-d)...(2/i + 2r+l-^) (2~d) (4-^)...(2r-(9)’ 


i.e., is 
where 


Hence 


_ (>? + l)(yi + 2)...(w-f2r) _ n4.C m 

(27i+3)(2n+5)...(2ii+2r+l)2.4.6...2r'‘ 

«=r 1 «=r 1 »=2r 1 

a= 2 —+ 2 - 2 —. 

fl=i .^=.1 2w + 2s + l »=i 




+... 


+ (-!)'’ 

U 


7i(n-l),».(7i-2p + l) 


2.4...2?i (2n - 1) (2w - 3)...(2 m - 2p +1) 






(M+l)(?H-2)...(M + 2r) 


2.4...2r(2?i+3) (2M+5)...(27i + 2r+l) 




When the second part of the right-hand side is expanded the aggregate of 
1 O 

terms which involve ^ is ^ ’^ 2 ; the aggregate of terms which involve log .a? is 

. o & 

(7?/2loga7; 


and there remains the aggregate of tenns independent of $ (and also as it 
appears of log .r), as well as a further aggregate of terms multiplied by positive 
powers of most of which have lieen omitted and all of which disappear when 
6 is made to vanish. From the first part of the right-hand side there is an 
aggregate of terms independent of as well as an aggregate of terms which 
disapjiear when $ is made zero. Hence the primitive of the equation is 

y=B^i+Ayi 

=(jB+^) ^ 2 +( 7(^2 log *+r.+iy 
=i%^ 2 +C(y* log *+ 
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on changing the arbitrary constants. Here stands for 


cr 2(2»-r 


+(-!)* 


2/? + l) 


and lin stands for 

I — 
12 . 

the value of being 


2.4... 2p (2 m - 1) - 3)... (27^ - +1) 




(M + 2)...(7i + 27*) 


4...2r (2M-i-3)(2M+5)...(2M'f2r+1) 


0 , 




Tfi. 

.ii V 2 * 


1 1 _LA 

^2«'*'271 + 254-1 M + 25—1 71 + 25/ 

The value of the coefficient AjC, which occurs in is 

so that we may write in the form 


f4.8.12..,(47?-2))2 ^ 

( —O T s r iSi - j <»’•+<> 




__ __ ' 


+ ... 




The second particular solution of the equation is thus 

and it will be noticed that that part of it, which is expansible in descending 
powers of or, begins with a term involving and contains no term involving 

But in the special case when 2 m is equal to unity, so that p is zero in the 
preceding investigation, then the form of now say, is limited to the 
first term; and we have 

BO that 

The remaining parts are unchanged in form. 

93 (ii). Consider now the case when 2n is equal to an odd negative integer 
other than -1; the solution is definite, but 

yi-3! + 2(2n+3) ^ 

is not a definite solution. 


* The solution thus given corresponds to that for Bessel’s equation, Ex. 1, 
§ 105, due to Hankel. 
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Before assuming n to be half an odd integer, write 

~ w=m+l, 

80 that 2m is a jiositive odd integer when the assumption as to the special 
value of n is made. Then 

^ ^ 2(2m+3) * 


and 


_ m(?n —1)__ . 

—rr*" *+. 


2 ( 2 wi— 1 )' 




where Yi and ¥2 are the special solutions of 
dx 




m being positive. When 2wi is an odd positive integer wo know, from the 
preceding investigation, that the primitive of this is 

y^BY2'^A{Y2\ogx-)r¥^-\- Rm\ 


where 




— 1 ) 




and 

r=oo f 

(o::: 

the value of J,. being 


2 (2;a-l) 

(w? + l)(?a+2)...(m + 2r) 


Tfi 

•t, \2s 


2r {2m +3) (2m + 5).. .(2m + 2r +1) 

1 


lrar-2>-J, 


^25 2m+25+l m+2« 

Hence the primitive of 
d 


l _L_\ 

2 « —1 m+28/ 


dx 




in the case when Ini is an odd negative integer other than — 1, is 

(yilogiP+ F„+ 


»(”-!) , w(w-l)(w-2)(w-3) 

o^o^_i\^ T 2.4(2a-l)(2»-3) 


where 

y»“'^~2(2»-lV 
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aud 


U.^x" 


r-co f 

r!i {o::! 


2 r+l) 


.2r(2«-l)(2H-3)...(2ra-2r+l) 
whei'e in ll„ the value of A', is 


(- 1 )-^, 




'i71+ -i_1_ 

,=i \2« —1 2s—n~2 2s —ri —1/ 

The second particular solution of the equation in this case is thus 

log^+F«+f7„; 

and it will be noticed that the part of it, which is expansible in descending 
powers of d?, begins with a term involving and contains no term in¬ 

volving a\ 


93 (iii). Lastly, for the special case in which 2n is equal to -1, wo proceed 
in a manner similar to that adopted in § 93 (i); and we find that the primitive 
of the equation is 


where is the series 


1 +O/i 


2.2 2.4.2.4 ^ ’ 


and 


and 


1 .3 

r=«o 2*2* 


4r-l 
’ 2 




s~r 

Dr=i 2 
s-l 


1 


V2r+2s — 1 2s — I 


1 



94. Since in all these cases 2?i is an odd integer, the equation can be 
written 

where p is an integer. 

The case of p positive is that considered in § 93 (i); the case of p negative 
is that considered in § 93 (ii); and the case of p zero is that considered in 
§ 93 (iii). ProjKirties of the functions defined by the differential equation in 
the present form have been discussed by Mr W. M. Hicks in his memoir on 
“Toroidal Functions,” Phil, Trans, Roy, Soc, (1881), pp. 609—652. 


Ex, I, Assuming the result of Ex. 1 in § 64, show how the solution of 

S {<■-'') l)-i^ 


can be derived from that of 




(Pv 1-3^ 


which is the difierential equation for the quarter-period in elliptic functions. 

6.5 
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Ex, 2 . Prove that the Particular Integral of the equation 

is XJP^.i, where X is a constant; and that the Particular Integral of the 
equation 


dx 


is X'§n+ii where X' is a constant. 


95. In the general case of the differential equation, as represented by L, 
IL, III. of § 92, it is possible to express the second particular solution in terms 
of that already obtained and of similar functions. Let v denote the particular 
solution already obtained, so that for instance v would be in I.; and let 

y^nv—w^ 

where u and w are as yet indeterminate. When this is substituted in the 
differential equation, we have 

-[a 

Since is a solution, the last term disappears; and, as the only condition 
imposed on u and %o is that y must satisfy the equation, we may arbitrarily 
assign another. Assigning it so that the coefficient of v may vanish, we have 




dx 


and therefore 


— 1) ^=conBtant. 


As we are seeking a particular solution, it is convenient to have it as 
simple as possible; and therefore, giving a special value to the constant, we 
may write 


(^- 1 ) 


dx' 


— 1 , 


so that a value of u is given by 


The equation to determine v> now becomes 

^ -■»*)^]-+»(»+!) “’= 2 ^. 
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When the Partictilar Integral, say Wi, of this is obtained, the second 
solution of the original equation is 




The value of as a series of descending powers of a: is easily obtained. 
Thus in tlie case when n is a positive integer, we take 

^-2 , «(»-l)(n-2)(»i-3) 

2(2ii-l) ^ 2.4(2>t-l)(2«-3) 

and at once have tlie equation, which determines Wiy in the form 




(w-l)(w-2),^_ 






2(2n-l) 

Lot ; 

then, substituting and equating the coefticients of the highest term, we have 
Cl {u (w +1) — w (?i ~ 1)}= 2n, 
or A==i; 

and equating the coefficients of the terms involving + ^0 liave 

Orin (w+l)-(w-2r+l) (?i--2r+2)}+(?i-2r+3) (?^ —2r+2) Cr-^i 

1) (w — 2).,.(7i —2r+2) 


= (~ 1)»-12 


2.4...(2r~2) (27i-l)...(27i-2r+3)* 


The general value of (7,., deducible from this, is complicated; the values of 
the earlier coefficients are 


(7^-l)(7^~2)(37t-l) 

^ ~ 3(27t-l)(2?i-2) ’ 

^ _(71 - 1) (?i - 2) (n - 3) {n- 4) (307i2 - 50?^+12) 

3.4. b (2n ~ 1) (2/i-2) (2n -3) {2n ~ 4)“ ’ 

and so on; but there is no advantage in writing down more of the coefficients, 
as the expression for Wi will soon be put into a different form. 


Relation between the particular solutions, 

96. Wo have now obtained the primitive of Legendre’s equation in all 
cases when n is a real constant, by deducing two solutions which are linearly 
independent (§ 72) of one another. But we know (§ 65) that when one solution 
of a differential equation of the second order has been found, the primitive 
can bo expressed in terras of it and, if necessary, of other functions, and 
therefore any other solution is so expressible; we proceed to obtain this 
relation for the cases—viz. I., II., III. above—^in which it has not been 
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obtained. The first form in which it may be given is derived by means of 
§ 65. We may define /*„ and by the generalised equations 




n (2n) 


2 »n(«) 


,«- 2 . I 

n(»)r 2(2»-i)^ 


and 0 - 2'‘nwn(«) L (a+l)(>t+2) 1 

anh V»- f '+ 2(2ft+3) "" +"7’ 


whether n be integral or not; n {n) is Gauss’s n function and is r(w+l), and 
(see next chajiter, § 126) is n ! when n is a positive integer; and and are 
still solutions of the Legendre’s equation, since they are resiioctively constant 
multiples of yi and y 2 * We therefore have 


multiplying the former by and subtracting the latter multiplied by jP,^, wo 
have 




(IP 


dQ.\ 

dx) 


0 , 


or 



diif J 


A, 


where d is a constant, which is definite and not arbitrary since and are 
definite functions. To find A, we consider the tenns containing the highest 
powers of x ; these are 


in <?„ 


2"n(«)II(w) 

n(2»i+l) 


a:-(”+>), 


and in 


n(2«) 

2 "n(n)n(»4) ’ 


hence d=g^^{«+(n+l)}=l, 


since n (2»+ 1) =(2n 4-1 ) n (2w); and therefore 

da; 

This gives 

A f^n\ 1 

dx\Qj 

or, its equivalent 

d fQn\ 1 
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and therefore 

Qn _ P dx dx 

no constant being needed, as may be seen by comparing the coefiScients of 
the highest powers of x in the expansion of the two sides in descending 
powers of X, 


97. The result may be written in a different form, when n is an integer ; 
but it is first necessary to prove two relations between the functions given by 
Legendre’s equation for different values of n. 

From the expressions given in the preceding article, we find that the 
coefficient of ^ ^ i ^ is 

n(2'a —2) (a—1)(^ —2)...(?i-2r+2) 

' 1 ri (a- 1) n(a-1) ..2/-(2a +1) (2a-1)...(2a~2r +1) 

the last factor is easily simplified into 

(2a+l)^(2a-l), 

and therefore the coefficient is 

, l^r_n(2n) __ n(»-l)(»-2 )...(»,-2 r+2) _ 

'• 2'*n()0riW 2.4...2;-(2;i-l)(2»-3)...(2»-2r+3)(2»i-2r+l)'' ^ 

Hence the coefficient of in 

dP T»«f 1 
dx dx 


11 (2 a) 


a (a - 3)...(a~2r+2) (?^-"2r+l) 


IS ( + 2.4...2r(2?i-l)(2M-3)...(2«-2r+l)’ 

that is, is the coefficient of the same power in (2a+l)P„, These two 
expressions are thus equal term by term; and therefore 


or 


dP^ dPn-^ 
dx dx “ 




In the present case w is a positive integer, so that this leads to a finite 

. . dP^ , 

series for ^ , viz.: 


dx 


i-l)P,,>i+(2a-5)P„.3+(2a-9)P„>6+...; 
the last term of the series 3Pi or Pq (i.e. 1), according as n is even or odd. 
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98. Now by § 95 wo see that 

(S)-” 

is a solution of the differential equation, if w bo determined as the Particular 
Integral of 

by the formula just obtained. To obtain this Particular Integral, we write 
+ + +«2r-lPn-2r + l + «*«> 

and substitute; since 

the left-hand side has, as the coefficient of « 2 r-iPn- 2 r + i> 

(a-fl) - (71 - 2r+1) (71—2r-I-2) 

=:2(2r-l)(7i-r-hl); 

and therefore 

02 ,, _ 1 (2r -1) (ti ~ r-b 1) =» 2?t - 4r+3. 


The value of w is therefore now definite; and the corresponding solution 
of Legendre’s equation is 




2n —5 ^ ^ 2a-9 ^ 

3 ( 71 - 1 ) ^’*'^■^ 5 ( 71 - 2 ) ^ 



the last term being 

_ 1 _ p 

(M-l)(fw+l) " 

when n is even, and 

__L_P ie ._i_ 

in(H+l)^’" *-®-’ in(n+iy 

when n is odd. 


99. We have now to compare this solution with it be supposed 

expanded in a series of descending powers of ; it must then be of the form 

AP^+BQn, 


where A and B are constants. Now in the series the term involving does 
not occur, since 



J.4,L4. 1 4. 


and therefore A must be zero; hence the coefficients of the powers between 
af* and ^“(**+9 exclusive of the latter disappear; this is easily verified for the 
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first few. The above solution is therefore a constant multiple of Q„ and 
thus 


2»-6 „ 
l”«“o n-ST” 




1-9 


5(71-2) 


^n-6 + ‘ 


whore Zn stands for the series which, when n is integral, is a function of 
degree w — 1. Hence 


and therefore 



ilog 


X— 1 


IV 


± (Qn\ _1_ 

dx\Pj X^--l iV 


where U is an integral function of x of degree not higher than 2. WTien 
we substitute on the left-hand side from § 96, it becomes 

B I U 

or 

where the right-hand side is a finite integral function of x. This is true for 
all values of x; writing 1, we have .5=value of when x is unity. Now 

in Ex. 2 of § 90, P^ was indicated as the coefficient of in the expansion of 
(1 — 2.772:4-2^) “ i in ascending powers of z ; and therefore the value of P^ when 
.27=1 is the coefficient of -j” in the expansion of (1 - 4, i.e., of (1 

This coefficient is unity, so that Pn is unity when .27=1; thus iJ=l, and the 
equation becomes 


Ex. 1. Discuss the significance of this expression for Qn when n is not 
an integer. 

Ex. 2. The following properties, analogous to those of hold for 
_ (- 2 )^n (n), 

<f.27” + l (a72-l)n+l * 

(“) 

(ill) 


Ex. 3. Obtain the properties of the integrals <?, corresponding to those of 
the integrals P given in the examples in § 90. 
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Ex. 4. Prove that, if y>\>x> - 1, 

»s=ao 

(y-a;)-i= 2 (2»+l)P„(ar)§»(y). 
n=0 

The further development of the pro^ierties of the functions which are the 
particular solutions of Legendre’s equations does not depend merely upon the 
differential equation; the student will find most ample investigation of their 
analytical properties and their applications to mathematical physics in the 
excellent treatise by Heine— Ilandhich der Kugelfunctionen. The treatises 
by Todhunter, The Functions of Laplace^ Lam4 and Bessel^ and by Ferrers, 
Spherical llarnwnics^ will iirovo useful 

Bessel’s Equation 
100. This differential equation is 

or, what is the same thing, 

in which n is a constant; it will be assumed that n is real. 
The equation, like Legendre’s, occurs in investigations in applied 
mathematics, and n is usually an integer in such applications; but, 
as in the case of the preceding differential equation, this limitation 
will not be imposed on the value of w. 

To solve the equation, we write 

y — . 

and substitute; we then have 

— if) AiX*^i^ + {imf — rf) A^^x^ + — if) A^j^x^ +. 

-f A ^ +.=0, 

which must be identically satisfied. Hence, from a comparison of 
the indices, we have 

TWa = + 2, 

wig = TTZg -f 2, 

or the series is one in ascending powers of x, the common difference 
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of the indices of the powers being 2 ; and thus « mi + 2 (r — 1 ). 
Taking the term in x with the lowest index, we have 


since Ai is not zero; and therefore 

mi = 4* 71, or mi = ~ n. 

The coefficient of on the left-hand side must be zero; and 


therefore 


{(mi + 2r)2 - n^] -f = 0, 


or, since mi^ — n®, 

A = — ^ 

2V7ni + r* 

101. Consider, first, the solution corresponding to 

lUi = 4 - 71 . 

The coefficients A are then given by 

A -_ 

2V(n-l-r)’ 

so that 

A ly-i.. . _ A\ _ 

^ (r-l)!2^<"”‘)(/^4■l)(7^ + 2 )...(?^ 4 ■r--l)’ 

for values of greater than unity; and the series, which is a 
solution of the differential equation, becomes 

" 2»(jj + l) 2!2‘(n+l)(«+2) 

ai^ ] 

3! 2« (n + l){n + 2)(n + 3) J ’ 

where -4 1 is an arbitrary constant. 

When to J .1 is assigned the particular value ^ , where 

n( 7 i) is Gauss’s function 11 and is Jihe same as F (?t -f 1 ) , then the 
expression is denoted by Jnt so that 


r _ fi ^ ^ 

•'n = nT^) 2*(n + l) 2T2*(71 4* l)(n + 2) 

(-ly fx^'^ 

‘“,.ron(/H-r)ll(r)U; ’ 

which is usually called the Bessel’s function of order n. 


-...] 
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When n is positive, whether an integer or not, the series proceeds 
to infinity and, for finite values of the variable, obviously converges. 
Thus AJny where A is an arbitrary constant, is one solution of the 
differential equation. 

Before considering the form of Jn, where n is a negative integer, 
it is convenient to obtain the solution corresponding to the case 


rrii = — n. 

The work is the same as before with the change of sign of n, and 
the solution is 

■ 2''F wTT) 2!2*(-n + l)(-w + 2) 

af^ 

“3! 2<'(-w + l)(-n + 2)(-n + ^ 

where JSj is an arbitrary constant. To Bx assign the value 

resulting expression is exactly the same 

function of — n as Jn is of -f n, and it may therefore be denoted 
byJ_„, SO that 

•/-« = 2^-IJ) 1^1 - + 2!2^(-w + l)(-»i + 2) 

“ n(-n + r)n(r) bJ 

, If now n be negative, whether an integer or not, or be positive 
but not an integer, this series proceeds to infinity and, for finite 
values of the variable, converges. In this case, BJ^n is another 
solution of the differential equation. 

If then n he not an integer, whether it be a positive or a negative 
quantity, Jn and J^n are two independent and determinate par¬ 
ticular solutions of the differential equation; and the primitive is 

y == -j“ BJ^n • 

102 . If n be an integer other than zero, two cases arise. First, 
ii n he a negative integer and equal to — p, a zero factor occurs in 



BxX->^ 1 
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the coefficient of all terms after inclusive within the bracket; 
and therefore (by § 86) the terms which precede this disappear, and 
becomes 

(~ 1 )^ 

X Il(n + r)Il(r) W ^ 
or, what is the same thing, 

,ro Iljs) 11 {s + p) [ 2 ) ’ 

since n+p — 0. Now this last expression is {—lyjp, that is, is 
(— l)“”JLn; so that, in the case when n is a negative integer, one of 
the particular solutions, J^, degenerates into a constant multiple 
of the other, 

Similarly it may be proved, or it may be at once deduced from 
the foregoing, that when n is a positive integer one of the par¬ 
ticular solutions, JL.U, degenerates into a constant multiple of the 
other, Jn> 

When n is zero^ the two solutions coincide. Hence in every case 
Avhen n is an integer, whether positive, zero, or negative, we may 
write 

But that this equation may be valid, it must bo remembered that 
it refers to the respective limiting forms of the particular solution 
of the differential equation when the superfluous terms of the 
latter for the special value of n have been removed from the 
expression in the general case; and the relation merely gives this 
limiting form. It however shews that, when n is an integer, it is 
sufficient to take the positive square root of and to consider, as 
the corresponding particular solution, the function associated with 
that square root. 

It thus remains to find a second particular solution in two 
cases, in order to have the primitive; and these two cases arc:— 

First, when n is zero : 

Second, when n is an integer which (from the above explanation) 
may be considered positive. 
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103. To obtain these particular solutions, it is convenient to have some 
fundamental properties proved. 

It may be at once verified that 


/;\ ^0 _ 7 . 


(ii) 


(iii) 

From the last two, we have 

dJ 

^ Hx + ‘ •^»=' - 1 * 

Dividing the first of these throughout by and the second by 
and subtracting the latter from the former, we have. 

2 

or 

Similarly 

2 

*“«^n+l““*4» + 3= (7i + 2) t/u-f 2» 


•^n + 3 + «^n + 


2 

6 =~ 


Now it is evident, from the general value of e/n, that t/^=0; hence the pre¬ 
ceding equations give 

2 

= “ {we4i- (^+2)€7ii+2+(w+4)«7,t+4- ...ad inf.}; 

this series converges. 

Ex. 1. Prove that 
dJ 2 

—(7i,+2)t7„+2+(^+4)t/,j + 4 — ...ad inf.}. 

jEa?. 2. Prove that, when n is a positive integer, {x) is the coeflGicient of ^ 
in the expansion of 



in ascending and descending powers of z. 

Hence deduce the relations (i), (ii), (iii), given at the beginning of § 103. 
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Ex. 3. Shew that, when n i.s a positive integer, 

1 

Jn(x)^— I co8(n^~^xahi^)M 
^ J 0 

Prove also that 


1 /■«■ 

J^^ (a;) = - I cos (x cos ; 
^ J 0 

and hence (or otherwise) verify that 
0 

e ” Jq (bx) dx = (a^+. 


/: 
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104. To obtain the desired particular solution in the case when n is zero, 
we substitute 

in the differential equation 


dx^ 




the result is 


d^w 1 dw _ j /<Pu 1 da\ ,^da dJ^^ 

X dx ^ ® X dx) ^ dx dx ' 


To make the coefficient of «4 vanish, we take 


d^n 1 du_ 
dx^^X dx'~' * 

which is satisfied by 

^4 = log 47. 

The equation determining w is now 

dP-xo \ dw ^ 2 cUq 

dx^ X dx X dx 






Now from the equation 


it follows that 


. 1 , j 

dx^ ‘^x dx ^~'x'^ 


•^nj 


y^\Jn 


is the Particular Integral of 


d^y . 1 cfy . Xw® 
d^^x dx^^^ a;^ 
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The general term in the right-band side of the equation determining w is 

we have therefore for this term 

Hence 

w=2 .}; 

and therefore a solution of the original equation is 

t7Qloga?4-^ .}• 

Let this be denoted by Fy; then the primitive of the equation 

is 

where A and B are arbitrary constants. 

105. To obtain the second particular solution in the case where n is an 
integer other than zerOy we write 

so that 

cPw ^ \ dw ^ 


v\dw( n^\ 2 dJy^ 
2 X da:^\ xy x dx 


Now 


2^j 4 

=^*4i“^2{(’^+2)«4i-2-(»+4)«4+i+(™+6).7’„+((-...}. 


\ being a constant; and therefore a value of w satisfying 


d^w \ dw 

dx^ X dx^ 


(l - 4(»+2r) 


, ,w n+2r , 


Let be a quantity satisfying 


<Pwi \ dwi 
dx^ ^ X dx^ 


(‘-D 


^l=* ^ \ 


then a suitable value of w is 


?iH-2r 
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The right-hand side of the equation giving wi must bo transformed. By 
the general relation between throe .successive Bessel’s functions, we have 


hence 2 @ V, -2 Q g-) J, 

=»7j ; 

hence also 




also 




and so on; and the general relation is 





or, what is the same relation. 




I J,=»-2 /2Nn-P 4 I 

^ ,>=o w fi(p+i)r 

Also, by actual substitution, we have 

A. \ -I- I ^ I I r 

X dx'^ x'^j x^^ x'*^\^dx^ ^ X dx \ ^ x dx j 

__ 1 r %ndJp ,”1 

~~ L X dx ^ x^ ’ 

so that, on writing 

-I4.I _--lx 2 («-p) (\<^_s,Pj\ 

{dx^'^xdx^ x4 a"”*’ ’’Xxdx^a^ V’ 

Xp lieing a constant. Ifl^e not zero, the right-hand side is 

T . 

while if jo be zero, the right-hand side is 

If now we substitute in the equation for the value 
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a compariHon of the two sides of the equation gives 

- 2 -p) Xp= - Jn (») 

if 'p be not zero, and gives 


if p be zero; and tlierefore, whatever p may be, 

n(w) 

^ jt)n(jt)) 2 

Hence the value of Wi is 

p=n-l 1 /9\»--p X, 

Wy^inin) s — (-) 

* ' p=o n-p\xj n(p) 

and therefore the second particular solution of Bessel’s equation, in the case when 
n is a positive integer other than zero^ is 

r—<» M, 4 - 2 r 

y=*41og^- 

® ^ n-p \x) n(^>) 


Let the right-hand side be denoted by ; then the primitive is given by 

A^ote, In a Supplementary Note (i, pp. 243 sqq.) at the end of Chapter vi., 
an account is given of the method devised by Frobenius for the integration of 
linear equations in series. The method is applied to construct the pi'irnitive 
of the Bessers equation of order zero (Ex. 3, p. 252) and the primitive of the 
Bessel’s equation of order n (Ex. 4, p. 253). The process there given will be 
found more general, simpler, and more direct, than the preceding analysis. 


Ex, 1. Another method of obtaining a second particular solution is em¬ 
ployed by Hankel as follows. Any linear function of the particular solutions 
is also a particular solution; hence, in the general case, such a solution is 
given by 




. t/» cos R7T —1/_ 


sin %mr 


which is then perfectly determinate ; while, in the particular case when n is 
an integer, it takes the form 0/0 since ( —l)”«^n=*^-n- Prove that, when 
evaluated, this assumes the fonn 


^x) p^o n (p) \y 

/xy {-ly 

W pxxon{n^p)n{p) 


(I) ^ (l) ~ ^ O’)]-. 
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whore SP’ (?)—log n (z); 

and coinpai'e this with the solution already obtained. 

(Math, Ann, i. p. 469.) 

Ex, 2. The series for is always a converging series; but, when z is 
large, the convergence is slow, and it is convenient to have a series proceeding 
in descending powers of z. Prove that 

/'2\4f. (12-4^2) (32-4^2) p ^ ^ 




2 \ i /I * - 4«2 (12 - 4)t2)(32-4?t2) (52-4»2) 


•©*{ 


\nzj ( 8z 3\(8zf " '“J 

so that the series terminates, if 2n be equal to an odd integer. 




(Lommel.) 


106. The relation between the two linearly independent integrals 
and J^n iway be found as in § 96. We have 

I ^ dJn t {1 T A 

dni^^xdx'^V 


I ^ ddn I (I T _A 

dni^^xdx'^V 


and therefore 
(d^Jn ; 


[d^Jji j d^ J r\ , ^/dJn r dJ^n r\ _A 

V [d^ ~ ~d^ 


1 /dJn. 


which gives 


dJ }J y dJ—fi y jA. 


where is a constant which, however, is not arbitrary since 
and J^n are definite functions. To obtain the value of J., it is 
sufficient to consider the lowest terms only in the left-hand side; 
when these are substituted, we find that 

^ = ‘2MT(»0 2-» IT (- n) 

2n 

2 

~n(n-l)n(-n) 

2 sin nir 
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Therefore 



or, what is the same thing, 



2 . 

— sin nir, 

TTX 


d (J-n\ _ 2 sin r/TT 

djX \ tJ~ ^ / TTX tf 

Ex, Obtain the corresponding equation when n is an integer. 


Relation between the Equations of Legendre 
AND Bessel. 

107. It is possible to derive Bessels equation from that of 
Legendre. For, differentiating the equation 


m times, and writing 
we have 


z = 


d^y 


fji n fj 

(1 — a?®) ^ — (2m -f 2) a? ^4- + 1) — 7)i{vi -f 1)} 2 ^= 0. 

Let the dependent variable be changed to f, where 

the equation now becomes 

(1 _ ^)g_ +1„(„ + 1) - j^} f . 0. 

Let the independent variable be changed from x to where 

then, after slight reductions, the equation becomes 
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0 , 


which is Bessers differential equation. 


When all these operations are combined, we have, as the result, 
that the limit of 


d] 


1 <t> d<f>\ 

w] 


when n is infinite, is BesseFs function of order m, being the 
independent variable. 

It would appear from the foregoing process that (f> is infinite; 
this however is avoided by making x approach indefinitely closely 
to the value unity. The geometrical analogue of this relation 
between (f> and x is that whereby any very small portion of a 
spherical (or other) surface in the neighbourhood of a point is 
studied, by assuming it ultimately to coincide with the tangent 
plane of the surface at that point and to be magnified in that 
plane. 


Verify that the above ex[)ression l>ecomes, in the limit, a multiple 
of 

In this connection the student may consult Heine, Tkeorie der KugeU 
functionen, 2nd edition, vol. i. p. 182 ; Lord Ihiyleigh, Proc. Loiid. Math, Soc, 
vol. IX. p. hi. Scientific Papers, vol. I. i)p. 338—341. 

The primitive of Bessel’s differential equation has been obtained for every 
case; the further development of the properties of the functions, which occur 
in that primitive, cannot bo given hei’e. The student will find the functions 
fidly treated by Lommel in his Studien ilher die BesseVsche Functionen and in 
several papers by the same writer in the Mathenvatische Annalen, vols. il. ill. 
IV. IX. XIV. XVI. ; in particular, the paper in vol. xiv. deals with differential 
equations which arc intcgrablo by Bessel’s functions. Reference should also 
be made to Neumann’s Tkeorie der BesseVsehen Fuivctionen and to Heine’s 
Tkeorie der KugelfunctioTie'/i, 2iid edition, where (vol. i. p. 189) a list of 
memoirs referring to the functions is given. The most modern and compre¬ 
hensive book on the subject is G. N. Watson’s Treatise on Bessel Functions. 

For a general property of all linear differential equations similar to those 
which have just been discussed and which give rise to functions depending 
upon a constant parameter, the student may consult, in addition to the fore¬ 
going, Sturm, LiouvUle, vol. l.; and Routh, Proc, Lond, Math, Soc, vol. x. 
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Riccati’s Equation. 


108. Riccati s differential equation is 

^ 4 - . 

but it is convenient to consider first the more general form 
00 ~ — ay + hy^ = 


If in the latter the independent variable be changed from x to 
2 , where z^ai^, and the dependent variable be changed from y to 
Uj where y = uz, the equation becomes 


du b 
dz ^ a 


c “ 
u^=-~z^ 


2 


which is Riccati’s form. 

Consider now the more general form. 

Firstly, it can be integrated in finite terms when n = 2a. 
For assuming y = we find on substitution 

' ^ ^ = ca;» 

ax 

du 

so that x^"^ -f 

ax 


In the case when n = 2a, this becomes 


= 0 — bu ^; 
dx 


the variables are separable, and u is expressible in terms of ex¬ 
ponential, or circular, functions according as b and c have, or have 
not, like signs. 

Secondly, it can be integrated in finite terms when {n ± 2a)/2w 
is a positive integer. 

Let the dependent variable be changed from y to yj, where 


~ y, and A is a constant the value of which has yet to be 

determined. When substitution takes place and the terms are 
rearranged, the equation becomes 


— aA^ hA^ 4- (n — a + 26^1) 


x^ 


+ !.?,- 
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We choose A so that the constant term vanishes; thus J. =0 or 

A = alh. 

Taking the value a/6 for A and substituting in this new form, 
we have, after a slight change, 

» ~ 


Now this equation is of the same form as that with which we 
began; and the changes, that have taken place, are in the coeffi¬ 
cients—the original a has changed to a-j-n, and b and c have 
changed places. In this last equation we write 


a a?" 


the foregoing analysis then shews that the equation in t/j will be 
a? “ — (a 4- 2n) 7/2 + = cafK 


And the result of i successive transformations will be to reduce the 
given equation either to 

« — (a + in) Hi + cy^ = 6a;” 

dv' 

or to 

according as the integer i is odd or even. 

Now, by the case first considered, this equation is integrable in 
finite terms, if 

71 = 2 (a -f in), 

au A • V n-2a 

that IS, if 

is a positive integer. 

Taking nextHhe value zero for A, we can easily transform the 
equation into 

oc -(n-a)yi + 

an equation which differs from the former in yi only so far as 
regards the sign of a. Adopting now for this the preceding series 
of transformations, we write 
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and the equation in is 

X — «)y2 + = cx*^. 

Hence after i — 1 transformations of this series (and therefore after 
i transformations in all) the given equation is reduced either to 

AVi 


or to 


X - {in - a) yt + cyi^ = hx^^ 
X — {in — a) yi ->rhyc^ cx\ 


In either case, the equation is integrable in finite terms, if 

71 = 2 {in — a), 

. .. 7i4-2a 

that IS, it ~2^ 

is a positive integer. 

Combining then these two results, wo infer that the equation 
ir ^ — ay 4* hy^ = cx*^ 

IS integrable in finite terms when {n ± 2 a)l2n is a positive integer. 

In each case, the integral is given in the form of a finite 
continued fraction, the last denominator of which involves cither 
exponential or circular functions. 

109. We can now obtain conditions that Riccati’s equation shall 
be integrable in finite terms. From § 108 it follows that 

du 


dx 


+ bu^:=icx^ 


is transformed by the substitution u = yjx into 
x^-y + by^ = ca!\ 

where m — n —2, Now the latter equation is so integrable when 

n ±2 = 2ni, 

where i is a positive integer; and therefore Riccati's equation is 
integrable in finite terms if 

m 4 2 ± 2 = 2t(77i 4* 2). 
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Taking the negative sign, we have 


m = — 




while the positive sign gives 


m = 




or (what is the same thing in the case of the latter) 

— 4fi 

by merely changing the integer i. 

Hence Riccatis equation is integrable in finite terms, if 

— 4i 


m* 


‘2i + l’ 


i being zero or a positive integer^ 


Ex. Provo that the equation 

is integrablo in finite terms, if 

k+l “" 2 j + 1 

i being an integer; and obtain the limitations upon the value of { in the 
respective cases. 


110. Both Riccati’s equation, and the more general form dis¬ 
cussed in § 108, are instances of the equation 

where P, Q, R, are functions of x. 

Writing 

y~ Rudx’ 


we find that the equation for u is 
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The complete primitive of this equation is of the form 

and the corresponding value of y is 

^ -K ct^i 4- \ dx dx) 


which, as it contains one arbitrary constant, is the primitive of the 
original equation. In other words, the primitive of 


is of the form 




cp + 
cr+s 


where p, q, r, s, are appropriate functions of x, and c is an arbitrary 
constant. 


Moreover, by §§ 76, 77, it follows that, if one particular solution 
of the equation for u is known, the most general solution can be 
obtained by means of quadratures. A particular value of u leads 
to a particular value of y ; and therefore it may be expected that, 
if a particular solution of the equation 


is known, the most general solution can be obtained by quad¬ 
ratures. To establish this inference, let y, denote the particular 
solution that is supposed known; and write 


Then we have 


y = + 


+ Qvi + Ryi — 


v'^dx 


dyi 1 rfv 
dx dx 

dx 
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and therefore 

g + (Q + 2%.)t;=-i2, 

SO that 

ye 5 (Q+'^Rvi)dx ~ ^ J He5 

When the two quadratures required to give v as an explicit 
function have been effected, and when this value of v is sub¬ 
stituted in the expression for y, we obtain the most general value 
of y which satisfies the equation. (It may bo added that the 
process just indicated is frequently of practical use in the solution 
of differential equations of this type; its effectiveness depends 
upon the knowledge of a 2 )articular solution.) 

It has been assumed that one solution is known. If another 
solution is known, we can avoid one of the quadratures in the 
expression for v. In fact, a second particular solution implies 
that a particular value of v is known. Denoting this by Vj, and 
writing v = v^Wy so that 

we have 

dVi dw ^ n 

^ dx 

But as is a particular value of Vy we have 

SO that 

and therefore 

^ ^{-Rdx 

which requires only one quadrature. When the quadrature has 
been effected, and the value of w is substituted, we again have the 
most general value of y which satisfies the equation. 

The last result depends upon a knowledge of two particular 
solutions. If it should happen that three particular solutions 
are known, then we can obtain the primitive without requiring to 


FDE 
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perform any quadratures. For we have seen that the primitive 
is of the form 

^ cr + s ’ 

where p, g, r, s, are appropriate functions of x, and c is an arbitrary 
constant. Let the suppostnl three integrals be denoted by 3 / 2 , ys; 
and let the corresponding values of c be Cu Cg, Cs; then 

(y-yi)(‘!h-yd ^ (c - c,) (c^ - c,) 

iy - yd (y* - yd (c - cd (c, - cj) 

==B, 

where B is an arbitrary constant because c is arbitrary. This 
relation expresses y in terms of known quantities, and it contains 
an arbitrary constant. Manifestly it is the primitive, which ac¬ 
cordingly can be obtained without any quadratures. 


jEx, 1. Solve the equation 

2=^(1 

where B is any function of ,i\ Manifestly, a iiarticular solution is given by 

1 


accordingly, we write 




X V 


and we find the equation in v to be 
dv 
dx 

Hence 

^ -jxPdx 

*J ^ 




• ^ i 


-A-ft- 

and therefore the primitive of the equation is 

XI/-I J x^ 

Ex, 2. Solve the equations 

(i) x{l-a?)^=^3^-\ry-'ixf‘, 

(ii) ^=a»:-(a;*+l)y+3r®5 

(iii) 

(iv) ^=cos d? - y sin x-^-yK 
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Relation between the Equations of Bessel and Riccati. 


111. The equations of § 108 in the form in which they have 
been discussed are of the first order, but are not linear; there are 
some important transformations which render them linear of the 
second order. 

In Riccati s equation, let the dependent variable be changed 
from u to Vy where 

, 1 dv 

so that, if u is expressible in finite terms, v often will be so also; 
the equation then becomes 

d^v 


dx^ 


— hcvx^^ = 0 , 


which might be taken as a standard form, equivalent to Riccati's 
equation. 

If h and c have the same sign (in which case exponential 
functions occur in u)y this equation may be written 

d^v 


da^ 


- = 0 . 


If their signs be unlike (in which case circular functions occur 
in u)y the equation is 

drv 


dx^ 


-f a^x'^v = 0. 


Both of these are integrable in a finite form for the same value of 
m that renders Riccati's equation thus integrable. 

Change the independent variable from x to z, where 

f qz^a^y 

and ^=s^m + l==“ say; 

the equation then becomes 

d^ n—ldv 
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This equation therefore is integrable in a finite form, if 
1 1 . 1 1 2i ±1 

^-^TO +1 1 2 i±l’ 

whence it follows that n must be equal to an odd integer; and so, 
if the equation be written 

d^v 2p dv , 

— /- l)cv = 0 , 


dz^ z dz 


the condition of integrability in a finite form is that 2 ) should be 
an integer. 

This is reducible to its normal form by the substitution 

vzrP = w ; 

and the equation for w is 

which is integrable in a finite form if^ be an integer. 

Lastly, let tv^z^t be substituted; the equation for t is 
dH Idt T. / .1X2^ n 

the primitive of which is 

t = ^Jp+^ i>c)^} + BJ_ J) {z (- bc)^. 

If jO + J be an integer, this ceases to be the primitive; we then 
have for the primitive 

(- i>c)i) +BYp^^{z{- bc)H. 

Hence the solution of Riccatis equation can he expressed in 
terms of BesseVs functions ; and, in particular^ the primitive of 

d^v , ^ ^ 


; + \vx^ = 0 


is given by 


V = xi \aJjiJ[^z\^) -f BJ 1 I ^ 

L w+2 J 

07* -y = r.^«/ 1 + BY 3 ^ 

L mi-2 w+2 J 

according m + 2 is not, or is, the reciprocal of an integer. 
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This is immediately derivable from a combination of the pre¬ 
ceding transformations. 

The only case of failure is that in which m + 2 is zero, that is, 
when m is — 2; the equation is then 


da? 


-f Xv = 0, 


which can be solved by the method of § 47. 


For further information upon this equation a memoir by J. W. L. Glaisher 
in the PhiL Trails.^ 1881, j)}). 759—828, should \>e consulted, whore full 
references to authorities are given; and the connection between Riccati’s 
equation and Bessel’s will be found fully discussed in the book and papers of 
Lommel to wdiich reference has already (p. 187) l>een made. 

Some examples of the solution expressed by series occur in the Miscellaneous 
Examples. 


Symbolical Solutions. 


112. In cases, when the solution of a differential equation in 
series consists of a function in a finite form, or when it consists 
of a terminating series together with some function or functions 
in a finite form, it is sometimes possible to obtain a solution 
of a symbolical nature which will, when the operations therein 
indicated are performed, prove equivalent to the solution other¬ 
wise obtained. 


As an example, consider the differential equation 


dx^ 




in {m 4* 1) 




the solution of which has been proved to be expressible in a finite 
form when m is an integer. When the dependent variable is 
transformed from y io uhy means of the relation 

y = 


I O I 1 \ 


1 du 


the equation becomes 
d^u 
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Consider now the differential equation 
d^v ^ 

the general integral of which is 

and change the independent variable from x to where z stands 
for the equation becomes 

^ dH dv ^ ^ 

Let this be differentiated m + 1 times with regard to z, and let 
t denote ^ j we have 

2^g + (2m + 3)|-w=^ = 0. 

Let now the independent variable be rechanged from ^ to a?; 
the equation becomes 


Hence we have 


/I 


( 1 ft \ m +1 


the primitive of the original equation in y therefore is 


( 1 fj \m+l 


A slightly different form may be given to this, for 

- 3 - (Ae^ + ==- 

wax X 
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on changing the arbitrary constants; and the primitive may be 
written in the form 




1 

dx) \ X , 


Since the differential equation remains unaltered, when for 7 ii 
is substituted — (m + 1), the primitive may be expressed in the 
additional forms 


and 


( 1 d 

-.dd 


Ex. 1. From the foregoing, it can be at once deiducod that the primitive of 


d^y 

dx^ 


+ nhj= 


6 


y 


(an equation arising in investigations connected with the Figure of the Earth) 
is expressible in the form 

y = C'((l--^') Siu(,u.-+a)4-^ cos(«x + a)l. 


Ex. 2. Prove that the primitive of the differential equatioji 

^7 5 - 2 ^ =. 0 

dz^ 

can, in the case when q is the reciprocal of an (xld integer 2/'+l, be exhibited 
in the forms 


(Glaisher.) 
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Ex. 3. Prove that the primitive of the equation 


is given by 






d\ cos(ri;r+a) 

Ik ’ 


where r is to be put equal to after the performance of the diflerentiations. 

(Gaskin.) 

In all these cases where the solution of the equation is thus given synil)oli“ 
cally, it is not difficult to identify the solution in this form W'ith that obtained 
in any other form, such as one in scries by the Ctirlier methods of this chapter, 
or as one by means of definite integrals to bo indicated in Chapter vii. The 
student, who wishes for fuller information on the subject of these syrnlxilical 
solutions and their connection with solutions in other forms, wull find a full 
discussion in the memoir (Section vi.) by J. W. L. Glaisher already (p. 107) 
quoted. 


MISCELLANEOUS EXAMPLES. 

1. Integrate in series, and express in a finite form, the integrals of the 
equations 




and integrate 


dx^ 


dx^ X dx \ ^ A'V 


2. Solve the equations 

<‘) 

(ii) a!®^+(A:®+3a!2)^+(6A^-3ar)^+(4A;+30)^-.0; 

(iv) {x‘^+qa^^-\-{{a-\-Z)qsfi-\-{b-c-^\)x}'^+{{a+\)qx-hc}y=0. 

3. Integrate in series the differential equation 

*(l-4a;)^+{(4p-6)A;-p+l}^-p(p-l)M=0; 

and express the integral in the finite form 

4 {1 - (1 - 4x)i}»>+£ {1 + (1 - 4x)i}P. 


(Glaisher.) 
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4. Verify that* any root of the equation 
satisfies 


6. Transform the equation 

,^y 




by assumingy=e“f and «i+^+«o=J(- m)J, into 

and integrate the last equation in series. 


(Spitzer.) 


6. Obtain the primitive of the equation 
dx^ ^ dx 

in the form 

qxy = A {qx — 2) + ^ {qx + 2) c' 


7. Obtain the primitive of the equation 


d^y , 3 6 dy 

+q^y^r 


in the form 


dx^ 


’ x^ dx 


2 /-^Ae-^ + + {(l -1) sin + “) + ~ (f ?^+«)} • 

(Leslie Ellis.) 

8. Prove that the coefficient of d^ in the expansion, in ascending powers 
of «, of 

(l-2a^+a2)“»* 

is a solution of 


^ |(1 - ^)"+4 J| +m (m+2n) (1 - - 4y=0. 


9. Prove that, with the notation used for the solution of Legendre^s 
equation, {P^ (cos^)}^ is a solution of the differential equation 

(5 ““ (n+1)sin ^ g sin 5 ) U=0. 

10. Prove that, with the notation of §§ 90, 91, 

(Trinity Fellowship Examination, 1884.) 


7-5 
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11, Prove that the primitive of the equation 
is given by 


(1 ——2(m+l)4?^+(w+wi + l)(w 






provided m be not greater than n. 

What is the primitive when m is greater than n 'I 


12, Shew that the solution of the equation 

£ 2} +”(»+!) 

where ^ is an integer, may be expressed in the form 



where is the solution of Legendre’s equation. 


13. Obtain the primitive of the equation 

(1 — ^2 (m — 1) + i) y 


14. Provo that the equation 

has, in the case when n is an integer, for its primitive 

jr=57 - i (« -1) {^,4_, (.ri)+£r„_ I (a:J)}. 


16. Obtain the primitive of the equation 

in the form 

where wi*-*=-1 )2 - h. 


16. Verify that the primitive of 



is y=ari"‘’’ T\A^J^{2(-a^x)l}+£,V„{2i-apX)i}}, 

ptsQ 


(Heine.) 


(Heine.) 


(Lommel.) 


(Lomrnel.) 
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where ao, ai, a^-i, are the roots of the equation a^=l; and that of 

dasm+i-y 

is pfo ^pK-m- 4 ( 2 apari)+t. 4 ,^j( 2 o,J?i)}, 

where ooi on •••> a^m* the roots of —t. 


17, The primitive of the equation 


and that of 


^+y^=0 

y = A«/o(e*)+i?Fo (e*); 
. d^y - . 


(Lt)mmel.) 


ia y {AJq (c^)}. 

(See, for connection between these two equations, Ex. 10, p. M^.) 

18. Prove that, with the notation of §§ 101,105, 

2 

aiii 

n not being an integer, and that 


(Lornrnel.) 


y.Jn.X-Yn.lJn-^l- 


19. The differential equation 


(Lommel.) 


is integrablo in finite terms, whatever function of x is denoted by provided 
m be an integer. 


20. The equation 


dx^ X dx \ x^J 


is integrable in finite terms, if 


, 2{(l-r)»+4e}i 


where i is a positive integer or zero. 


(Malmsten.) 
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21. Prove that the coefficieut of A***' in the expansion of 
satisfies the dififerential equation 


a.2— 


22. Shew that, if y== JT be a solution of the equation 

being a constant), then a solution of 

^ dar»*-i 

is given by 

y=a^»(p+i)-i ('-1- . 

Hence solve the equation 

fl 

dx^ xdx ^ 


(Glaisher.) 


(Leslie Ellis.) 


23. The equation 


is integrable in finite terms in the following cases: 

(i) when - is an odd integer; 

(ii) when integer; 

h f/ cli 

(hi) when ^ i i( ^ integer. 

24. Prove that the equation 

(a+6a^)a^^‘ +{e+eaf<)x^^+(J+g3?‘)u=X 
admits of finite solution, 

(i) when any one of the four quantities a - is an even integer, 

(ii) when any two of the quantities 

tti—a2, ft—«i+«2~ft*”ft» 

are odd integers; where a 2 , and ft, ft, are the roots of the respective 
quadratic equations 

\hi{a-2) {oia-27i — 2) + ^en {a-‘2)+g—0y 
and |^aw^(w^-2)4-Jcw/8+/=0. 


(PfafF.) 
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25. Provo that the three expressions 


" \ p-i "^(p-iKp-i) 21 3r2«'''' 

^x^-P fi Pg^ y Pip-'^) c^_p{pz^)SP^^) . I 

I P '^p{p-i) 2! I>(p-i)(p-l) 

e-ax^-pU +P cu!+P-(£ilD + pSPz})SPz3'> \ 

V p pip-¥) pip-mp--^) 3!+-;’ 


are particular solutions of the equation 


„ pU 




Shew that, when p is not an integer, these three expressions are equal to 
one another; and obtain, in this case, a second and indeixindent particular 
solution. 

26. Provo that the primitive of 

may be written in either of the forms 

(i4e**+Z?e“<**)}, 

y = x^p'“ 3 ^ a;3 I 2/> ^ 

(Boole.) 

Prove that the primitive of the same equation may also be written in the 




27. The primitive of the equation 

can be expressed in the form 


(Donkin.) 


Obtain that of 




in the form 




(Spitzer.) 
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28. The orthogonal trajectory of the system of surfaces of revolution 
given by where P» is the solution of Legendre’s equation and its 

argument x is the cosine of the vectorial angle of any point, is given by the 
equation 


29. Provo that, if the equation 

0+;//W=o 

bo transformed by the relations z {c.v-{‘d)^a,v-\’h so that u 

is the new dependent variable, the new equation is 


where 




Hence, or otherwise, solve the equation 
d'^}/ y 


30. Obtain the primitive of the equation 

(bc^ X 

in the form 

A{E--K)JtBE^ 

where A J5 is an arbitrary constant, while K\ P, E\ are the complete 
elliptic integrals of the first and the second kind respectively with modulus^. 



CHAPTER VI 


HYPEEGEOMETKIC SERIES 


113 . The series 


1 + 


, «(« + !)/3 (/3 + l) 
i.2.7(7 + 1) 




a(a + l)(a + 2)^(/3*f 1)(^4-2) 
1.2.3.7(7TI)(7"+ 2) “ ^ 


is called the hypergeometric series and is usually denoted by 
F{ot, yS, 7, x) ; the four quantities a, /3,7, x, are called the elements, 
and of these x alone is variable. The elements a and /8 may be 
interchanged without affecting the value of F; if either of them 
be a negative integer, the series will consist of a finite number of 
terms; otherwise it will proceed to infinity. It will be assumed 
that 7 is not a negative integer, so that infinite terms may be 
excluded. 


The series converges* for all real values of x such that 
— 1 < a? < 1. It diverges if ir > 1 and if < — 1. When x — 1 , the 
series converges if 7 > a + / 3 , and it diverges if 7 ^ a + ^8. When 
^ = — 1, the series converges if 7 +1 > a + )8, and it diverges if 
7-fl<a + j8. It is important to consider the actual range of 
convergence of the series; for the most part, we shall not consider 
the conditions of convergence for values of x at the limits of the 
range. 

The series is one of very great generality, and it includes as 
particular examples very many of the series which occur in analysis. 
The following examples admit of easy verification: 

I. (1 + (- n, - ^). 

II. (1 + x)^ + (1 x)^ = - iw + i, x^). 


Bromwich, An introduction to the theory of infinite eeries^ pp. 33, 35. 
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III. 

log (1 + ic) =* !IoF{\, 1, 2, — x). 


IV. 

log 1 _^ = 1 , a?). 


V. 

e® = A 1. . when /3 = oo. 


VI. 

coshiF=.?’^a, /S, when « = oo 

= /3. 

VII. 

Qo^nx = F{^ny — sin^^r). 



Ex, I, Prove that all the differential coefficients of the series diverge for 

the value x^l if the series itself diverges for that value; and that all the 

differential coefficients, from and after one of some order, diverge for the value 
^=1 though the series converges for that value. 

Ex. 2. Express as hypergeometric series 

(i) sin t, the variable element in the series being ; 

(ii) sin nt, the variable element in the series being sin^ i ; 

(iii) cos ntf the variable element in the series being - tan*-^ L 

Other examples are given by Gauss at the beginning of his earlier memoir 
referred to in § 134. 

114 . Let the coefficient of of be written Ar ; then the relation 
connecting consecutive A's is 

(1 + r) (7 + r) Ar+i = (a + r) (y8 + r) 

Consider the differential equation 

|(^ + a)(^ + / 3 )-H(a + 7-l)Jy = 0.(i), 

d 

in which ^ stands for the operator ^ ^ solution of this equa¬ 
tion can be obtained in a series: let the series be 
y = + B^x^^^ +. 

Substitute this value in the differential equation, which must 
be identically satisfied; each separate power of x must therefore 
disappear in virtue of the constant multiplying it being zero. 
Thus, for the lowest power, we have 

and from the vanishing of the coefficients of the higher powers, the 
relation between the successive quantities B is given by 

(/a -h + 1 ) (a** *4- y* + 7) ^ + ft) = 0* 
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We shall assume that the first coefficient is not zero, because 
the relation So = 0 would make all the S s zero; and thus the 
former equation is satisfied by either 

/^ = 0, 

or /I = 1 — 7. 

116 . Take first the value = the relation connecting the 
quantities B becomes 

(1 4- r) (7 + r) = (a + r) (/3 -f r) By. 

Now when So = 1 = -do, the relation just proved, compared with 
that which connects the -d.’s, shews that By —Ay \ and therefore the 
series assumed for y becomes the hypergeometric series. Thus 
one solution of the differential equation (i) is F (a, y8, 7, x). 

Let the operating factors in (i) be expanded and terms of the 
same order collected; then the equation may be written 

[(1^ {7^ 1-/r(a + iS)} & - a/3^*] y = 0. 

But ^ ^ , 

ax 




when these values are inserted, the above equation, after rearrange¬ 
ment and division by — ^r), becomes 

d^y '1-{n-\-^ + \)x dy a /3 

da^ xil’-x) dx x{\^xy . ^ 

which is the differential equation satisfied by ^(a, /S, 7, x). 

Take next the value /x = 1 — 7; the relation connecting the 
quantities B becomes 

(l + r*)( 2 ~ 7 -f r)S,.+i = (a + l-7 + r)(^ + l - 7 4-r)Sr. 

Let So = 1 ; this equation shews that the quantities B are the 
successive coefficients in a hypergeometric series whose constant 
elements are respectively a + 1 —7, ^ + 1—7, 2 — 7. The series 
assumed for y begins with ; hence the value of y is 

1 - y, ^4.1 — 7, 2 - 7, 

so that this also is a solution of the differential equation (1). 
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We have thus two particular solutions of this differential 
equation; and therefore any other particular solution, which is 
finite for values of co such that — 1 < 1, may be represented by 

AF{a, / 3 , 7, x) + Bx^^y F(a 4 - 1 - 7, /? + 1 - 7, 2 - 7, it?), 

where A and B are constants, the values of which may be 
determined by comparing powers of x. If in this expression A 
and B denote arbitrary constants, it furnishes the primitive of ( 1 ). 


116 . To reduce (1) to its normal form, we must compare it 
with the general linear equation of the second order. We then 
have 

a?(l — ir) x^ 1—a? 

Q- • 

and therefore the invariant J, being 


becomes, after some reductions, 


1 - . 1-v 


X2 ^ 




where 


(^•- 1 ) ’ 


V = (l-7)»; /*■■> = (a i^==(y-a-^y. 

Let this invariant be denoted either by 7 or (ic ); the latter 
form will be convenient when the independent variable comes to 
be changed. 

Thus equation ( 1 ), by the substitution 

V = iPdx 

- yx^ (1 - xf - y), 


becomes 


g + vt(a;) = 0. 


in which yfr(x) denotes the foregoing function of x. 
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Set of 24 Particular Solutions. 


117 . We now proceed to find some further particular solutions 
of this differential equation. It follows from the investigation 
of § 64 that the conditions, which must be satisfied in order that 
the equations 


and 




.(3) 


should be transformable into one another, are firstly, 


and secondly, 




+ .( 4 ). 


Hence, if wo consider i/rj (t) as a given function of t, the latter 
equation will give the value of t in terms of x\ and when this 
value is found, the former will furnish the relation between 
V and z. 


Now assume that the function ^i{t) is such as to make 
equation (3) the normal form of the equation satisfied by 
a hypergeometric series with constant elements at', yS', 7'; and 
suppose that we can obtain from ( 4 ) a value of t in terms of x. 
Then, since the value of u will be at once derivable from that of t, 
we have a solution of (2) in the form 

wt^y' (1 - 1)^ (“'+^+l-y) y, t ); 

and this is distinct from the value of d in § 116 . 

118 . The primitive of ( 4 ) will give < as a function of ic, a, /8, 7, 
o', /S', 7'; let us select those forms of this function, which make t 
dependent on x alone and independent of the two sets of constant 
elements. We may, to obtain these, write 

[t, x] = 0 , 





212 PARTICIXLAE [CHAP. VI 

The former of these, on multiplication by is directly inte- 
grable in the form 

«'Y-« = £7; 

proceeding with the integration, we have 

4 

dCx + C') 

(uv + b 
cx-h d’ 


on changing the constants. This is the general value of t which 
makes the function [t, x\ vanish. But the conditions require that 


■^i(0 


dx) 




or 


(cx + dy^\cx + dj 


and this will not be satisfied for arbitrary values of these constants, 
which must therefore be determined so as to be independent of 
the constant elements of the series. Now 


where 


(«) = i 


Aa^ + Jix + C 




i5 = \“ + ya=‘-v»-l. 


and we may write 


C = l-X<‘; 




A'i^ + B't + C' 


Hence the constants a, b, c, d, must be such as to satisfy 
Aaf‘ + B.V+G 

. , , .^A'(aw + by‘ + F(aa! + b)(ca! + d) + C'{cx + d^ 

^ > {ax-^hy(cx + d'f{{c-a)x + d-bY 

The quantities «, /9 ,7 (and therefore A, B, G which are functions 
of them) are arbitrary, and thus the numerator and denominator 
of the left-hand fraction can have no common factor except a 
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constant; and similarly for the right-hand side. Hence we may 
write 

G) 

= {ad — hcf [ J.' {ax -f 6)^ + J 5 ' {ax -h b) {cx + d) + G' {cx -f rf)®], 
(1 — xy = {ax 4- by {cx + dy {(c — a) a? + — 6}®, 

in which m is constant. The latter of these equations will deter¬ 
mine the values of a, 6, c, d which are admissible; the former will 
then serve to indicate the relations of a\ /S', y to a, /8, 7, in order 

that the expression at the end of § 117 may be a solution of (1). 

119 . Comparing now the coefficients of the different powers 
of X on the two sides of the latter equation, wo find that the 
following six sets of values for the constants make the equation 
identically satisfied: 

(i) c == 0 = 6 = a — cZ; m = ; 

(ii) c = 0 = d — 7n==a°; 

(iii) a —0 = d — b] m — 

(iv) a = 0 = cZ — 6 = m^b^; 

(v) b = 0 — c — a^c+d; m — a^; 

(vi) (Z = 0 = c — a = a4-6; m^b^ 

These values, substituted successively in the expression for t in 
terms of x, give: 

1 

(i) t=^xi (11) Z = l-a?; (ill) Z = 




a?-l’ 


(vi) t = 


x—l 

X ' 


respectively; and these form the complete system of values of t 
required. 

120 . We now transform the first of the two equations by 
means of each of these in turn, and obtain the necessary relations 
between a', /S', 7 ' and a, / 8 , 7 . 

Consider first the set of values (i). We have 

Aa^ + Bx + C= A'af^ 4* B'x 4- G\ 


so that 


A^A\ B^B\ G^G'; 
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or, what is an equivalent set of equations, 

V = v^^v\ 

When expressed in terms of the constant elements, these re¬ 
lations are 

and (remembering that an interchange of the first and second 
constant elements makes no change in a hypergeometric series), 
we find that these are satisfied by 


( 1 ) «'=« . 

./ 3 ' = /3 . 

....7=7; 

( 2 ) a a . 

./S'= 7-/5 . 

.... 7 ' = 7 ; 

( 3 ) «' = a —7+1... 


,...7=2- 

( 4 ) o' = 1 — a . 

./8' = l-/8 . 

....7'=2- 


Since is unity and therefore %i is unity for this value 

of t ; and the particular solutions of the t;-equation, which corre¬ 
spond to these four sets of values, are respectively 

!c\y (1 _ {a+p+l-y) 

Jy(l-Cc)Uy — P + l)F(y-cc, y-fi, y, a>). 

(1 -a;)i 1->) P(o - 7 + 1, ^ -7 +1, 2 -7. a;), 

1-^, 2-7. «). 

Now these are solutions of equation (2). In order to obtain the 
corresponding solutions of equation (1), we must (§ 116 ) multiply 
each of them by 

and therefore four particular solutions of equation (1) are 

(I) y=^F(a,fi,y,ai); 

(II) J/ = (l-a!)y-'-PF(y-a,y-^,y,a!); 

(III) y=a^-yii’(a —7 + 1, yS—y+l, 2— 7 , a); 

(IV) y=fl!»-y(l-a)r—-P2i’(l-a, 1-/S, 2 - 7 .®). 
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Treating now the relation < = 1 — a; in the same way, we find 
other four particular solutions in the forms 

(V) y = J'Ca, yS, a+/Q-7 + l, l-ar); 

(VI) y = a^~’'JF’(a —7 + 1 , y8 —7 + I, a + yS —7 + 1, 1 —ar); 

(VII) y = (l-a!)i'"^“Pi^(7-a,7 —/9,7 —0-/3 + 1 , 1 -a:); 

(VIII) y=a^-’'(l-a;)r-“-?^(l-a, l-yS,7-a-y8+l, l-a,). 

And from the relation i = - we have as one particular solution 

(Xj 

(IX) 2 / = iz?-® -P ^a, a - 7 +1, a - /3 +1, . 

121 . All the particular solutions for the different values of t 
can be found in the above manner. Each value of t leads to four 
particular solutions, so that there are in all 24 of these. But this 
laborious method of obtaining the remainder need not now be 
adopted; it is possible to write down, from the nine foregoing, the 
following fifteen to complete the set: 

(X) y = a;-^A'^/ 3 ,y 8-7 + l,yS-a + l,^); 

(XI) y = a!“-i' (1 - x)y-^-P ^1 -a, 7 -a, /S- «+ 1 , ; 

(XII) y = aj^-v (1 - a;)v—(1 - y8, 7 - A « - /8 + 1 , ; 

(XIII) y = (l-a!)-‘i"^a, 7 -Aa -/3 + l, 

(XIV) y = (l-yr)- 3 i'(A 7 -«./ 3 -« + l,j^); 

(XV) y = a!>-v (1 - ®)r—> _ 7 + 1.1 - A « - /S+ 1 , ; 

(XVI) y = a^-v (1 ^ +1,1 _ _ « +1. ; 

(XVII) y = (l-a>)-«J’(«,7-A7.^); 
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(XVIII) = 

(XIX) y = (1 -a>)v—»J'(a -^ + 1 ,1 _;8, 2 - 7 , ; 

(XX) y = c^-y{l-x)y-^-'^F{$-y + l, 1-a, 2-7,^^^; 

(XXI) y = ar® a —7+ 1, a + ^ — 7 + 1 , ; 

(XXII) y = <c-f^(^,/3-7 + l,« + y 8-7 + l,; 

(XXIII) y — a!^-y (1 — a:)>~*“P ^1 — a, 7 — g, 7 — « — ;8 + l, ^ ^ ; 
(XXIV) y = fl^“i'(l—a;)’'""*^J'^1—/ 8 , 7 —/ 8 , 7 — g —/ 8 + 1 , —^ 


Relations between the Particular Solutions. 

122. Let these solutions be denoted by 

2/l> V'ii . . ^23? 2^24? 

the suffixes and the numbers of the foregoing equations corre¬ 
sponding to one another. These quantities y are not independent: 
for, by the ordinary property of a linear differential equation of 
the second order (of which they ail are solutions), there is between 
any three of them yv, a relation of the form 

yA = -4y,, + %„; 

and we must find these relations for the different combinations of 
the solutions. But certain cases will arise in which either -d. or J5 
will be zero, and therefore the corresponding solutions will differ 
from one another only by a constant factor; and these can be 
recognised by the application of the following lemma:— 

If there be two solutions of the differential equation (1) developed 
in the same ascending powers of a?, and if both series converge, then 
they differ from one another only by a constant factor. 
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121-123] 

For the sake of simplicity suppose one of the solutions to be 
A 7 , x) and the other, when developed in ascending powers 
of X, to be given by 

y == ud + Sx + +. 

Substituting this value of y in the differential equation we should, 
by a process similar to that in § 114, find y = AF{pL, /3, 7 , x), which 
proves the lemma. 

123 . Let us apply this lemma to obtain the particular solu¬ 
tions which are equal to yi\ this we shall suppose to be a con¬ 
verging series, so that — 1 < ^ < 1 . Then is also a converging series 
proceeding in the same ascending powers of iz? as yi; the first term 
in each is unity; the constant fector of the lemma is therefore 1 , 
and we have 

The next one in the list which, expanded in ascending powers of a?, 
begins with aP is y^; when we select from 

F(a, yS, a + /S - 7 +1,1 - 
the coefficient of x^, we find it to be 

/ iw «(« + !).(«H-7^-l)y9(^ + l).(^-fn-l) 

1.2 .7i.(a + )8 — 7 "h l)(tt + y 8 — 7 + 2 ).(ct-h ^““7 + w) 

X F{a + ?i, /3 + a + /8 — 7 -f- + 1,1). 

But in this coefficient F is converging (and so has a finite value) 
only if 

a + /3 — y + n 1 — (a + n) — + n) 

be positive (see § 113), that is, if 1 — 7 — w be positive. Hence fi:om 
and after some definite term the coefficients of the powers of x 
will be diverging series; and we cannot then consider the series 
F (a, jS, flt + — 7 +1, 1 — A’) to be converging though expansible in 
ascending powers of x. Hence y^ is not equal to y,. 

Dealing with yj, yjg, y^, yiy, yis, in the same way, it will be found 
that the last two alone are converging series at the same time as 
F (cl, 7 , x) ; and hence we have 

yi = y 2 = yi7=yi8.(i)- 

Again ys and y^ and ya, yig and y^, y^ and yia, are derived 
from each other by exactly similar transformations of elements; 
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thus to pass from yi to the former is multiplied by the new 
first and second elements being obtained by subtracting the old 
third from the old first and second and adding unity to each result, 
and the new third element by subtracting the old third element 
from 2. This process is seen to be the same for all; and therefore 


2/3 —• 2^4 — yi 9 — 2/20.(^i)* 

Ex, Provo that 

y6=y0=y21=y22 . 

y7=2'8=y23=y24 .(iv), 

=(~i)^-yyi2=yi3=(-iy-yyi6.(v), 

= (Vi). 


It thus appears that the 24 solutions can be divided into six 
classes; and the equal members of these classes we may denote 
respectively by Fi, Fa, F3, F4, Fg, Fg, corresponding to the above 
sets of quantities in order. It remains to find such relations as 
there may be between these owing to the fact that they are solu¬ 
tions of the differential equation. 

124 Account, however, must be taken of the ranges in which 
the respective integrals have significance. 

The range of convergence of the hypergeometric series, which 
occur in yi, y^, 2/3, 3/4, is — l<a;< 1. For those which occur in 
yo, y^, ^7, ys) ifi is — I < 1 — ^* < I> that is, the range is 0 < < 2. 

For those which occur in y^, y^^, yia, it is — 1 < - < 1 ; that is, 

tX/ 

the range consists of the two parts, — 00 < < 1 and 1 < a; < + 00 . 

For those which occur in y^a, y^, yi^, yjg, it is — 1 < ^ ~ < 1 ; 

that is, the range consists of the two parts, — 00 < a? < 0 and 
2 < a; <4* 00. For those which occur in 3/17, yjg, y^,, y^o, it is 

— 1 < —-r < 1, that is, the range is — 00 < a? < ^. Finally, for 

a?1 

those which occur in y^, y^, ^as, ^24, it is — 1 <-< 1, that is, 

a? 

the range is J < a? < + 00. 

Thus in F], the quantities y, and y, are equal over the range 

— 1 < a? < 1; the quantities y„ and y,8 are equal over the range 
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— 00 < < ^; all the four quantities are equal over the range 

— l<ir< Similarly, for the sets of four quantities in Fa, Fg, 
F4, Fe, Ffl, for their respective ranges. 

Now, when 7 is not equal to unity*, the two solutions yi and 
3/3 are linearly independent of one another; and they coexist in the 
range — 1 < 1. They therefore suffice for the expression of the 

primitive of the equation, and also for the expression of any special 
integral of the equation, existing in that range or in any portion 
of that range, • 

The primitive of the equation in the whole of that range is 
2/ = 

where A and B are arbitrary constants. 

A special integral of the equation is ^5, which exists in the 
range 0 < ^ < 2 and therefore exists in the portion 0 < a? < 1 of the 
range of existence for and y^\ hence there must be a linear 
relation between 2/1, ya, and y^. This may be taken in the form 

which is valid over the range 0 < a? < 1. We may also write it in 
the form 

F, = ifF3 + i\rF3; 

but for the determination of the constants M and it is convenient 
to take the relation in the earlier form 

In the same way, we shall have relations of the forms 

selecting out of the typical quantities Fi, Fg, F3, F4, F5, Fe, such 
of the respectively equal members as can coexist in any relation. 
Thus the relation 

Fi-ilfiF, + i^iF 4 
could be taken in the form 

* The case when 7=1 is dealt with later, p. 251, Ex. 1 ; the primitive o! the 
equation changes its character. 
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valid over the range 0 < ic < 1. The relation 
could be taken in the form 

yalid over the range — 1 <x<0\ but as the range of equality of 
(— Vy^y^ and y^^ is — oo< < — 1 and 2<x< oo, the relation 
could not be taken in the fonn 

?/i == ^^2^3 + 

for there is no range in which the three integrals 3/1,3/3? 3/9 coexist. 
Similarly the relation 

Y,^M,Y, + N,Y, 

could be taken in the form 

2/1 ~ -^^8^3 "h ^ 

valid over the range — 1 < < 0; but it could not be taken in the 
form 

Vi ~ "h ^ 33/io» 

for there is no range in which the three integrals yi,yzi 2/io co¬ 
exist. 

Similarly, it is possible to have a typical relation 

F3 = PF3 + (2F„ 

which could be taken in the form 

y^==Pyo-^Qy7, 

valid over the range 0< x <1, There are, in fact, twenty such 
typical relations; but in substituting a selected y from the four 
represented by the corresponding F, it is always necessary to have 
the integrals in special form coexistent over some range of x. 

For our purpose*, it is sufficient to consider the four typical 
relations 

Fi = ilfF2+i\rF3, 

■ Fi-ifaFs + iTaFo. 

* A full discussion of the relations requires that x should be allowed to become 
a complex variable. Such a discussion will be found in Goursat’s memoir, quoted 
in§134. 
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We have to find the values of all the constants M and N\ and we 
shall see that, when M and N are known for the first relation, the 
values of the other constants can bo deduced by using the pro¬ 
perties of the hypergeometric series. 

Accordingly, to determine M and N in the first relation, which 
we shall take in the form 

Vi = %3 + Wy,, 

the substitution of any two particular values of x will be sufficient. 
Let these be = 1 and = 0, and suppose 1 — 7 a positive quantity 
so that is zero when ,» == 0; we have for the two values 

F{a, 0 , % 1) = MF{a - 7 + 1, ^ - 7 + 1, 2 - 7, 1) + iV^, 
l = AF(a, / 3 ,a + /S-7 + l, 1). 

To evaluate M and N we must obtain the relations between 
the series for argument unity, to which we now proceed. 


Introduction of Gauss’s n function. 

125 . The coefficient of in 

F{a, 13 , 7, x) - jP(a, 7 -1, x) 
is 

^ .(g + m — 1 ) /3 (/ 8 + 1 ). (/ 3 -hm — l) f 7 -f m - 1) 

1.2. m.7(7+l).(7 + m-l) I 7~ 1 j 

_ ci$ (a 4 - 1 ) (a + 2 ). (a + m — l) + + w — 1 ) 

7(7 — 1 )* 1 . 2.3 .(m — l).(7-f l)...(7 + m — 1 ) 

= coefficient of a?’** in — F(a + 1 , / 3 +ly y+ ly x); 

and the term on the left-hand side independent of x vanishes, so 
that 

F(ay 7, x) - ^(a, / 3 , 7-1, x) 

"""" 7 (7^ 1) + 1, /5 + 1, 7 1, a;) 
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But from the differential equation satisfied by F (a, y, x) we 
have 

^[y + ^ -\-l) x] = a^F - x{l - x)~. 

Let the value of F (a, )8, 7, x) when x is made unity be denoted 

d?F 

by Fi (a, /3, 7); the value of when x is made unity is finite, and 

therefore 

A 7 - 1 )—[g],.. 


_ 0/3 


(a, fi, y), 


»,that f. («■ ft 7 -1) - <»■ •>> 


_ ( 7 -1 - «) (7 -1 - / 3 ) 
( 7 -l)( 7 -a-/ 3 -l) 

or, changing 7 into 7 +1, we have 


fi(a,fi,y), 


-f. (». A («, A 7+1). 

Similarly 

A 7 +1) - A 7 +2); 

and therefore 

F (a rv^ == (7-«)(7+l-a)(7-/3)(7+l-^) p /„ o „ , gx 

_ (7-a)(7+l-a)...(7+A;—l-a)(7—/9)(7+1—j8)...(7 + A!-l—;8 ) 
”7(7+l)”'(7+*-l)(7—'«-/8)(7+1—«-/8)...(7+&— 1 -a-jS) 

xl’i(a, fi,y-\-k). 

Let 

(i +ife 1) *• >» dsnotol by n (i. ,); 

then 

7) - n (jfc, 7 - « -1) n (/fc. y - iS -1) ^ ^ *)• 
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1 . 2 . 3 ...*.(& + l)...(jfc + 2 ) = 1 . 2 . 3 ... 0.(0 + l )(2 + 2 )...(« + A!), 

we have 


and so 


= 1 . 2 - 3 ... 2.(2 + l)(« + 2 )...(^ + yfc); 


n (k, z) =,— 

^ ' {z + l){z+2)...{z-\-k) 

1.2.3.if 




on the supposition that z is an integer. From this transformation 
and from the original definition alike, we have 

T r / 7- . 1 \ TT / 7 . - A \ Z 


JI (Ic, z + l)^U (k z) • 


1 


These equations shew that for a given value of z the function 
n (/c, z) tends towards a limiting value as k approaches infinity, 
and that this limiting value is finite. As then 11 (00,5) is a 
function of z alone, let it be denoted by IT {z ); the last equation 
shews that 

n(^ + i) = (^ + i)n(5), 

and the former shews that, if z be an integer, 

Tl{z)^z\, 

while in any case we have 

n(^) = r(^ + i), 

where F (^+ 1 ) is the Gamma Function of Euler. 

In the equation giving Jf\, let k become infinite; then every 
term of the series (a, /8, 7 + 00 ) is zero except the first, which is 
unity. If we substitute for 11 (00,7 — 1) and the other functions 
their values 11 (7 — 1), we have 


(«> A 7) 


n(7-l)n(7-.a-/8-.l) 

il(7-a-l)n(7-i8-l)' 
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Ex. 1. From tho expansion of ^ in a series of ascending powers of sin 
prove that 

n(i)=i 7 ri. 

Ex. 2. Provo that 

l)=7r cosoc ZTv. 

Ex. 3. Obtain the relations 

(i) Fi(a,^,y)Fi(-a,(i,y-a)=i.; 

(ii) (a, ji, y) Fi (a, -/3, y = 

Ex. 4. Prove that 

+4 n (0) n ^2 - n ^2 - .ri ^0 - =(Sn-)^ ~ 11 {m). 

(Gauss.) 


Determination of Constants in the relations of § 124 
126. The equations of § 124 now become 

- 1 - 

(a, A a + / 6 ? - 7 + 1 ) 

_ n(^-7)n(«-7) . 
fl(a 4 -/ 3 - 7 )n(- 7 )’ 

and therefore 

n_(i^7 )n(7-«-i5-i) , n(/3-7)n(«-7) 

n (- a) IT (- /3) n (a + /3 - 7 ) 11 (- 7) 

IT (7 — 1) n (7 — a — y8 — 1) 
■~ll(7^a-l)n(7-/9-l)’ 

from which, with the use of Example 2 (§ 125), it is not difficult 
to deduce that 

^ ( 7-l)n (a^7)n 7) 

These then are the values of the constants in the equation 


127. Next, the relation just obtained can be written in the 
form 

yi^M (a, i)yi + N (a, 7) y ^. 
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Change o, y3, « + /8 - 7 + 1 , into 7 ' - o', 7 ' - ^ 8 ', 7 ' - a' - ; 8 ' + 3 
respectively; that is, leave 7 unaltered, and change o and into 
y — a' and 7 -/ 8 ' respectively. Also, multiply throughout by 
(1 — , that is, by (1 — ; the foregoing relation 

becomes 


I* (7 - o', 7 - 7, a?) (1 - 

= M (a, 7)(1 - F(a' -y + l,/ 3 '-y+l, 2 -y)x 

+ iV(a, /8,7) (1 - x)y-^'-^'F(y - o', 7 - 7 - o' - /S'+1,1 - x), 

which is of the form 

y/ = M(a, y8, 7)3^/ + A" (o, A 7) y/, 

where y/ denotes with o', yS' as elements instead of o, /8. Now 

Ji/fo . n( 7 -i)n ( a- 7 )n(^- 7 ) 

M (a, / 3 , 7) - jj _ 1) 11 (^ _ i) 

n( 7 -i)n(-a')n(-/S') 

II (1-7) n (7-0'-1)11 (7-/8'-1)’ 

N(a B rA- n(;8-7)n(a-7) 

N (o, / 3 , 7) - ^ ^ 


Hence, putting 


ilfi = 


n(7'-«'-/8')'ii(-7')’ 

n(7-i)n(-a)n(-/8) 


n (i -y)n(7-o - 1 ) n ( 7 - ^ - 1 )’ 


Ar= n(-y8)n(-a) 

n 77 -o-^)n(- 7 )’ 

we can take our deduced relation in the form 

or in the form 

To find the constants in the relation 

r. = ji/*y,+Ar,r., 

we note that y^ in Yi, yi» in Y^, and y„ in F„ coexist, the range of 


FDB 


8 
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their coexistence being — oo < a? < 0; so the constants will be 
found from the relation 

yH ~ -^22/19 “b ^ 2^18• 

Change the variable x into a/, where 

of 

then the relation becomes 

7 -/ 3 , 7, 

= M, {J^ J”' (1 - ^(a - 7 +1,1 - )8, 2 - 7, a;') 

■>rN^{l-!lfYF(pL, 7-/8, «-)8 + l, 
that is, on division by (1 — afy, 

F(a, 7-A 7. af) = Mz{—afy-y ]f(a —7 + I, 1 2-7, m') 

+ NiF(a, 7-/8, a —/8 + 1, 1—a?'). 

Let 7 — /8 = /S'; wo now have 

F (a. /S', 7, «') = -#2(- 1 )“^(a-7 + 1 , / 3 '-7 + 1 , 2 -7, a;') 

+iV,^(a, /8', a + /S' - 7 + 1,1 - ic'). 
Comparing this with the relation 

WO have 

M — r_ nr 1) n(a- 7 )n (/ 8 '- 7 ) 

'■ '' n(i-7)n(a-i)n(^'-i) 

_. n(7-i)n(a-7)n(-/8) 

'■ ’ n(i-7)n(a-i)n(7-/S-i)’ 

n(/8'-7)n(a-7) 
n{« + /3'-7)ll(-7) 

^n(^/8)n(«-_7). 

Il(a-/8)n(-7)’ 
and with these values we have 

We proceed in the same way to the determination of the 
constants in the relation 
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taking it in the form 

the special integrals coexisting in the range -• oo < a; < 0. The 
analysis is exactly similar to the analysis in the last case; and 
we find 

M- ( n(7-i)n(/3-7)ii(-«) 

* '' ^ n(l-7)lI(/S-l)n(7-a-l)’ 

N = n (- g) n (/ 3 - 7 ) 

'n(;S-a)fr(-7)'* 


Ex. 1. Establish the following results, indicating the res£)ectivo ranges of 
values of x over which the relations are valid:— 

(i) r, = ^34^8+21341^4, 


A _n( y-i)n( y-a-^-i) 
“ n(y-a-i)n(y-/3-i)’ 

(ii) 


n(y-l)n(a 4 -/ 3 -y-l). 


A ^^ y) n * 

^36 ( 1) 36 K ) n03-.i)'ii(a-^)’ 

(iii) ^1=^30^ 3+ -^30 

re 

^36-( ^30 C a; n(a-i)ri(/i-a)" 

(iv) I'l —J 45 J ’'4 4*i?46^"6> 
re 

^6 (- 1 ) 46 ( ) n(a-/i<)ri(y-a-l)’ 

(V) Yi —A 40 F 4 4- -^46 
re 

. / n(y~i)ii(-a) ^ n(y-i)n(-a) . 

(vi) Fi=, 2 i 60 F 5 +Z? 6 oFo, 


A ^ n(y~i)no>-a ~i) 
n(/3-l)n(y-a-l)’ 


n(y-l)n(a-^-l) 


" n(/3-l)n(y-a-l)’ lI(a-l)n(y-/3-l) 

(These six relations, together with the four in the text, ai’e the full set of 
linear relations into which Fj enters.) 
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Ex. 2. Shew that 

r^=PY^+QY^, 

wliOjro 

n(l-y )n(y- a-^-l ) H (1-y) H (tt+^-y -1) 

n(-a)n(-/3) ’ ^ n(a-r)n(/3-7) ' 

Ex. 3. Prove that, by an appropriate selection of individual integrals from 
the groups Yi, ..., r„, made by taking one from a group, it is possible to 
establish linear relations between any three of the quantities Fj, Vq, 

Obtain the nine linear relations, other than those given in the text or in 
the preceding two examples. 


128. Wc now pass to a different set of equations which 
connect any two of the particular solutions and their differential 
coefficients. 


It has been proved that, if Fi and be two particular 
solutions of the equation 


then 


vdY, 

* dx 




where C has a constant value which depends upon the pair of 
particular solutions selected. In the case when the equation is 
that satisfied by the hypergeometric series, we have 

p_7-(a + iS-f l)ir;^7 7-~a-/3-l 

and therefore 

The value of G in any equation may bo determined, either by 
a comparison of coefficients of the same power of x on the two 
sides, or by the substitution of a particular value of x. 

Example 1. Let 

= 2/3 = F(a - 7 +1, ^ - 7 + 1, 2 - 7, ; 

I'3 = 2/i = F(a, yS, 7, j;)- 

Let each side be expanded in ascending powers of x ; the term 
involving the lowest power of x in 

dT, 
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blB 

is — a !‘~^; the term involving the lowest power of x in 

* dx 

is —(1 —'y)x ~'>: hence, equating the coefficients of the lowest powers, 
we have 

Cf=-(l-7) = 7-l, 

and therefore 


Example 2. Let 

Yi = y:,==^F(a, a + ^-y + 1, l-a-); 

Y3 = i/i = F(a, 0, 7, x). 

We have already proved that 

^, = My3 + Ny^, 

in which M and N are definite constants. This relation gives, on 
differentiation, 

'dx~ dx'*' ^ dx> 

and therefore 



or 




dx 


N 


from the result of the last example. Now, from the values of M 
and N, we have 

M n(7-l)n(-7)n(a + (8-7) 

N'~ n(i-7)n(a-i)n(/3-i) • 

But n (1 - 7)=(1 - 7) n (- 7)=- (7 -1) ri (- 7), 

and therefore 

M. .. n( 7 -l)n(a+^- 7 ). 

^)- ri(a_i)n(^-i) ’ 


the equation becomes 

dx y^ dx Il^a - 1) n (y8 -1) 
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Ex , Prove that 




<^^6_n(a+^(-7)n(l-y) „-y/i _ „sv-.-p-i . 
^“55" ll(a-y)n(/3-y) ^ 


and that 


n(y-])no-a) 
dxj-u^Yn 


129. In all the foregoing investigations, the quantities a, / 8 , 7 , 
have been supposed to be independent, and the series have con¬ 
sequently retained their most general form; but many important 
applications are made, by assigning cither one or two relations 
between the three constant elements, or by giving numerical 
values to one or more of them. Such applications (as for instance 
to elliptic integrals) cannot be discussed here; but the student, 
who wishes for information on these matters, will find at the end 
of the chapter a list of the more important memoirs dealing with 
hypergeometric series. 


Special Cases of Integration in a Finite Form. 


130. We pass now to consider some special cases when the 
hypergeometric series can be expressed in a finite form. 

It has been proved (§ 61) that the quotient s of any two parti¬ 
cular solutions of the equation 


satisfies the equation 


dry 


+ /y = 0 


J {5, — If 


where / is a function of x only; and it has been further shewn 
that, from any particular value of s which satisfies this equation, 
the value of the two particular solutions of the former equation 
can be obtained. In the case of the hypergeometric series, the 
value of I is 





+ 


1 — 

(^317+ 




— y? i/® — 1 
X ( X '-1) 


(A), 


X, fi, V, being definite functions of the constants a, and 7; and 
therefore the corresponding differential equation, which gives 8, 
may be written 






a? (ir — 1) 
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If then a relation between s and a? can be found which is 
expressible in finite terms, it follows from the formulae of § 62 
that the hypergeometric series will be expressible in finite terms. 
This cannot be expected to occur in the case when the parameters 
are general; from the few instances now to be given, it will be seen 
that the values of \ ya, v, are definite numerical constants. 

There are in all fifteen separate cases, and no more; for the 
proof of this, reference should be made in the first place to the 
memoirs of Schwarz (see § 134) to whom the investigation, in a 
completely different form, is originally due. 


It is convenient to recapitulate here the general formuhe of transformation 
of the function {s, x} for the changes of the variables; the special examples 
given in Ex. 3, § 62, are particular cases of the general relations which are 

*1- (f)'h ^1 - -'•>+(")’ K .1-1.a 

.(ii). 


and 


(ax-^-b 

As additional examples we may take 


r, L <^±§\ 


.(iii), 


and 


+ yx + dj ' . 


Another formula, which will prove useful, is that which arises by supposing 
^=x; then we have 


n 


1 


so that 


therefore 


r 


s' X 

(?)■ 


-1 


1 -- 

n 
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which may be written in either of the forms 


1\ 


1 ^ ^ 




.(V). 


131. Cask I. 


By writing X = a! in (i) in the formula} just enumerated, we 
have 

By a series of proper substitutions we may pass from this equation 
to the corresponding equation for the hypergeometric series. 

Firstly, let 

then = + 

while, by (iii), 

But (T = s^\ therefore 




and thus 


<r-l\ + 

2 4o-* 




Secondly, lot 

so that the relation between s and oc is 
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Again, using (i), we have 


but 


dx 




so that we have 
Also, since 

we have 
and therefore 


{T,a:] = {l-x, a:} = 0 , 


X — 


4(7 


{CT + If^ 


When these substitutions are made in the original equation 
which gave {s, x], it becomes 


=1 r i_i- 


1 -i 1 -^ A -1 

4 I W-* , 


). ' 


X^ X {x —1)^ 

This is of the same form as the equation (A) in the general 
case, and is identical with it when we write 

x = l, fi = ^; 

and then the relation between s and x is 

S»-1V 


or 


4s" 


® =; 


(«" + !)'■ 

Now X® =« (1 — 7 )*, = (« - y9)®, v® = (7 — a — / 8 )®; remembering 

that 7 — 0 — ^ must be positive in order that the series may 

8-5 
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converge even when the variable is equal to unity, and assuming 
that a is greater than (which is permissible), wo may take 

“ ^ 2 a’ 2 n’ n‘ 

If it be desired to have /3 positive, wc can change the sign of n; 
and then the elements of the h3rpergeometric series are 

and the relation between s and x becomes 


The latter gives 


and therefore 


1 — .1 


{1 + (1 - a:)4i» 

l-i. 1 

while 5' ■“ i == (1 — x)^ {1 + (1 — x)^Y. 

Now the two particular solutions, when the equation is in its 
normal form, are 

and 

and the relation between the dependent variable v in this case 
and the dependent variable in the ordinary differential equation 
is (§ 116 ) 

which becomes 

y^vx 

in the special case. 

Hence the primitive of the differential equation 

1 ii 

is y * {1 + (1 - ®)2 j» + C7a {1 + (1 - ■». 
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Moreover, on comparing these two particular solutions 

I -.1 -L \ L 

{1+(1—^ and x » {1 + (1 — 

with the set of particular solutions, we find that they correspond 
respectively to I. and ill. of § 120; in fact, the relations are 

a- .(1), 

-S' = .(ll). 


the common factor x " having been removed from the latter. 
These two relations are of course equivalent to one another. 

132. Case II. From what has been proved in the last case 
it follows that, when we assign the particular value 2 to w, we have 
the relation 

4cr' 


as a solution of 


‘(cr^+l)^ 


Firstly, let 


b 

f(?i + i) = i; 
fi}=!<»■» f 


' (i-ff 

il?!L+4_+i 


Secondly, let 








then 
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and = A, 

so that {<7, f,}=If/ 


and the relation is 






Thirdly, by writing 


^g = V8f», 


we at once have 


{o-, f4 = 3 {ff, ^4 = “ f 


where 




0^1 
2cr V 3 


Fourthly, let a = s-; then 


so that 


Hence 


{a. fs} = (^iJ {-S o-) + W, f4- 

{s, <r} = 

2V3-^±i*:. 

0-“ rffs 

1 /do-y 12a» 3 

crAdy («7=“ + lf"H-3f/‘ 


and the relation is 


’2fi“V3‘ 




Fifthly, let 
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then = 

_ 4 27 4^, 


(^4-1)* 


'(^4-l)*‘ 8 •(f4-iri6(r/+?4 + l)» 
27 g4 

■ 8 ( #4“-l) '^’ 


and the relation is 


^4 = 


5^+ 2.9^8- 1 


Sixthly, let 

then 
Also 
and 
Hence 

and the relation is 


5^-2sW3-1' 

= 1 /; 

{«.f4 = (^y[K?4}-{?4.?4}]. 

^_i 


A A 


__«_ 


» ' *- o I 


rs‘ + 2sW3-l‘l» 


_ r g* + 2.9 W3-l~|» 

U-2s“V3-lJ ■ 


It therefore follows that a solution of 


{s,®}=i [- 

in the case when 
is given by 


— 1 — j;3 \2 _ ^2 ^ _ 2 


00^ (1—Xy ^17 («?—!) 

\=j.=^, i'=i, 

/ s« + 2s»V3-i y 
V-2s*V3-l/ * 


]• 


From this relation the value of s can be found (it is a some¬ 
what complicated function of as) and thence s '; and this will lead 
(I 62) to the solution of the equation 
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133. Case III. From the two preceding cases a new one can 
be constructed. 

For, in Case li., let 

4is 

then 

by Case I. ; and so 



-I , 

^(. 2 ^+ 1 )®* 


Now change z into —z, so that 

^ Y. 

(«-1)’ 7+ ’2«m/3Ti/ ’ 

then + 

= 1 4. A J_A_ 

z^'^(i-zy'^ z(i-z)' 

A comparison with the general formula shews that the last 
relation between z and 5 is a solution, provided 

and therefore 

a = = 7=*f- 

Hence by means of the preceding relation we can obtain the 
primitive of 

«(i-*)^+«-»>|+Ay-o 

in a finite form. 

Ar. 1. Show that from Case ii. can be derived in a finite form the 
solution of 

*(i-*)g+(4-¥*)2-Ay=o. 
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133-134] 

Ex, 2. Shew that from Case ill. can be derived in a finite form the 
solution of 

Further cases will be found in the Miscellaneous Examples at the end of 
the chapter. 

It may easily bo verified that, for all the examples given, we have on taking 
positive values of X, /i, i/, the inequality 

X+ft+r>l; 

the case of \+fi+v=l is integrable by the simpler method of § 68. See 
Ex. 7, p. 141. 

134, An entirely different method of treatment of the matter contained 
in §§ 130—133 will be found in the authors Theory of Differential EquaXione^ 
vol. IV. §§ 59—62. For further information on the subject of the hyjjergeo- 
metric series the following memoirs should be consulted:— 

Gauss, “ Disquisitiones generates circa seriem infinitam 

1.2.y(y + l) . 

Oes, Werlce^ t, iii. pp. 123—163; 

“ Beterminatio serici nostrao per mquationom differentialein secundi 
ordinis,” id, pp. 207—230. 

Kummer, “ Ueber die hypergeomctrische Reihe,” Crelle^ t. xv. pp. 39— 
83 and 127—172. 

Schwarz, “Ueber einige Abbildungsaufgaben,” Crelle^ t. lxx. i>p. 105— 
120 ; 

“Ueber diejenigen Falle in welchen die (?aMwische hypergeomet- 
rische Reihe eine algebraische Function ihres vierten Elementes 
darstellt,^' Crelle, t. Lxxv, pp. 292—335. 

Cayley, “ On the Schwarzian derivative and the Polyhedral Functions,’’ 
Camh, Phil, Trans, vol. xill.; Coll, Math. Papers^ vol. xi. pp. 148— 
216; 

in the last of which references will be found to further memoirs. 

There is a memoir by Goursat which may be consulted with great 
advantage—“Sur Tdquation differentieUe qui admet pour int^gi’ale la sdrie 
hyperg4om(5trique” {Annales de Vicole normals sup^rieure^ Ser. il. t. x.)—in 
which, by developing a method due originally to Jacobi, he obtains the results 
of Kummer and Schwarz. 

The Gamma-function, and the function defined by the hyiiergeometric 
series, are discussed from the functional ix)int of view by Whittaker and 
Watson, Modern Analysis^ Chapters xii, and xiv. 
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MISCELLANEOUS EXAMPLES. 


1. Prove that, if 

(a^2ah cos ylo+2Ji cos <^ + 2^42 cos 20+cos 30 +., 

then may bo written in any of the forms 

« i' «+’•■ ’■+*• S) ’ 

....V (n+r-l)! a’’/)’’ „/ I o , 4a& \ 

1) 1 ( T +T)^( - .. —»-+i 2»-+i. (S+6y.j: 

.. V (w+r-1)! et/ . 1 o . -I \ 

“ Ya-ft)V‘ 


2. Obtain a solution of the equation 

(A +Bx + Co!^) +(2)+JSr) ^.+/>=0, 


(Gauss.) 


as a hypergeometric series; Aj B, C, J), F, are supposed to be constants. 

(Gauss.) 

3. A function is said to be contiguous to F{a^ ft y, x) when it is derived 

from it by changing one and only one of the constant elements by unity. Let 
i^(a+l,ft y, x) be denoted by ; i!^(a-l, ft y^x) hj F^^ ; and F(a, y,x) 

by F, Then prove the following relations:— 

(i) 0=O-a)/^+a/;+-/3/>+; 

(ii) 0=r(y-a-l)F+aK* 

(iii) O=(y-2a-(0-a)x}I’+a(l-Jv)F,^-(y~a)F^.; 

(iv) 0=y{a-(y-^)x}F-ay(l-A-)F^++(y-a)(y-ff)ivFy+; 

(V) 0^(y-a-^)F+a(l-a;)F^^-(y-^)Fp_. 

(Gauss.) 

4. Prove that 

(l-*)A'(a, ft y, x)F(l-a,l-l3, 1 -y, x)- 1 

= 2-y,x). 

(Gatiss.) 
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6. By changing the independent variable in the differential equation, verify 
the following relatione:— 

(i) (l+y)»-/’(2a, 2a + l -y, y, y) = /’(u, a+i, y, . 

(Gauss.) 

(ii) (l+i,)^F(a, a + i-ff, l3+i,2f^)^F(a, /3, 20, • 

(Gauss.) 

(iii) F(a, /3, a-f/3+J, sin2^)=r/’^2a, 2ft a+/3+J, sin^ 0 . 

(Kummer.) 

Prove also that, by changing the variable from to - 8,r {1 + (1 —:r)i}'“3 




2«“f2 —4 sin* A 
3 ’ cos^^ y* 


(Kummer.) 

6. Shew that the functions 1\ and which are the inde})endent solutions 
of Legendre’s equation, may bo exiiressed by hypergoometric series in the 
forms 

<;>» W = n+l, n+?„ f*), 

the variable a: of Legendre’s equation lieing connected with f by the relation 

(Heine.) 

7. Shew that, if the independent variable in Legendre’s equation be 
restricted to be loss than unity, the primitive may be represented by 


AF{ — ln, a7*)4'i5,a7/’( —J'/i-f i, 5, 

where the serias, if infinite, converge. 

8. Denoting the series 

1 1 I liZiZtl ap. + 

by , , prove that F satisfies the differential equation 

d^F d^F 

(l-^)^*^+{^+€+l-(a+^+y+3);r}a7 2^^ 

J ET 

+ {^6-^(ai3-f/3y+ya+a+^-|-y4‘l)} ^--a^yF=0. 


(Heine.) 
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9. Obtain integrals of the equation 

^ 4. LziLZlfL"!^^ ^ dy («a^ /S/S' '-yy)x-h _.. 

dx^ .r(l-A‘) dx^ a?2(i-.7;)2 ’ 

(i) in powers of (ii) in powers of 1 ~.r, (iii) in powers of x~^; and indicate 
relations between these integrals, it being given that 

a4*a'+/34-/3'+y+y=l. 

10, Shew that the diflerential equation of the hypergeometric scries 
possesses two integrals, whose product is a polynomial in x, in the following 
cases: 

(i) a=-J«, 

(ii; y3=-J», 

(hi) a + ^= - w, and y= or or or + 

where % is an even integer in each case. 

Are these all the cases in which the indicated property belongs to the 
equation ? 


11. The equation 

*a-^)£f+(e-2^)f-iy=o 

has a particular solution of the form ; determine 7i and obtain the primitive. 
Hence express sin"i^ as a hypergeometric series. 

(Goursat.) 


12. Obtain in a finite form the primitive of 


also of 




13. Prove that the relation 

X _(««+14«< + l)3 
x-\~ 

satisfies the equation 


a?* 

Hence obtain in a finite form the primitives of the equations: 

(i) ^(l-^)5f+(e-H^)^+,Vs3'=0; 

(ii) ^(i-^)3+(J-fia.-) 


(Goursat.) 
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14. Prove that the relation 


satisfies the equation 


4i ~ 108««(»«-1)« 


{s,z]: 


M 


/g 


+ 


z(,i-zy 


Hence obtain in a finite form the primitive.s of the equations: 

(i) a:(l-;F)^+(|-n^) ^+7’iiy=0; 


(ii) + 

15. Provo that 

F(a, a + l, 2a+l, x)=22‘>{] +(1 ; 

and that 

1,2, ^)r. 


SUPPLEMENTARY NOTES. 

I. 

INTEGRATION OF LINEAR EQUATIONS IN SERIES BY THE 
METHOD OF FllOBENlUS. 

The two methods, given in §§ 83 and 84, are equivalent to one 
another: and either of them is effectively a process for constructing 
the coefficients in a Taylor series. The inverse of the process is 
given in §§ 114 and 115, where a knowledge of the coefficients 
is used to determine the differential equation. The only integrals, 
that are thus obtained directly, are those which occur in the form 
of series of powers of the variable. When other integrals, which 
are not expressible solely in series of powers, e.g. integrals which 
involve logarithms, are required, supplementary substitutions have 
to be made and further investigations, sometimes of an elaborate 
character, prove necessary. 

There is another method, quite distinct in character and 
significance, by which a single set of properly devised calcu¬ 
lations can be used so as to give all the integrals of the kind 
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indicated that are possessed by the differential equation. It is 
due to Frobenius*; for the full establishment of the validity of 
the various steps, various propositions in the general theory of 
functions are necessary. Consequently, only an outline will be 
given here; if a fuller account is desired, reference must be made 
either to the original memoir by Frobenius or to other places 
where a detailed exposition is given f. Further, the explanations 
will be given only in connection with linear equations of the second 
order; they apply to linear equations of any order. And a further 
limitation, to be indicated immediately, will be imposed on the 
form of the equation. 


Let the equation be taken initially in the form 


dx^ dx 


+ Qy = 0. 


If an integral or integrals exist, proceeding in powers of ^ — a, 
where both P and Q are finite when ^=a, the method possesses 
no special advantage over the methods already given. If, however, 
either P or Q or both P and Q be infinite when x — a, then the 
method can be applied effectively to determine integrals. We shall 
assume that P, if infinite, has x — a for an infinity of the first 
degree; we shall also assume that Q, if infinite, has x=^a for an 
infinity of degree not higher than the second {. We write 





* Crelle^ t. lxxvi. (1873), pp. 214—224. 

t Such an exposition is given in the author’s Theory of Differential Equations^ 
vol. IV. (Cambridge, University Press, 1902), pp. ISet seq. 

4: It will be observed that these assumptions are justified for Legendre’s equation 
when j; = l or a;=~l; for Bessel’s equation when ^=0; and for the equation 
of the hypergeomctric series when a;=0 or a:=l. If we are dealing with large 
values of a, the natural expansion is in ascending powers of x’~^; and very slight 
calculation will shew that the assumption made in the text is justified for Legendre’s 
equation and for the equation of the hypergeometric series (but not for Bessel’s 
equation) when 

The corresponding assumption, when the linear equation is of order m and has 
the form 

. y p 

rZi ’ 

is that i’r. if infinite when has ss=a for an infinity of degree not higher 

than r, for all the values of ?*. 



NOTE l] 


FROBENIUS 


245 


where p and q are finite (including possibly a zero value) when 
< = 0 , and are supposed expansible in converging or terminating 
series of positive integer powers of t The equation thus is of the 
form 

If an integral exists which is of the type indicated, by being 
expansible in ascending powers of t, it may be taken in the form 

y = to t C„e»= S Cnt<^^ = g{t,p), 

n~Q n=*0 

where the summation is for positive integer values of w. Should 
this be an integral, it must satisfy the equation identically. Now 

Dt^ = {m (m — 1) + mp + g'} 

= «”*/(«, m), 

where f{t, m) is of the second degree in m and, owing to the 
character of p and 5 , can be expanded in positive integer powers 
of t When this expansion is effected, we have 

/(<, m) =/o(m) + tfi(m) + t%(m)+ .. 

where fo{ni) is of the second degree in m, and the other co¬ 
efficients fj(rn), f-iim), ... are of degree in m not higher than the 
first. Then 

Bg(t,p)= S 

n==0 

2 Cn p -\-n) 

n~0 

= t c„<o+”{/,(p + n) + </i(/» + n) + <y2(p+ «)+...} 

«=o 

~ S [Onfo (p + ^0 "h On—if I (p + W — 1) + .. - + Cofn (p)}> 

«=0 

on gathering together the terms with the same exponent. If the 
postulated expression is to be an integral of the equation, the 
right-hand side must vanish identically and therefore the co¬ 
efficients of the various powers of t must vanish; hence 

0 = Cq/q (p), 

0 = Co/i(p) + Cx/o(p + l), 

0 = Ofif (p) -f- Cifi (p + 1 ) -4“ 02^0 (p "h 2 ), 
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and 80 on. As Co is not zero, because it is the coefficient of the first 
term that occurs in y, the first of these relations shews that the 
values of p to be considered are given by 

/o(p) = 0, 

which is a quadratic in p. The remaining relations give 

, . Mp) 

Vo(P+l)’ 

. _ , fhip) 

Vo(/> + l)/.(P + 2)’ 

c =, c__ 

’ ''’‘Mp + 1)Mp + 2)Mp + S)’ 

and so on, where flip), hzip), hs(p), ... are polynomials in p. 

If the two roots of the quadratic f (p) = 0 are equal, then no 
denominator in the expressions for the successive coefficients Cn 
vanishes; these coefficients are finite, and the expression g {x, p) 
is formally adequate for an integral*. 

If the two roots of the quadratic are unequal, and their differ¬ 
ence is not a whole number, then no denominator in the expressions 
for the successive coefficients Cn vanishes; these coefficients are 
finite and, for each of the values of p, the expression g (a?, p) is 
formally adequate for an integral. 

If the two roots of the quadratic are unequal, and their differ¬ 
ence be a whole number s, which will be assumed positive, the roots 
are of the form 

p,p^8. 

We then take 

Oo = fo(p + + 2) .,./o(p + 6) c, 

and thus secure that no one of the coefficients Cn is infinite; 
moreover Cq is undetermined, and therefore an arbitrary constant, 
so that c is an arbitrary constant. The expression g (x, p), when 
Co is replaced by its modified value, is formally adequate for an 
integral. 

* In order to render the proof of the method complete, it would be necessary to 
establish the convergence of the series g (x, p) and, later, the convergence of allied 
series. For these, and corresponding omissions, we refer to the sources already 
quoted; the actual convergence of the series in particular examples will be manifest 
on inspection. 
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NOTE l] 

Thus far, the process coincides with the ordinary process; it 
is at this stage that modifications arc introduced which give 
the distinctive character to the method of Frobenius. Instead of 
dealing with quantities p which are roots of a quadratic equation, 
we introduce a parametric quantity a ; the quantities Cq and c are 
regarded as arbitrary functions of a. Quantities Ci, ... are 
determined by the equations 

0 = Ci/o(a + l)4-Co/i(a), 

0 = c>ifo (a 4- 2) + Cifi (a +1) + C 0/2 (a), 

which in form are the same as the earlier set, if the first equation 
of that set is omitted and p is replaced by a. Moreover, we have 

/ \ __ ^0 ( 0 ^) ( ot ) _ . 

so that, if we choose a as different from a root of the quadratic 
fo (p) = 0 , the quantities Cn (a) are finite. We thus have an 
expression 

z = g(t,a)= 2 

also 

D(z)= S CnDt’^+'* 

n—0 

= S “ + ”) 

7 t —0 

= 2 cj'^-^{f„ia + n) + tfi(a + n) + t%(a + n) + ...} 

«=0 

= 2 «»+"{c„/„(o + m) + c„_i/i(a + n-l) + ...+Co/„(a)}. 
»=0 

On account of the relations among the quantities c, the coefficient 
of vanishes when n = 1, 2, ...; and so 

i)^ = Co/o(a)^^ 

an equation satisfied by 

z-=g{t, o), 

where a is an arbitrary parametric quantity*. 

We take the three possibilities in order. 

* The series for z is one of the allied series indicated on p. 246, foot-note; its 
convergence is assumed in this exposition. 
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I. Let /o (p) = 0 have a repeated root tr; then, as the 
coefficient of in /o (m) is unity, we have 

/o(«)=(«-o’)“; 

SO that 

It is clear that the values of 

dz 




when a is made equal to cr, give 


da* 


.dz 


m = Dg^o-, 

in other words, two integrals of the equation 

Dy=0 

are given by 

jr-W.... 

II. Let fo (p) = 0 have two unequal roots p^ a and /> = t, 
where r —<r is not a whole number: then 


/„(o) = (a-T)(a-o-), 

SO that 

Dz == Co (a — t) (a — 

It is clear that the value of z when a is made equal to r, and its 
value when a is made equal to <r, give 

Dz 

in other words, two integrals of the equation 

Z>y=0 

are given by 

y = W.-r, y = 

III. Let fo(p)^0 have two roots o- and cr —s, where 5 is a 
positive whole number greater than 0; then 

/o (a) = (a - <r) (a - cr + s). 

We now take 

Co = /o (a +1 )/o (a + 2).. ./o (a + «) c; 

this makes the expression for z finite when the special values c 
and o- — 5 are assigned to a.. Also 

Co/o (a) = (a - <r) (a - <r + 5)" A, 
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where -4 is a quantity that remains finite when a has either of 
the values cr and <r — 5 . Hence 


Dz = (a — O') (a — cr -f sYAt^. 

It is clear that the value of z when a is made equal to o-, the value 
of z when a is made equal to o' — .9, and the value of ^ when a is 
made equal to o“ — s, all give 

l)z=^0\ 

in other words, there are apparently three integrals of the equation 

Dy^O 

2/ = Ha-.a, 


given by 


But consider 
We have 


y = W.-.-„ ll 

a—c—s 


= 

"Z c„t” 

n-0 

=<“ + S Cnt” 

n -0 

n=0 m~0 

As regards the first sum, the coefficients c„, for all the values 
n = 0. 1 , .... s- 1 , 


contain a factor « — <7 + s, because 

Co(a)K(tt) 

” /o(a + ij.••/(.(« + «) 

=/o (a + n + 1 )... /o (a + s) (a) c, 

which, for m = 0 , ...» s — 1 , contains /„ (a + s), and therefore also 
a + s — <7, as a factor. Hence, when a is made equal to <r — s, the 
first sum vanishes. As regards the second sum, we write it in 
the full form 


«-+*c.(a) + <“^*+>c.+i(a) + .... 



250 


THE METHOD OP FROBENIUS 


[chap. VI 


which, when a is made equal to c — s, becomes 

Cg (<r "f" (<r *— 5) “f* • • •, 

a series that begins with and proceeds in ascending powers of t 
But 

is a series that begins with and proceeds in ascending powers 
of t\ hence the second sum in [z\a^a^8 is either another integral 
beginning with or it is a constant multiple of y = [5]a»ff. 

If it could be another integral, a combination 

M a-«r — ^ [-2^] tt»cr-« 

could be taken so that, by appropriate choice of the constant X, 
the term in would vanish and the expression would begin with 
It is a linear combination of two supposed integrals and 
therefore is an integral of the equation: so that, on the hypo¬ 
thesis assumed, we have an integral of the equation that begins 
with and involves powers of t only. There is no such integral, 
for o" +1 is not a root of (p) == 0. Hence 

y ~ [•^1s 

is not an independent integral; it is a constant multiple (which 
may be a zero multiple) of 


Consequently, in the present case, two integrals of the equation 
By = 0 are given by 





Summing up the results, we may state them in the following 
rule:— 


The primitive of the differential equation 

where p and q are uniform functions oft that remain finite when 
^sssO, can he obtained by constructing an eapression 

z = 
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such that all the terms in 

d^z dz 

vanish except only the term in t^. If 

y*o(a) being a quadratic function of there are three cases: 

1. If the roots off (p) ^0 he equals and have a as their common 
value, two linearly independent integrals are given by 


r 1 


II. If the roots of f (p) = 0 fee unequal and do not differ by 
an integer, and if they have a and t as their values, two linearly 
independent integrals are given by 

III. If the roots off (p) = 0 fee cr and a —s, where s is a positive 
integer, the proper modification in Oq must be made: and then two 
linearly independent integrals are given by 

y-H.... y-[!]..„• 

As the equation 

/oW = o 

determines the index of the initial term in the various expressions 
for y, it is often called the indicial equation ; and the quantity 
f (p) is often called the indicial function. 

The general theory will now be illustrated by some particular 
examples. 

Ex, 1. Consider the hypergeometric equation when y==*l; it is 


Let B denote the operator 
Taking 

H—O 

and the relations 
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wo have 




+p)(fi+p) ^ ^ (a+p)(«+>)+l)(/3+p)(^ + p + l)^ 


( 1 +P)“ 


(l+py(2+pr 


x^ + 


■■■) 


=C(,xPff(a, ft p, x), 
say. We also have 

Dy-xP-^CQp\ 

Clearly 

w-- Bl,.- 

are solutionii. 

In the present case, we can take c„ unity. The integral [y]p=o gives 

F(a,^,l,x) 

aa one solution. The integi'al [^J gives 
F{a, ft 1, a;) log a; 

2\ «(a+l)^J(^i + l)/l 1,1,1 2 2\ 

—102—Va+;r+T+^+/n-i io;^ +••• 

as the other solution. 


Bx\ 2. Obtain the primitive of the hypergeometric equation, when y is a 
negative integer. 


jSx. 3. Consider Bessel’s equation for functions of order zero, viz. 

%=‘^y'+y+^=o. 

It is not in the exact form of the general theory: to comparts it with that 
form, we note that 

an irrelevant factor x can bo removed. Wo substitute 




and choose relations among the constants c so that all terms other than those 
involving the lowest i)ower of x vanish; and we find 


provided 


xDzs:=CQa^x% 

(a+l)2ci=-0, 


(a+w+l)2(Jn +1 H-c„. 1 =0, 


the latter holding for 71 = 1, 2, 3,.... When these relations are solved, and the 
values of the coefficients c are substituted, we have 
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In the present instance, we have /o(a)— so that the equation is included 
in the first case (p. 261): the two linearly independent integrals are 


yi=Wa-o, 


The first of these is 


or, taking we have 


L^aJa»o* 

^ (-1 \ 
^o|A-22’^22.4‘^ **•/» 


For the second, we note that 


dll |(a 


4-2)2 (fl4'4)2...(a + 2p)‘^i 


2/1=Jo (x). 


1 


dc. 




da (a+2)2...(a + 2jp)2'''‘^"(a+'2)2...(„+2p)2 


jlogx 


_ _, 2 \. 

(a4-2)2...(a4-2p)2 \a4-2 "^0 + 4 ***^a4-2/?/ ’ 

and therefore, making Co=l, we obtain the second integral in the form 

y.= (l-p + 2,^,-...)logi: 


-v„iog.+ I (-i)'-V-V’’ 


where 




;.=I {n W 

The expression for 1/2 is usually denoted by Kq {x\ so that 

the primitive of the equation is 

y=^«/o(^)4-^Ao(.r)- 

Exo 4. Consider Bessel’s equation for functions of ortler ?i, viz. 

■%=‘^y'+4- ^ 0 ^ 

Constructing an expression 

2 == Co a;» 4-Cl .r ® * 14-^2^’* ^ 4-..., 

2 >«=Co x% 

{(a 4- wi)2 — ^2} c,„4-<?„,« 2 *=0, 


we have 
provided 
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the latter holding for m=l, 2, 3, .... When these relations are solved, and 
the values of the coefficients c are substituted, we have 






1 + 2)2-{(a+2)2-7i2} {(a + 4)2 
In the present instance, we have 


-^} •••]• 


/o (a) = tt2 - w2 = (a - n) (a + n), 

so that the equation is included* in the second case (p. 251) when n is not 
a whole number, and it is included in the third ciise (p. 251) when 7 t is a whole 
number other than zero. 


First, suppose that 7i is not a whole number. Then, when a=?i, take 

, _ 1 ^ 

‘’o- 2 „^ ; 

and when a — —7b, take 

The two integrals arc 

2/i = [^]a^n 

(- 1 )’* 

, rioIl(^i+r)n(r)V2; 

and 

.y2 = Wa--n 

^2 (-ir 

r=o^l(-9^ + r)^(r)V2; 

and the primitive is 

y = AJh + JjJ^n, 

Secondly, suppose that 7i is a whole number which will be taken to bo 
the positive square root of 7i\ the quantity that occurs in the differential 
equation. 


One integral is given by 

yi=Wa»»; 

taking to bo , we have 


^ 1 * 


("ir 


r==on(/i + r)n(r) \2 




* Strict comparison with the general case shews that the critical value arises 
when 2?i is a whole number. But the vanishing denominator factor arises through 
a quantity of the form (a + 2p)2 - w2, where p is a whole number: so that, whether 
tt be +n or -n, the factor can vanish only when n (and not merely 2n) is a whole 
number. 
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The second integral arises when One of the coefficients becomes 

formally infinite through the occurrence of a denominator factor (a + 2w)® — ; 

accordingly, we write 

Co=U{(a+2n)2-?22}, 


and then 
z^C{(a + 2 ny- 


(-lyC^E n {(a + 2r)2-n2}; 

r=l 




^ _ 

+ 2 ) 2 - m 2 ^— a; „_i 

^ n {(a+2r)2~n2} 

r=l 


+ £>“ + ^"1^1 („+-2„+2f-n2'''{(a 


+2n+ 2)2 — 7^2} {(a -f 2n +4)2—7i2} 


say, where Zi denotes the first line and 22 the second line in the exj^ression 
for z. And now 

Dz^C (a2 — 7 i 2) {(a + 271)2 — 7 i 2} a; ® 

{a — n) (a 4- (a + 3n) A’®. 

Two integrals arc given by a = — w; they arc 




and the former, by the general theory, is to bo a constant multiple of 
W.-»- Now 

—n— 

on account of the factor o + ti in each term of Zi; and 


so that 


—[^l]a=* -?» + [^2]a« (w) *’ 


and thus it provides no new integral. 
For the other, we have 


7 

_ 1 2Cn II (w -1 - 7 a)_ 

L5aJa^-n’”^n'(^i- lK=o W n(m)" 


say; and 




2«(n + l)(« + 2).l , 




say: so that the integral is 
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In f 2 i tbe part represented by 


(-lYn(n)ylr{n) ( 0 :^ 
* r=o n(r)n(^+r) w 


is a constant multiple of t/„; it therefore can he omitted, for Jn has been 
retained and any linear combination of integrals with constant coefficients is 
an integral. Rejecting this part, and choosing 


u==~-2-in(n-i), 


so that 


2»-»n(a)’ 

we have the second integral in the form 
/2\~ U(n-l-m) 


W n(wi) 


+ C27 r!o 5 -( 7 )n (^) C2 )' 

which differs only by a constant multiple of from the expression given in 
§ 105, Ex. 1. 

The primitive is 

Ex, 5. Integrate the equation 

Dy—xi^ — x’^) if ~ {x^ +4a;+2) {(X - x) y' +y} =: 0 

by moans of integrals proceeding in powers of x, (The equation can be 
integrated by quadratures: it is here used to illustrate the method of 
Frobenius.) 


We take 


and easily find that 


2=s 2 

n=0 


provided 


07 /)« == 2a (a — 2) CqX*^, 

0-c, (a2-l)-C6(« + l), 

0= 2 C 2 a (a 4- 2) — 2ci (a4- 2) — % (a - 2)^, 


2 (a4-a4-l){(^i4*a- l)Cn+i~c«}=(n-4'a-“3) {(w-4-a-3)Ctt_i~Cn-2K 
the last holding for n=2, 3, .... 

The equation /o(p)=0 here js 

p(p-2)«0, 
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so that the two values of a are 2,0. When a is made equal to 0, the coeflScient 
of C 2 vanishes as the equations stand; so that we write Ca, and then 



, < 70 ( 02 - 50 + 10 ) 



(a4"2) C^ssC2'i'a^A^ 
where A is finite, and so on. Thus 

.= CaV«(l +^J +c^.-2|i+^ +...| „), 

where Ji(.Vj a) is a regular function of os and a, which remains finite if a—0 
or a=2. For this value of we have 

^Z)2=2a2(a-2)(7.r» 

First, let 0 = 2; then an integral is given by [ 2 ]a« 2 ) which is 
2(7^(^l+a;+^, + ^,+...) ; 
or, making 2(7=1, an integral is given by 

yl=.^•2e». 

Next, let 0 = 0 ; then integrals are given by 



Taking account of the value of C 2 , the former of these is evanescent, and the 
latter is 

or, adding | Cyi and making (7= 1, we have an integral 

3^2 = 1-07. 

The primitive of the equation is 


Ex, 6. Integrate the equations: 

(i) x^{\+x) if - (1 + 2x) {xy' -y)=0; 

(ii) x^(l+x)f'-(2-{-4x)a^f‘^(4 + 10x) a:/~(4+12.r)y = 0; 

(iii) ^ (1 + x^) f - (2 + 4^) aY'+(4 +10^) .?y - (4 +12.r2) ^=0 ; 

(iv) 2 (2-.r)a7®y'-(4-a7)^/4'(3—d?)y=0; 

(v) (1-a7):cy 

(vi) 0By*'A’{4x^A‘V}ifA’^{^A’V)y^0\ 
obtaining integrals in each case in series of powers of x. 


FDE 


9 
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Ex, 7. Discuss the integrals of the equation 

0? (1 - y" + {1 — +1) *r}y—a&?/BsO, 

which proceed in powers of 1—jr; indicating their form in particular when 
a-f 5=1. 

Shew that the above equation includes Legendre’s equation 
(1 - z^) f - 2^/ (;?+1) .y=0, 

the relation lx)twoen the indoi)cndent variables being 

js=1 — 2^; 

and hence obtain an expression for the primitive of Legendre’s equation. 

Ex, 8. Integrate the equations: 

(i) xhf 4- 4 (.*?+a) ?/ = 0; 

(ii) + 

where a and h are constants. 

II. 

EQUATIONS HAVING ALL THEIR INTEGRALS REGULAR. 

This note is restricted, for the sake of simplicity, to linear 
equations of the second order. For the discussion of the corre¬ 
sponding questions affecting linear equations of any order, reference 
may be made to my Theory of Differential Equations, vol. IV., 
Chapters III., iv., vi., vii. 

We have had numerous examples of linear equations of the 
second order in which the integrals belonged to one or other of 
two types. One type was represented by a power-series, say R (w). 
The other type was represented by an expression involving power- 
series and a logarithm. Thus for Legendre's equation, in varying 
circumstances, we have had solutions given by 

(i) Fn and 

(ii) Qn and logo;-hR^, 

(iii) Pn and Pn log (v + 8n, 

where P„, Qn, Rn, Sn, are power-series. Similarly for Bessel's 
equation, in ascending powers of and for the hypergeometric 
equation. Such integrals are called regular. 
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Some equations have all their integrals regular, whatever be 
the variable of expansion in the power-series. Thus all the 
integrals of the hypergeometric equation are regular, whether 
they proceed in powers of /», or 1—or Ijx, or 1/(1—a?), or 
— 1), or (a; — l)/a;. All the integrals of the Legendre equation 
are regular. The integrals of the Bessel equation are regular 
when expanded in ascending powers of x ; but (Ex. 2, § 105) they 
are not regular when expanded in descending powers of x, for the 
power-series in 1/a? are multiplied by or 

It follows that we may expect to obtain a special class of 
equations, characterised by the property that all their integrals 
(in whatever expansions they are taken) are of the type called 
regular. We proceed to obtain their general form, when we deal 
only with equations of the second order, represented by 

where we shall assume that P and Q are uniform functions of x. 

In the first place, if the equation has an integral 
y — u log {x —a)V, 

where u and v are series of powers in x — a, then 


is also an integral. Let the former be substituted in the equation; 
then 

fdhi, ^ 


(S'+ + 


dv u_ 
dx X — : 


+ Qv + 


x — adx 


(x-af^ 


which must be satisfied identically when the power-series for u 
and V are substituted. The only way, in which the terms in¬ 
volving log(.:z? — a) can disappear, is by having 
dHi , Tidn ^ ^ 

identically—which shews that y = -a is an integral of the equation. 

Accordingly, we have two cases to consider, viz. (i) when there 
are two linearly independent integrals in the form of power-series, 
say 

yi w, 
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where u and w are series in ascending powers of cc ; (ii) when there 
are two linearly independent integrals 

yi-u> y2 = ^loga7 + v, 

where u and v are series in ascending powers of x. 

In case (i), let the first term in u be aoO^ and the first term in 
w be Without loss of generality, we can assume that m and 
n are unequal; for if they were equal, we should substitute 

CqU — a^w 

for either u or and the requirement would be satisfied. 

In case (ii), let the first term in u be a^x'^ and the first term 
in V be Again, without loss of generality, we can assume 
that m and I are unequal; if they were equal, we should sub¬ 
stitute 

for y 2 i and then the requirement would be satisfied. 

For both cases, we have 


da? 


dx 


and therefore 


dx y^dx) da? da?)’ 

O-_^ 

v^dx y^di)^~ \dx da? dxda?)- 
Case I. Taking the expansions in ascending powers of x, we 
have 

y3^-yi^=aoCoim-n)x”^^ + . 


d^yi 

y^d^-y^ 


■ = GoCo (m — n) (m + w — 1 ) 4 .,.. ^ 


dx 

d/^y% 

Now m — /I is not zero; hence 

_ 4- n — 1 4 - powei^ of X 

1 4 powers of x ^ 
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that is, when P is expanded in powers of x, it may contain a term 
in ^ as its lowest term; otherwise it will contain no negative 
power. Again, 

^ ^ mn -f powers of a: 

w^Q = ——t--— , 

1 -f powers 01 oc 

that is, when Q is expanded in powers of a?, it may contain a term 
in ^ as its lowest term, and also a term in ~. Clearly P contains 
no term with a negative index, if + w == 1; and Q does not con¬ 
tain the term in ^, if m orn is zero. 
ur 


Case II. We have 


I T> id A 


drv 2du u fdv u\ ^ ^ 

There are two sub-cases, according as m < Z or m > 

We proceed as above. When m < Z, the lowest term in the 
expansion of P is 

2m — 1 


and the lowest term in the expansion of Q is 


When m > Z, the lowest term in the expansion of P is 

Z + m —1 


and the lowest term in the expansion of Q is 

Im 


The forms of P and Q, as regards the index of the lowest power 
of X which they contain, are the same as before; the quantity xP 
contains no power of x with a negative index, and the quantity 
a^Q contains no power of x with a negative index. 
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Hence for all the cases it follows that, whm the integrals of tlw 
equation 


are expanded in ascending potvers of x, and are of the type called 
regular for that expansion^ xP and x^Q must be devoid of terras 
with negative indices when they are expanded in ascending powers 
of X, But xP does not necessarily contain a term in and 
does not necessarily contain terms in aP and x^. 

Next, consider expansions in powers of x — a, where a is any 
finite constant; thus a = l for the hypergeometric equation. 
Writing a? — a = we have the differential equation in the form 


where now P* and Q are uniform functions of t In order that the 
integrals, when expressed in powers of t and of a possible log t, may 
be regular, tP' and must be devoid of terms with negative 
indices when they are expanded in ascending powers of t Conse¬ 
quently, when P and Q are expanded in ascending powers of a; — a, 
it is necessary that {x — a)P and (x — af Q should contain no terms 
with negative indices, if the integrals of the equation are to be 
regular so far as concerns expansion in powers of x — a. 


Further, consider expansions valid for very large values of x. 
We change the independent variable from x to z, where xz—l \ 
and we consider expansions in ascending powers of z. The equation 
becomes 

where 



In order that the integrals of the equation, when expressed in 
ascending powers of z and of a possible log z, may be regular, zP" 
and must be devoid of terms with negative indices when they 
are expanded in ascending powers of Consequently, when P 
and Q are expanded in ascending powers of z, P must begin with 
a term involving at least the first power of and Q must begin 
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with a term involving at least the second power of z. Therefore, also, 
when P and Q are expanded in descending powers of x, P must 
begin with a term involving at least the first power of Ijxy and Q 
must begin with a term involvingat least the second power of 1/x. 

We have considered the forms of P and Q for all the expansions 
that are to occur: the results may be gathered together so as to 
provide the complete explicit forms of P and Q. Let Uj, a 2 » •••> 
be all the different finite values of x (including zero) that need to 
be considered; and write 


T=(x — ai)(x — Oa) ... (x — Un). 

Then, for expansions in ascending powers of a* —a,., the product 
TP contains no term in x — ar with a negative index; and this 
holds for each of the quantities Ui, ..., a„. Hence TP will contain 
only terms with positive powers for each expansion; so denoting 
this quantity by M, we have 

TP^M. 


Similarly, the product T“Q will contain only terms with positive 
powers for each expansion; so denoting this quantity by we 
have 

T^^Q^N. 


When the integrals are to be regular for large values of x, we 
imagine P and Q expanded in descending powers of x ; and then 

P must begin at least with a term in -, while Q must begin at 
least with a term in \. Now 

X" 




and T is of degree n in x. Now P is not to have any positive 
power of X and not to have any constant term; hence ilf is a 
polynomial in x of degree not greater than n — 1. Similarly, Q is 
not to have any positive power of a?, no constant term, and no term 

in ~; hence iV is a polynomial in x of degree not greater than 

X 

2 «- 2 . 
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We thus have the result:— 

The most general form of linear equation of the second order, 
which has its integrals everywhere of the type called regular, is 

da?^ T dx^ ~ ’ 


where T is a polynomial in x of any degree n having no equal roots, 
while M and N are polynomials in x of degrees not greater than 
?i — 1 and 271 — 2 respectively. 

These equations were first discussed by Fuchs* by a different 
method, and for any order; so they are often said to be of Fuchsian 
type. 


It follows, from the theorem which has just been proved and 
from the analysis used in the proof, that, when an equation 


is given, where P and Q are rational functions of x, we can at once 
settle by inspection what are the expansions that give regular 
integrals and what are the expansions that do not give regular 
integrals. 

The regular integrals would be constructed by the method of 
Frobenius. 


Ex. 1. Legendre’s equation 

° 

is of Fuclisian type. For having unequal roots; also w = 2. Now 

J/'srr — 2ar, so that its degree is not greater than 7i — 1; and 
N-=p (p+ 1 ) T.=p (p+ 1 ) (1 - 

so that its degree is not greater than 2» - 2. All the conditions are satisfied: 
the integrals are everywhere regular. 

Similarly all the conditions are satisfied for the hypergeometric equation 

its integrals are everywhere regular. 

Ex. 2, Consider Bessel’s equation 

dh/ 1 » 

Here T^r^x, with a single root, and n=l. 

* CreUe, t. txvi. (1866), pp. 189—164. 
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The quantity M is unity. As regards expansions in ascending powers of 
the condition for M is satisfied; and for expansions in descending powers of 
the condition for M is satisfied. 

The quantity iV is For expansions in Jiscending powers of x^ we take 

iV'ss — and the condition is satisfied. For expansions in descending 

powers of a?, the degree of the polynomial N should be not greater than 2 (1 — 1), 
while it actually is equal to 2, so that the condition is not satisfied. 

The integrals of Bessel’s equation are regular for expansions in ascending 
powers of x ; they are not regular for expansions in descending powers of x. 

Ex. 3. Shew that the equation 

dy . a 

T dx"^ ’ 

where 

T=(x—a) (x—h) (.r—c), 

no two of the three constants a, &, c, being equal to one another, and a, a\ 
y, denoting constants, has all its integrals regular. Obtain these integrals, 
in expansions in x~-x — hf x - c, Ijx, respectively. 

Ex. 4. Discuss the preceding equation for the cases 

(i) a=^h^c; 

(ii) a^h—c; 

obtaining in eiich case such integrals as are regular. 

III. 

EQUATIONS HAVING SOME (BUT NOT ALL) INTEGRALS REGULAR. 

We have seen that an equation (such as Bessel's, for example) 
may satisfy the conditions that all the integrals may be regular 
for one expansion and not all be regular for another. 

The question then arises; if not all the integrals are regular for 
one expansion, are there any that are regular for that expansion ? 

For simplicity, we shall consider an expansion in ascending 
powers of £c ; and we shall, as before, represent the equation by 

Dy = y" + P/ + Qy = 0. 

When all the integrals are regular, the coefficients P and Q 
have the form 

^=^+pi+p>^+--> 


9-5 
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and the index p for a regular integral 

y = + ..., 

obtained by the Frobenius method with the relation 
Dy Coicf*'-- {p (p - 1) + Pop + ?o}, 
is a root (p. 251) of the indicial equation 

p (p - 1) +pop + qo = 0, 

which is a quadratic. The method of proceeding has already been 
explained. 

Now suppose that not all the integrals are regular; thus 
either P, or Q, or both P tmd Q, must cease to have the fore¬ 
going form. We still contemplate the possibility of an integral of 
the form 

y = -f .... 

First, let P have the same form as before, and let 


Q 




+ + + + 


y 


then, when we use the Frobenius method for the construction of 
the integral, we have 

Dy = CoX^'^^qo- 

The indicial equation is 

qo=^ 01 

that is, there is no index p, and therefore no regular integral. 

Next, let Q have the earlier form, and let 


when we use the Frobenius method for the construction of the 
integral, we have 

Dy^coso^^p^p, 

so that the indicial equation is 

PoP = 0. 

Thus there is one index, viz. p = 0. The equation may have one 
regular integral; so we should construct the expression by the 
Frobenius method and, in any cjise where the series obtained is a 
converging series, we then do obtain one regular integral 
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Next, let neither P nor Q have the earlier form; let them be 

When we use the Frobenius method for the construction of the 
integral, we have 

so that the indicial equation is 

P^P + ^0 = 0 . 

There is one index, viz. p = — qolpo» The equation may, or may 
not, have one regular integral; we proceed as in the last case. 

So for other forms of P and Q, What is done in every case is 
to take the initial stage in the Frobenius method, so as to obtain 
the indicial equation. 

If the indicial equation has one root, the differential equation 
may have one regular integral. We continue the Frobenius method; 
according as it does or does not give a significant expression in the 
form of a converging series, we infer the existence or the non¬ 
existence of one integral which is regular for the expansion. 

If the indicial equation has no root, the differential equation 
has no integral which is regular for the expansion. 

Kv. 1. Has the equation 

any regular integral proceeding in ascending powers of a? t 
When we construct the indicial equation for a possible integraly 
we find it in the form 

2cop=0; 

that is, there is one possible index, given by p=0. So we substitute 

as the expression of a regular integral, if it exists; and we proceed to make it 
satisfy the equation formally. The law among the coefticients is 
(n2-.4)c„4.2(?i+l)c„+i=0; 

so that 

Ci = 2Co, C2 = |Ci, C3«0, C4=0, .... 

There is one regular integral, given by 

y*=Co(l+257+f^2y 
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Ex, 2. Has the equation 

any regular integral proceeding in ascending powers olx\ 

When we construct the indicial function for a possible integral ,,, 

we find it in the form 

Cq (p *— 3)=0 j 

that is, there is ono i)ossible index, given by p = 3. So we substitute 

^=Coa:^+Ci^+C2^+... 

as the expression of a regular integral, if it exists; and, as before, we proceed 
to make it satisfy the equation formally. The law among the coefficients is 

<Jn+i=-(»+4)Cn, 

so that 

Ci«-4Co, C2=-^^1 = 20(30, .... 

The series diverges, and thus is not a significant expression. The differential 
equation has no regular integral, proceeding in ascending powers of x. 

Ex, 3. Discuss the following equations, in regard to their possession of 
regular integrals, proceeding in ascending powers of x ;— 

(>) /'+p(«+*)/-^^^=0. 

where a and h are constants; 

(ii) y'+^(4a-a.)/-i(eia+Jx)^=0, 
where a is a constant; 

(i«) y'+^y-j^(5+2A-3)y=0; 

(iv) —(1-2a?+2^2)y+(l—^)*y=0; 

(v) :ry'+(ar-l)y'+y=0. 

In every case when the equation possesses a regular integral 
(which we denote by we can obtain an expression for the 
primitive of the equation. Proceeding as in § 58, we obtain this 
primitive in the form 

where A and B are arbitrary constants. 
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EQUATIONS HAVING NO REGULAR INTEGRALS. 

The question next arises as to whether an equation, which 
possesses no integrals of the type called regular, still possesses 
integrals of a recognised type or types in connection with which 
expansions can be used. As in the preceding discussion, we shall 
limit ourselves to expansions in ascending powers of oo. 

If a linear equation of the first order 


possesses a regular integral 


then 


22 = 

os 1 4* CiX + 4-... ’ 

Hence, when expanded in ascending powers of x, R is of the form 


22 = — ? 4- 4- 02^7 4 4-... > 

X 

that is, R may contain a term with index — 1, but it cannot contain 
a term with an index lower than — 1. 


If then, for a given linear equation as above, the expansion of 
R in ascending powers of x is of the form 


s- I, I) 1 , 
01 * 



— - 4 Gi 4 4- 4 

X 


the integral of the equation will not be regular, in the previous 
sense of the term. Take 


n=^ + -: 

X or 



(a:) = e ■ , 
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SO that fl is a polynomial in - , and (x) can be expanded in a 

cs 

converging series of powers of a?. We have 

y — 

where A is the arbitrary constant. 

The expression for, y in this integral consists of two factors. 
One of them is an expression of the type which has been 

called regular; it can be expanded in ascending powers of x. The 
other of them is which cannot be expanded* in ascending 
powers of x. Accordingly, we have an integral, quite definite in 
type, and quite distinct in type from regular integrals. It is 
customary to call such an integral normal. 

Hence, for equations of the second order which have no regular 
integrals for the expansions in ascending powers of x, we proceed 
to enquire whether an equation 

has a normal integral. If it docs possess such an integral, say in 
a form 

y = €^Uy 

where is a polynomial in Ijx, the equation for u must possess a 
regular integral. Now, on substitution, we find that the equation 
satisfied by ii is 

+ QiW = 0, 

where 

Pi-p+2n', Qi=Q+pn'+n"+n^ 

There are two ways of proceeding at this stage; but, in each 
of the ways, the effectiveness depends upon the forms of P and Q. 

Firstly, suppose that fl' can be chosen so that all the terms, in 
the expansion of Pi, in ascending powers of x and having indices in 
those powers less than — 1, disappear. Let P© denote the remaining 
terms in Pj, so that Pq is of the form 

~ + 62^ d* ^8®^ “h •... 

X 

* The value 07=0 gives what, in the theory of functions, is called an essential 
singularity of the function e^. 
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Let Qo denote the resulting value of Qi when this value of XI' is 
inserted; and let the expansion of Qq, in ascending powers of x, be 


of 


+ 


. . . + + Oto + + 02 ^^ + .... 

X 


If 5 > 2, the indicial equation possesses no root; the differential 
equation in u, for this determination of fl, possesses no regular 
integral. But if 5<2, the indicial equation possesses two roots; 
the differential equation in ii then possesses two regular integrals, 
which can be obtained by the customary Frobeiiius method. In 
the latter event, the original equation in y possesses two normal 
integrals. 

Secondly, if the preceding way is not effective, suppose that the 
coeflScients, and the initial index of the highest negative power of 
Ijx in fl', can be chosen so as to make the lowest power of x and (if 
possible) succeeding powers in Qi acquire vanishing coefficients. 
For this value of Xl', let Pg and denote the resulting values of 
Pi and Qi; then the equation for u is 


dx^ 




If this differential equation for u possesses a regular integral or 
regular integrals, then the original equation for y possesses a 
normal integral or normal integrals. 

Thus, in any particular case, we have two definite alternative 
methods of trying to discover whether the given differential 
equation does or does not possess a normal integral. 

Ex. 1. la there any normal integral of the equation 

y"+^2(2+^)y+^4(i-^-^’)y=o> 

which is easily seen to possess no regular integral ? 

Here we have 

P 2.1 

Accordingly, adopting the first method of proceeding which has been indicated, 
wo choose 

2Q'+|=0, 




1 



that is, 
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Pi = P+2n' 


Qi = Q Q" + 


and therefore the equation for u is 

24"+ - w'--7^=0. 

X X 

This equation has two regular integrals Ui and where 
*" ^ + ^lyi ■*“ ( 31 ) 2 ’ 

« 2 =«, log.r-2 \ + (j + ^) + (} + ^ + 1) +•••} ; 

and therefore the original equation has two normal integrals 


Ex. 2. Has the equation 


any normal integral ? 


y'"42'=o 


Manifestly, as P=0, the first method of procedure cannot be adopted: so 
we adopt the second. The expression for Qi is now 


so we take 




fi'=- 


and assume a®=1, so that a= ± 1. We now have 


the equation for is 


P -2® o- . 




This is satisfied by for both values of a; so the original equation in y 
1 

has two normal integrals xe *, and its primitive is 


y==a? (Ae*+i5e~*). 


Ex. 3. Has the equation 
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where p is a positive or negative integer, any normal integrals ? (It is easily 
seen to be BessePs equation, with 1 jx for variable in place of x; and its indicial 
equation shews that it has no regular integrals with expansions in ascending 
powers of x.) 


Again, the first method of procedure cannot bo adopted, owing to the form 
of F; for it would only give So we adopt the second method. The 

expression for is 

We take 



where — 1. Accordingly, we choose a= - i; and then 



x^^ 




so that the equation for u is 

u" - ^ (2t - a.-) 


The indicial equation for the t4-difFcrontial equation is . 

— 2?pH-i=0, 

that is, a possible value for p is Wo therefore use the Frobenius method 
to see if there is a regular integral 

u=xi (co+CiX+C2X^-i-.,,); 


and the application of the method shews that this expression will satisfy the 
differential equation, if 

2sc,i ={(» - i)* - (p -1)='} c,_ 1 , 


for all the values of s. We thus have 

.(*-p)(f+p-i) 

* 8i ~ 




so that, whether jp be positive or negative, the series for u becomes a polynomiaL 
Let 

(i-p)p-(2-p)(p+i) ^^y I _ 

v-n (l-p)p.(2-j))(p+l).(3-p)(p + 2) _ 

'-K^-p^Pg 1 . 2.3 \ 8 / 

then the regular integral u becomes 

co(l7--iV)xi, 

and the corresponding normal integral y is (on dropping the constant o^) 
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A second normal integral is obtained by changing the sign of i ; it is 

i 

{U+tV)xi, 

Thus the original equation has two normal integrals; and its primitive can be 
expressed in the form 

Asui I U cos ^> 

where A and a are arbitrary constants. 

This result may be compared with the expression of for large values of 
x given in Ex. 2 , § 105. 

Ex, 4. Discuss the following equations, as regards possession of normal 
integrals:— 

(i) + 

(ii) '+ 2 ^y — (a^ + 2 a? 2 ) = 0 ; 

(iii) 4x*y' - (4 +12.r+ Sx'^) 3 ^=0. 

Ex* 5. Shew that the equation 

possesses two normal integrals, if the constant a is an oven integer. 

Ex. 6 . Shew that the equation 

/' = -(!+a»2)y 

possesses a normal integral if a is equal to 3, or 1, or -1, or - 3. 

In the preceding methods for the determination of normal 
integrals, when they exist, there is the assumption that the 
quantity fl is a polynomial in 1/x, But in the second of the 
processes, where fl is determined in connection with the quantity 
Qi, where 

in such a way as to make the lowest terms in the expansion of Qi 
disappear, it is the quantity and not the quantity II", which 
supplies the governing terms in the expression for 12, For, if II 
begins with a term in where w > 0, then 12^ begins with a 
term in and 12" with a term in so that the lowest 

term in 12'^ has a lower index than the lowest term in 12". 
Accordingly, we have to balance the orders of the lowest terms 
inI2'«,PI2',Q. 
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Now it may happen that, in this comparison of lowest terms, 
the indices of the powers of Ijx which occur in become 
fractional, if the coefficients of the lowest power or powers in Qi 
are to disappear. In that event, it is customary to call the corre¬ 
sponding integral (if it exists) of the y-equation a subnormal 
integral. The general process of determining subnormal integrals, 
when they exist, is exactly similar to that adopted for the deter¬ 
mination of normal integrals*. One or two examples will suffice 
to illustrate the process. 


Ex. 7. The equation 

has no regular integral and no normal integral, for expansions in ascending 
powers of x. Has it a subnormal integral for such expansions ? 


The first method of proceeding is not effective; so we adopt the second 
method, by which Q is to be chosen so that the lowest powers of x in 




5 

Ux^ 




shall vanish, Q being kei3t infinite when Manifestly we can take 




with either sign for a; and then the differential equation for tij where 




IS 


„ 2x , /3 a 5 1 \ .. 


Change the independent variable from x to z, where x=z^; then the equation 
for u is 



The indicial equation for expansions in ascending powers of z, for this 
differential equation, is 

4ap — 6a=*0, 

so that there is one possible index, viz. Accordingly, we take 

(C0+Ci2:-hC2«2+...)> 

* For a fuller discussion of the whole matter, reference may be made to my 
Theory (^Differential Equationst vol. iv., ch. vii. 
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Bubstituto it in the difiereiitial equation for and determine the coefiicientB 
so that the equation may be satisfied formally. Wo find 

C3“0, •••; 

and so the value of w, a normal integral of the w-equation, is 

where Cq is an arbitrary constant. 

Moreover, a is either of the square roots of a\ Hence the primitive of the 
original y-equation is ^ 

y = id e “ -f 2a ’ 

where A and B are arbitrary constants. 

Ex. 8. Shew that the equation 

has two subnormal integrals, when the constant h is equal to -1) (2w 4* 3), 

where n is any positive integer. 

Ex. 9. Shew that the equation 

where a is an odd integer and h is any constant, has two linearly independent 
subnormal integrals. 

Ex. 10. Does the equation 

^Y'+«/+&y=0 

possess any integral, which is regular or normal or subnormal for expansions 
in ascending powers of ^ ? 

N 



CHAPTER VII 

SOLUTION BY DEFINITE INTEGRALS 

136. The principal methods, which lead to expressions for the 
dependent variable in terms of the independent variable by means 
of what are ordinarily called known functions, have now been 
given. There is however another method which certainly leads to 
a solution of some differential equations though the full evaluation 
by the operations indicated may not be carried out. This method 
consists in expressing as a definite integral the value of the 
dependent variable; its chief application in ordinary differential 
equations arises in the case of a certain general class of linear 
equations which can otherwise be solved in series, though not in 
so concise a form. The method is however of primaiy importance 
in the solution of those linear partial differential equations of order 
higher than the first which arise in investigations in mathematical 
physics; in fact, in some questions these solutions by means of 
definite integrals constitute the only solutions hitherto obtained. 
At this stage, however, we are concerned with the application to 
ordinary differential equations. 

136. The method applies with peculiar advantage to linear 
equations, into the coefficients of which sc enters only in the first 
degree, and in which there is no term independent of y or of 
differential coefficients of y ; such an equation, in its most general 
form, is 

(o„+6o®)^+(az+6i®)^^+.. •+(0,^-1+6„_ia:)^+(o„+6„a!)y=0. 
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where the a’s and b’s are constants. This may be written 

where (j) and yjr are rational integral functions of the order n 
in general, though the order of either may diminish through 
the vanishing of some of the coefficients. To solve this equation, 
we assume 

where f is a function of t but not of x\ the form of this function 
and the limits of integration (supposed independent of x) are to 
be determined by substituting this proposed value of y in the 
differential equation. Since 

the result of the substitution may be expressed in the form 

Tdt 4- Tdt — 0, 

which must be identically satisfied. The former of the terms, on 
being integrated by parts, is superseded by 

and therefore the identity becomes 

[e^4,{t)T]-fd^ [I{<#.(<) T}-1(0 r] dt = 0, 

the first term being taken between the limits of the integral, which 
as yet are unknown. Now this will be satisfied, if we make 

for all values of t included within the range of integration, and if 

at the limits. The former of these equations determines T as a 
function of t ; the latter will determine the limits of this assumed 
integral. 
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137, To derive the value of T, we write the first equation in 
the form 

and therefore 

<!>{(} T=Ae^^^'>'^\ 

where A is an arbitrary constant. Hence the value of y is 




.r^+f 

o J 


Mt) 

f(0 




dt 


dU 


taken between limits of integration defined by the equation 



these limits being independent of x. 


138. We have now to determine the limits, 
equation 


Ae 


H'u 


Consider the 


where pi is a constant. Let /3i be a value of t independent of x 
and satisfying the equation; let /ig, ..., be other constants and 
ySg, .»., ^ry be corresponding values of ty all independent of x. 


If the value 

2/ = P Tdt + A., P ^^Tdt + ... 

J Pi J Pi 

be substituted in the equation, and if for each of these definite 
integrals (T being assumed to have the value before obtained) 
a single integration by parts be effected, as in the preceding 
analysis, then that the equation may be satisfied we must have 



and when this is identically satisfied the foregoing value of y is 
a solution of the equation. This last identity will indicate such 
necessary relations as may subsist among the arbitrary constants A, 
and so will fix the number of independent constants. When this 
number is the same as the order of the differential equation, 
the foregoing value of y is the primitive; but if it be less, the 
number of particular solutions necessary to make up the primitive 
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must be otherwise determined. Examples will be given here¬ 
after. 

139. This is the most general method of obtaining the limits; 
it includes as a particular set the limits obtained by taking those 
roots of the equation 


f 


dt 


which are independent of x ; they obviously make 




and they are usually the simplest obtainable. When this equation 
indicates only two limits distinct from one another, these will 
give the only definite integral immediately derivable in such an 
example. If, however, more than two, say r +1, limits be indicated, 
then r particular solutions may be constructed; in fact, denoting 
these limits by a, )9i, ySj., ..., we derive from them as the corre¬ 
sponding part of the primitive 


y 


Ja 




Ex. 1. We apply the foregoing to obtain the primitive of the equation 

S-^=o. 

Here we have, with the above notation, 

</>(<)=-!, 

f (()=(”; 

or, changing the sign of the arbitrary constant, this is 

tn+l 

while, in accordance with the general rule, the equation determining the 
limits is 


and therefore 




/n+l 

n+i _ 


Ao 


Now this is satisfied by ^=oo when ft is zero, and by ^=0 when -^Aq; 
hence we may take 0 and oo as the limits of the definite integral, which thus 
becomes 
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It must be noticed that, just as in the general case one of the definite 
integrals alone was not a solution of the differential equation, this is not 
a solution of the equation, because the terms outside the integral are 





— -do, 


instead of zero, 
equation 


This value of y is therefore the Particular Integral of the 


dx**- 




Now the quantity T does not change, if for t we write where q> is a root 
of the equation 

Moreover, the limits of the definite integral are unaltered since in the equation 
determining those limits the term xt in the exponent has changed into x^t 
which, so far as this equation is concerned, is the same as changing x into a*q>, 
a change which has no effect on the limits since they are independent of x. 
Hence we have another definite integral in the form 




/n-fl 


or, when the w i» moved outside the sign of integration, it iit 

/n+l 
/•CO J 

(oAi I e dt, 

yo 

Forming now those definites integrals for all the roots of unity 

and adding them together, we find as the expression for y, which has to be 
substituted, 

y^Aoj e di+c^AiJ e dt+ . + a>»AnJ^ e dL 

When this value is substituted, as in the general investigation, the terms 
which are under the integral sign vanish identically; and that part of the 
expression taken between the limits, which is furnished by the integral 
involving is Ar> Hence the resulting equation, when this value of y is 
substituted in the.difierential equation, is 


Ao-i-Ai + .+ -4,jae0. 

If then this single condition be satisfied among the n + 1 arbitrary constants, 
the above expression for y is the primitive of the differential equation 

d^y 
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Ex. 2. Prove that the above expression for y is the primitive of the 
equation 

provided the constanta A satisfy the condition 
Ex. 3. Prove that the primitive of the equation 

is, for positive values of given by 




_/ .(.+S) 1 f S(S+a), ,-l 

—a) ^ ^ ^du 


3J (u — a) 


^ ^ (u-p) ^ ^ 


Obtain the corresponding primitive for negative values of x. 


(Petzval.) 


Ex, 4. Solve 




where a and q are constants. Here 

<l> — q^, ylr(t)=at, 


so that 




Hence one solution of the equation is 




taken between the limits given by 
To obtain the limits, write 

e*‘(<2-g«)i“=0, 

and suppose a positive; then two roots of the equation are given by 

t= +q and t—-q. 

If now X be restricted to positive values, a third root is given by 

- 00 , 

while, when x is negative, a third root is given by 


f»=+oo. 
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As in either case we have three values given by the limits equation, we can 
construct two distinct particular solutions and so have the primitive. Thus 
when X is jx)sitive, the primitive is 

y=A j" Vrfi!; 

while, when x is negative, the primitive is 

Ex. 5. Verify that, when a lies between zero and 2, the primitive of the 
equation is 

y=Cij ^sin® ~^ 6 d 6 -h 02 X^'^ ^sin^~^c?^, 

unless a bo unity, in which case the primitive may be written 
y-j'’ {A+Jilog(u;sm^6)} eie. 

(Boole.) 

Ex, 6. Obtain by means of definite integrals the primitive of BessePs 
equation. 


140. The foregoing general linear differential equation is one 
with variable coefficients which are of the first degree in the in¬ 
dependent variable; and the definite-integral solution was ob¬ 
tained by means of a linear differential equation of the first order 
determining the unknown function T, It is not, however, the only 
type of differential equation to which the assumed form of integral 
is applicable; it is, in fact, a particular case of a more general 
process, indicated by the following proposition. 

The solution, hy means of definite integrals, of the general linear 
differential equation of the order, whose coefficients are not 
constant hut are polynomial frictions of the independent variable of 
degree not higher than m, can he made to depend upon the solution 
of a linear differential equation of order not higher than m, the 
coefficients of which are variable. 
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where Xr (for all values of the suflSx r) is a function of oc only, of 
degree not higher than m, given by 

Xi.if tty *4“ OtfX"" “f“ •••••• "f* ^ “I" 9 

while for some values of r some of the coefficients of the highest 
powers of x may vanish. Taking a particular solution in the same 
form as before, we write 

2/ = J e^^Tdt 

with the limits as yet undetermined, and T an unknown function 
of t Now this value of y gives 

and therefore the equation, when this expression for y is substituted 
in it, becomes 

^ (f'^TlV^Xn + P^'^^Xn^i + .+ tXi ■+• X^ dt = 0 , 

which must be identically satisfied. Kearranging the expression 

P^Xn + + *.+ ^Xi + Xof 

so that it may proceed in powers of x, and writing 

dn “1” 1 ^ "1" •••••• "i” Clj ^ “t" Gt-o ^ Uq9 

+ ...... H- bit + to ~ 

”h .+ kit 4“ A?o ~ ^ m—ii 

Int^ + ln^it^^^ + .+ ht 4- 

we transform the above equation into 

J*6^^ ^^[iToq" UiX-i- Ulixp" 4“.4" U 4“ UifgiX^^dt = 0. 

Now the left-hand side is the sum of m + 1 integrals of the 
form 

je^TUrOs^dt i 
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and each of these can be integrated by parts until the variable x 
ceases to occur except in the exponential. Thus we have 


je^^TUrordt = - j^{TUr) + ... 

+ (- IX"’ +(-Jrfe'^ % (TUr) dt. 


the part without the sign of integration being taken between 
the limits of the integral, as yet undetermined. Denoting the 
expression 


af-^TUr 


by Vr for all values of r except zero (in which case no integration 
by parts is necessary), and applying the foregoing formula to each 
of the definite integrals on the left-hand side of the equation, we 
change the equation into 



. 

This will be identically satisfied if the unknown function T be 
chosen so as to satisfy the equation 


Ttr.-lcrfTo+gTO)-.+(-i)«^(j.o;.).o 


for all values of t between the limits of integration. These limits* 
must be determined by 



Now this equation determining T is linear with variable co¬ 
efficients, and it is of the order in, but it may degenerate to one of 
lower order; when it is solved, a definite-integral solution of the 
original equation is derivable. 

Hence the proposition follows as enunciated. 

* The more precise determination of the limits of the definite integral and of 
its i;ange is a matter of great difidculty in the general case. The most important 
contribution of this subject is due to Poincar4; an account of his investigations, 
leading up to what are known ^as asymptotic expansions, will be found in the 
author's Theory of Differential EqxuitionB, vol. iv., §§ 101—105. 
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Since the equation which determines T is of order m, it will 
have m independent particular solutions; these may be denoted 

by Ti, Ti, .. Tin- Corresponding to these, there will be m 

particular solutions of the original equation obtained by substi¬ 
tuting for T in 

Je^^Tdl 

these m values in turn. 


141. In the case when m = 2, the equation which determines 
T becomes 

ro.-|(ro',) + g(rpj.o, 

or, what is the same thing, 

The following arc some of the special cases in which this equa¬ 
tion can be integrated very simply. 

(1) Let the coefficients a, 6, c, be such that the equation 

d?TJ<2. dUi ^ jj _^ 

is satisfied for all values of t ; then the value of T is easily proved 
to be 

dt 

_*-'2 




ur 


(2) On multiplying the equation throughout by ZZg, we can 
rewrite it in the form 


dt 


(wf) - n. TJ. f - u. (f - - £r.) r- 0, 

of which is a perfect differential 


the left-hand side of which is a perfect differential if 

d 
dt 


that is, if 
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If the values of a, b, c, be such as to make this an identity, then 
the vahie of T is given by 

U^^-U,U,T=A, . 

which leads to the result 


Te 


-/ 




lU 






(3) When the equation in T is reduced to its normal form by 
the substitution 


the new equation is 


TU.e-^^v.-^=S. 


^ + ®S-0, 


where « " rl'i 

A solution of the equation is at once obtainable when ® 
vanishes, i.e. when 

TO.JW + i!74,(5). 


Further, immediately integrable cases are furnished when ® is 
a constant, or is of the form or of the form X(e+ fiYK 

In any case, whatever be the relations among the constants in 
the functions the solution of the equation determining T is of 
the form 


The equation giving the limits of the definite integral is 

which is satisfied by the values of if any, common to 
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Ex, Integrate, by means of a dejSnite integral, the equation 


where ft is a constant, 

142. Another set of equations to which the method of solution 
by definite integrals can be applied is the set derived from 


dx^ 


= 0 


for different values of n. To solve this we assume 

where t denotes an unknown function of x alone and P an unknown 
function of p alone, both of which functions, as well as the limits 
of the integral, have to be determined. Differentiating the value 
of y twice and substituting in the equation, we find 

I Pdp -1e-P«^P ^dp = 0. 

Choose the unknown function t so that 





and suppose that X is positive and equal to c^, so that 
ential equation is 


i-ne umei- 


Then the equation which determines t is 


and therefore 






0 

in + 1 




— of" 

7/i 


if m denote In + 1. Hence wo have 

\dt_m 1 dH 1) 

1, dx X ^ t dx^ af^ 


Let the equation involving the integrals be multiplied through¬ 
out by af^/mt ; it becomes, after a very slight reduction, 

mferp^ ( p® — 1) Ptdp - (m — 1)/ e^Ppdp = 0, 
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Integrating the first term by parts, we have 
— (p*—1 )P] + mj “ {(p®— 1) P j rfp—0?^—1)-Pp = 0* 

Now this relation will be identically satisfied if we make 

^ Kp’ -1) -P} = (« -1) Pp> 

for all valu63S of p included between the limits of integration 
defined by 

[e-Pt (p«-l)P] = 0. 

The former equation serves to determine P as a function of p; it 
is of the first order and linear, and its solution is 

w-f 1 

F=:A(p^-iy , 

A being an arbitrary constant; and the equation which gives the 
limits is 

] = o. 

The latter equation is satisfied by p = oo, and by p = ± 1 provided 
the exponent of p^—1 is positive; this requires that m should 
either bo positive and greater than unity, or be negative, and 
therefore that n should be greater than zero or less than — 2. 
Assuming that this condition- is satisfied, we are in a position to 
construct two definite integrals; they are 

fl _w4-l 

e“P^(p*—1) dp, 


/: 


m+l 

dp. 


and j ^‘(p® —1) 

The former of these is equal to 

ri fo 

j (p* -1) dp+J (p* -1) 


w+l 


dp. 


= 1 —1) dp-hi —1) dp, 

Jo Jo 

=5 I (eP* 4- (p® — 1) dp. 

Jo 


FDB 


lO 
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Hence the primitive may be represented by 


-1 too 

A'j (eP^ + (p® — 1) dj) + JS j e'^p^ (p^ — 1) dp ; 


substituting for*i, we have 


ri ..*^±1 

= A\ (1—p^) 2”'*'^cosh 
Jo 


^P.,rin+l 




roo _l£P a«+i 


-hB e (jp^-1) 


as the primitive of the equation 

dry _ 
dx^ 


c^x^y 


for values of n such that n > 0 or n < — 2. 

Ex» Prove that the primitive of the same equation may be given in the 
form 


y = A*x J (1 -p*'*) 2n-f 4 cosh dp 


^oD 2r/> in + l 


+ B'x I e ’H‘2 (^p 2 _ ] j 2»-f 4 o?jr>, 


provided n> ~ 2 or n< - 4. 


(Lobatto.) 


Application to the Hypergeometric Series. 

143. In order to obtain a definite integral which shall satisfy 
the differential equation of the hypergeometric series, we assume 

y = J (1 — vxy*^ Vdv, 

where V is an unknown function of v only and m is a constant; 
the form of F, the value of m, and the limits of the integral, have 
to be determined. From this value of y we at once have 

— mj t;F(l — vxy^^dv^ 

^ = jv^V(l - vx)^-Hv\ 
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so that, when these values are substituted in the equation 

it becomes 



— \m{m — V)v'^,v{l — x)'-iiiv (1 —ux) [7 — (a + 


— a/3 (1 — vxy] dv = 0 . 


The coefficient of within the brackets is of the second 
degree in m, which is as yet an undetermined constant; let m 
be so chosen that this coefficient vanishes, so that m is given by 

— m (m — 1 ) - m (a + /8 -h 1 ) — ayS = 0 , 
or + m (a + /3) + a^ = 0 , 


whence m may be taken equal to either — a or —/3. As the 
differential equation is unaltered when a and /8 are interchanged, 
either of these roots may be taken; we shall take 


a. 


and then, substituting this value, we find that the equation 
fv(l — (of +1) q. Oft; {7 — a; (a 4- /3 -f vy +1)} 


— a/3 (1 — 2vxy] dv = 0 

must be identically satisfied. Rearranging the expression within 
the brackets under the sign of integration and dividing out by the 
factor a, we transform the equation into 

J F (1 — (a -h 1 ) V (v — 1 ) xdv 

4- [ F(1 — (vy — /8) (1 — vx) dv = 0. 


Integrating the first term by parts, we have 
— Fv (1 — v) (1 — ^ ~ 


and therefore the equation becomes 
-[Ft;(l-t;)(l-t;;r)-®~>] 

+ 1(1 - »«!)-“-* {v (1 - v) F} - (yS - vy) f 1 dv = 0 . 
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Now this relation will be identically satisfied, if we take as the 
equation to determine V 

and assign, as the limits of the proposed integral, values of v such 
that 

[ Ft; (1 — v) (1 — = 0. 

To solve the former equation, we have 

Hence t; (1 — i;) F= Av^ (1 — 

where A is an arbitrary constant; and the equation determining 
the limits is 

[v^ (1 — (1 — vxY^'"^'] = 0 , 

which, on the supposition that is positive and 7 greater than 
yS, is satisfied by t; = 0 and v = 1 . It therefore follows that the 
equation of the hypergeometric series is satisfied hy 

y — A\ (1 — (1 — dv, 

Jo 

provided y 8 he positive and y greater than 

It is easy to shew that, when (1 — is expanded and the 
coefficients of different powers of x are evaluated, the resulting 
series is a constant multiple of the hypergeometric series, this 
constant factor being 

A [ (1 — dv. 

JO 


144 If now we change the independent variable from x to 
l^x, the corresponding form of the differential equation is 

A a. f/y -L P -L 1_ _ _ ^ P _L 1 \ ^.1 ^ 


• n. 
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A solution of this equation (and therefore of the original 
equation) is, from the foregoing analysis, given by 

y f (1 — vY'^y (1 — 

Jo 

provided /3 is positive and a -h 1 greater than y. If the conditions 
of limitation of the parameters be satisfied, the primitive of the 
differential equation of the hypergeometric series is given by the 
sum of these two different solutions. 


1. Obtain, in terms of definite integrals, the complete solution of the 
equation 

{A +Iix+ 6V) £!+(/>+ m 

(see Ex. 2, p. 240), 

£a:. 2. Prove that, 

(i) if be positive and « +1 greater than y, then a solution is 

(ii) if y be greater than and less than a+1, then a solution is 

(iii) if y bo greater than and a loss than unity, then a solution is 


1 


Ex, 3. Obtain the primitive of the equation 


(Jacobi.) 




(where a:'+a;=l) in the form 

E E 

y=A j‘ (l — xsin^<f))~id<p-tBj' (!—;»' d(l>; 

and of the equation 


y 


in the form 


E E 

y^xaf J sin® (1 - a? sin® ^ d(f>-^B j sin® (1 - af sin® <#>) “ ^ d<^J> 


of being the same as before. 
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Solve also 

(i) 4^yg + 4y^+y=0, 

(ii) 4xyg-4xJ+y=0, 

(iii) 4.ryg±4 

(iv) W^+4(y-;K)^ + 3^=0. 

(Glai.sher.) 

Ex» 4. Prove that, if be positive, then 

is a solution of Legendre’s equation; while, if n be negative, a solution is 
given by 

145. This chapter contains only a slight sketch of the method of solution 
of diifercntial equations by means of definite integrals; the reader who wishes 
for fuller information on this part of the subject should consult two authorities 
in particular. By far the most important is Petzval, Integration der linearen 
Differentialgleichtcngen ; the pai'ts dealing with the method are §J5 ^—5 of 
Section ii. ; §§ 19—22 of Section iii. ; §§ 10, 11 of Section V. The other 
authority is Euler, Inst. Calc. Int.^ vol. ii., c. x.; this work, however, labours 
under the disadvantage of assuming the form of the solution first and then of 
finding the differential oquaiion satisfied by it. There are two other memoirs 
which might also with advantage be consulted; one by Lobatto, Crelle., t. xvii., 
p. 363; and one by Jacobi, Crelle, t. lvi., p. 149. 

A full discussion of the solution of linear differential equations by means 
of series and of definite integrals will be found, together with numerous 
examples, in a series of separately published memoirs by Spitzer. 
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y=y (6‘'*—^(jlsiiia;t+j6cosa:i)rf« 

+A1^°° 

where the upper sign is to be taken if x be positive, and the lower if a? be 
negative. 

(Petzval.) 

3. Prove that the equation 

has a solution given by 


^J|-y=0 

dv^ ^ 


/ = /) I sin - < 
jo ^ 


vdv ; 


and that a solution of 


d^v 


r^oo £ _ 

is vdv, 

Jo 

the minus or the plus sign being taken according as is positive or is negative. 
Obtain the primitive of each equation. 


(Petzval.) 


4. Investigate the primitive of the equation 

=0 


in the form 


f2 _1 

2 /=AJ cos (cjt^ sin 0) cos 

n 

[2 1 
+Bx I cos (cx^^ sin <^) cos"» d> dcp, 
Jo 

for values of m not included between —1 and +1. 


(Kummer, and Lobatto.) 


6. Shew that a particular solution of 

^+ay - ^ y 


is 


ysBj?«+i J (y*—a*)"cos^£i?v; 

J -a 
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and that a particular solution of 




dx^ 


-a^y 




s y=-.r“'*‘M ( 5 ?^+ cos 

Jo 

6 . Shew that tlie equation 


is satisfied by 


gm+H 

yss I z'^’~^e »*+»yfr (2x) dz^ 


■/: 


where yjr (.r) is given by 


d^^^ylr(x) , . , 


and m is positive. Hence from the solution of 


deduce that of 


7. Verify that 


d^y 

dx^~ 








is a particular integral of 


-2aj"x J e? 


8 . Shew that when the coefficients of the differential equation 
(an +62a;) ^+ (a, + ftix) ™ + (%+io»-) y=0 
satisfy the condition aiJ 2 ~ ^261 = 62 ^ solution will !« 

y g«af K + i? log C/i (02 + 
where CTj = 62^^+&i 4* 

and log(Va, 

the limits being given by 

e^diV^O. 


(Spitzer.) 
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9. Prove that equations of the form 

^ 0 + +Cia*'*) y =0 

may be reduced to the form 

of § 136, by the siibstitutiona x‘**^—tm\dy—t^z ; and shew that h is determined 
by a quadratic equation. 

(Petzval.) 

10. Prove that the particular integral of 

(5 4-«i) (5 + ^ 2 ).(-^ + «h) y 

d 

where S denotes a' y , is 
dx 

y= r r r .... d^n. 

/oj oj 0 

11. Prove that the definite integral 

J j (I — (I - vy~y~^ (I—x^cv)~°'d^ldv 

is, when d >/3 > 0 and f > y > 0, a solution of the differential equation 


{^+e+l-(a+/3+y+3):r}^g 


+ {6t—x(a^+0y+ya + a+^+y+'l)}'^-afiyy=O. 

Give, ill the form of definite integrals, the primitive of this ecpiation. 

12. The primitive of the equation 

g+8X^'=«y=te 

^ e'f^^^du „ fP e^^du ^ fy e'^^du e^*^^du 

^ Jo(^u^ + \)i jo (?43-f.x)i ]o(u^-\-'K)i i “00 ’ 

where a, y, are the roots of 

w3+X«=0, 

aiKi the arbitrary constants are connected by the single relation 

^+5+(7-i)=-i6X-i. 


(Petzval.) 








298 


MISCELLANEOUS EXAMPLES 


[CHAP. VII 


13. Prove that the definite integral 


satisfies the equation 









14. Prove that 


P 

tt ^ yo(l— 


dS _ 
,vmn^6 


P being Legendre’s function. 


(Poisson.) 


(G. H. Stuart.) 


15. Shew that, if /3 be positive and a less than unity, 


/: 


(1 — ’^xv)''^du 


is a solution of the differential equation of the hypergeometric series. 

(Jacobi.) 


16. Shew that three linearly independent integrals of the equation 


where k and the coefficients a are constants, are given by 
^ (?®“{(a-w)(M —j9)(w-’y)}i^”^c/w, 

(^4 _> A; -1 

where a, ft y, are the roots of 

+ Sajm* 302971+a3=0, 
which are supposed real and unequal, and a > /3 > y. 


Discuss the integrals of the differential equation (i) when /3«y, (ii) when 
a«i3«y. 

(M. J. M. Hill.) 



CHAPTER VIII 


ORDINARY EQUATIONS WITH MORE THAN TWO VARIABLES 

146. It has already appeared that in some cases, though the 
integration of separate terms of a differential equation would 
introduce new transcendental functions, the solution of the equation 
as a whole can be expressed in terms of purely algebraical functions. 
Thus, for instance, the equation 

dx __ Q 

can be integrated in terms of the transcendental functions arc sin^, 
arc sin y; but there is a solution of the form 

.X’ (I — + y (1 — = 0, 

which is equivalent to the other. We are thus naturally led to 
enquire whether other cases exist in which such an algebraical 
relation between the variables of the integrals of functions can 
be obtained, when the integrals themselves cannot be evaluated 
without the introduction of new functions. The case next in 
point of simplicity, which furnishes a similar example, is that 
usually known as Eulers equation^ in which the object is to find 
the integral algebraical relation between x and y which corresponds 
to the equation 

X-^dx + Y-^dy^a, 

where X = a-\-bx + c!i^+ ea?+fa^, 

and F= a +6y + cy* + cy 
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To integrate this, we assume 

p = x+y, 

, dx Xi 

□d -TV = -, 

at y — X 

*u . dy yi 

SO that =-, 

at x--y 

nd therefore - - — , 

at ^ — y 

A second differentiation with regard to t gives 

1 j 1 dYdy 1 dXda^ Yi-^Xifdx dy 


and therefore 


di^ x--y (2Fi 2X^ dx dtj (x-y)^ \dt dt 

1 ( dY dX (Yi-^Xi)(Yi+Xi) ] 

{x-yy dy'^^ dx y--x J 


b + c(xy) ~ y^) ^ 2/{a^ + f) 




-b--c(x-\-y)-e(x^ + xy + y-) -/ (^ + y + + y") L 


the last four terms inside the bracket being the value of 
Rearranging and collecting terms, we have 

^ - 2*y+y*) +/(*’ -i>?y-xf-v y) j 

= Je+/(«4-y) 

If we multiply by 2 ^ and integrate, we obtain 


Y-X 




or substituting the value for we have 


(ri_A'i)» 
iy-mj ‘ 


■ (7+«(« +y)+/(« +y)*, 
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an algebraical relation between x and y, though the separate 
integrals require for their expression elliptic functions. 


Ex, 1. Prove that another integral of the equation 


dx dy 


0 


is I' 

and verify the theorem of § 12 in this case by shewing that the two primitives 
are not independent. 

Ex. 2. Prove that an integral of 

dx ^ dy 

Yi ~ ¥i 

( -I- 

is ^ (y-::"j2- =C'+e(a:+y)+/(.r+y)''‘. 


A’x. 3. Express in an integral form the relation between y and x given by 
dx dy 


(l-^^)i (l-y)i 


= 0 . 


Ex, 4. Show that the primitive of 

_ _ ^ __^0 

{.r (1 -X) (1 - X^)}i {y (1 -y) (1 - Ay)}i 

may be exhibited in the form 

{.V(1 -y) (1 -Xy)}i + {y (1 -x) (1 -Xa;)}i=il (1 - Xvy), 

where A is an arbitrary constant. 


147, There is another method of proceeding, due to Cauchy; 
it is quite different from the former. 

Consider a general equation between the two variables of the 
second degree of the form 

u = Xoy^ 4- ^Xiy + X 2 

= Fo/r2 + 2Fia? + F2 = 0, 

where Zo, Zi, Zg, Fo, Fi, Fg, are all of the second degree, the first 
three in x, and the second three in y ; thus if 

Zo = ao^r® + 2aiX 4- ag, 

Zi == 60^ + 26 ia? 4 62, 

sss CqX^ 2cj*j 7 4* Cg, 
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we should have 

l^o = aoy’+26„y4-c„, 

Fi = a,i/“ + 26 iy + Ci, 

F2 = a22/®+262^ + 0.,. 

Then the ratio of dy.dx is given by 
du j . du j 

But g = 2(Foa; + F) 

= 2(F«-F„F2)i, 

since u = YqOo^ + 2 Fi^c + 1^2 == 0; similarly 
| = 2(Z..-y + Z.) 

= 2 W-Z„Z2 )i; 

and therefore 

_ 

a differential equation the primitive of which is = 0. 

Now since Eulers differential equation is symmetrical with 
regard to x and y, it is necessary that its primitive u — 0 should 
be symmetrical with regard to x and y, in order that the preceding 
analysis may apply to the present case. In order that u may be 
symmetrical, we must have 

Z^Q = Co ~ (I 29 ~ 


and Xi*—X 0 X 2 is then the same function of x that Fi^ — Fol "2 
is of y. In order to obtain the primitive of 


dx dy 


= 0 , 


where X =ia + bx+ cx^ + ea^+/x^, 


and F is the same function of y, we must make X and 
Xi® —XoXa the same. The comparison of their coefficients will 
give four equations to determine the coefficients of u; but in 
u there are five independent constants (there were originally 
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eight as any one can be made unity, but three equations necessary 
for symmetry are satisfied) and therefore one will remain undeter¬ 
mined and so arbitrary. These equations giving the coeflScients are 

_ 4& j&o-2(ajCo4-a u Cj) ^ 46] &;>-2 (aiC2-4-agCi) _ - OgCa 

7 e ^ h a 

_ 4 (6]^ tt]C]) — cLqC ^ ““ 26062) 

when the values of the determined coefficients are substituted in 
the equation u = 0 contains one arbitrary constant and is thus 
the primitive. 


Ex, 1. Prove that the primitive of 


__ I dy 

«o (.*?2+y2)4-26o.try+ 2fci 4-C2=0, 

6160-ao 61 6,2-.aoCj} 


2. Verify that the primitive of 

^ dy ^ Q 

is J 2 + 2 . 43 .?^ = 1 + 

where A 3 ^—«<)= A 2 ®+ «2 2 • 

(Cauchy.) 

Chap. XIV. of Cayley’s Elliptic Fumtiom may be consulted with advantage. 


148. If instead of a single equation between two variables, 
the relation between which is expressible in an algebraical form, 
we have a system of rt — 1 equations between n variables, we may 
without integration of each integrable expression represent in 
an integral form the dependence between the n variables in the 
shape of an algebraical equation; and as this equation is obtained 
by an integration, it must contain an arbitrary constant. The 
process made use of in order to derive it in the general case will 
be seen to differ materially from that adopted in the particular 
case of w = 2 . 
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Let the differential equations be 


dxi . dx2 . 

dXn 

--- - - 4-. 

xyxji^ 

xj 

Xydxy ^ x^dx^ 

X>n.dx>n, 

X,i 

. x.i 

a;,”"* dxi x.p~^dx.i 

Xn^-^dXn 

~xr x.^ ^ . 

. x„i 


in which 


— ^0 "1“ "I" ."4“ -^sn—1 ^ “t" 

for all the suffixes in the system. Let 


^ ^ 2 ) ••••••••• “• tTyj) J 


denote the value of when in it, after the 

indicated differentiation has taken place, is substituted for x ; 
the value of/' will therefore be 


and let 


(Xfi X,^ . (Xfi, ^'n)t 


the vanishing factor being absent. Solving now the above 

system of equations in order to obtain the algebraical ratios of the 
quantities dx^, da?a,.. dx^y we find 


f (^1) dxi f (^2) d x^ _ _jT {x^ dx^ 

-3^2* . 'X^ 


Let the common value of these equal fractions be denoted by 
diy so that we have 

dtX\ , dx^ ^ X.^ 

^ ^ f (^ 1 )' ^ f (^ 2 )' 

and so on. 


The first of these gives 


(d^_ _ Xy^ 

\dt) '^{fixyj]-^ 


and therefore, after differentiation with respect to t. 


^dxid^Xy_ d r ~| ^ ^ r -Xi 1 dx2 

dt dt^ ^ dxi {/' dt Bxq [{/' (^i)pj 'dt 
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But since 


we have 


y (^1 ) ~ (^1 ^ 2 ) (^1 *“ ^ 3 ) •••••• (^1 ^ n )> 


.ndtheKfor, 

provided /jl be not unity. After substitution and division by the 
coefficient of on the left-hand side, the equation becomes 


^ = 1A [—^1—1 + -J- 4. - _i_ 

^ L{/' /' (*i)/' (*a) J" (-^0/' (^'a) 

. 1 


. 1A _ ^ * 
^ 8^2 Lf/' 


^.(^l)/' («») «x - «»■ 

Similarly 

^ lALI4. AAAL i.. +_AW_ 1 _ 

d<“ “ ^ 8a:u Lf/' (^a))"J /' W/' («i) a^2 - f (a'a)/' (iCs) aij - 1 C 3 

,__XW _1_. 

.^/'(^s)/ '(«n) -«»’ 

and so for the others, making n in all. Now let the n left-hand 
sides of these equations be added together; the sum will bo equal 
to that of the n right-hand sides. It will be seen that in the latter, 

X ^ 1 

when in the expression a term --enters, then 

J \^r) J ( ^a) ^a 

X ^X ^ 1 

in the expression a term —\-enters, and 

J \^a)j \^r) 

the sum of the two terms is therefore zero. All the terms containing 
these fractions - — will thus disappear for all values of .9 and r: 
and so we have 


2^(«i + ia?2+. 


'”^“4 i [{/'fi)) J ■ 

■^£[{7 


Xn 1 

'Wll’ 
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We denote iTj-f by p, so that the left-hand side 

of the last equation is 2 . 

149. We can obtain another value for the expression on the 
right-hand side of the equation. Let X denote the same function 
of X as Xi of Xi ; and let 

X 

be expanded in partial fractions. Since X and {f{x)Y are both of 
the degree 2 w, there will be a term independent of x, which will be 
Aqu ; and so we may write 

X , ^ , B, 


B^ 

X — Xi 


+ . 


+ : 


0^ 


C, 




X — Xn 

. On 


(X-Xnf* 

= Cl -f- -Bi — ^i) -h terms multiplied by (/c— 


^x XiY (x —■ ^2}" 

Multiplying up by (x — x^y, we have 
X (x — XiY 

[MY ■ 

or, dividing out by the common factors in the numerator and the 
denominator on the left-hand side, we have Oj + A — ^i) + terms 

multiplied by (*-.,)■ - . 

If X be put equal to Xi, the left-hand side becomes Ci and the 


right becomes 


Xi 

{/'(^OT 


,, so that 


C,: 




{f'W 

The right-hand side of the equation in the form last written 
does not involve Xi, and its partial differential coefficient with 
regard to Xi is therefore zero; since the two sides of the equation 
are identically equal, zero must be the value of the partial differ¬ 
ential coefficient of the left-hand side with regard to Xi, and so we 
have 

dG dB 

^ — £1 -h (a? — Xi) ^ + terms involving (x — Xi) = 0. 
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dO, 

dxi 


[{/>.) J' 


Similarly 

with corresponding expressions for the other cpiantitles B, Hence 


dt^ 


d 

■ 

I ^ r 1 

dxi 

L{/'Wj^ 


Bi + B.J, 4 -. 

• +^n* 


Let the equation expressing the resolution into partial fractions 
of the expression considered be multiplied throughout by {/(^c)}®; 
and let the coefficients of on the two sides of the relation 


X.4„(/W)-+T 

^ ] U> U/fi 


fl-7i 


a 




be equated. None of the terms involving the quantities C can 
furnish terms of so high a degree, since each begins with 
each of the terms involving the quantities B begins with and 
the whole coefficient from this series of terms is therefore 


+.4- Bn* 

Since 

f{x) — {x’-xi){x-x^ .(a? — Xn) 

= (^Ci + +.■+• + lower powers of x 

= x"^ — + lower powers, 

the coefficient of x^^^ in {/(^)}“ is — 2^2 »jP» That coefficient on 

the left-hand side is and therefore 

Aanr-I = — ^AiinP 4“ 4- J 82 +.+ Bn 

^-2AmP + 2^. 
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Multiplying by ^ and integrating, we have 

=A^,f-\-A^n-iP + E, 

where E is an arbitrary constant. But 


dp __ dx^ dx^ 
dt dt dt 


.+ 


dxff^ 

dt 


y (^i) f (^ 2 ) 


Xni 


"/'K) ’ 

and therefore the integral becomes 

.. +x^r 

+ -d 2,1-1 (^1 + +.+ ^n)- 

Ex, 1. Prove that an integral of the equations 
dx dy dz __ 


where 


s^x ydy ^ 


X-a-^bx+ca^-j- +yx^+^x^ -f- ax^, 

and Y and Z are similar functions of y and z, is 

where C is an arbitrary constant. 

(Richelot.) 

Ex, 2. Deduce a second integral of these equations in the form 

1 (•®-^')(y-^) (*-•») / 

= C'x^y^z^+hxyz (xy +yz -\~zx) + a {xy -\‘yz-^ zx)^, 

(Richelot.) 

Eote, The theory of these and kindred equations will not here be carried 
further, as it soon ceases to belong exclusively to differential equations and 
merges into the general theory of transcendental functions (commonly called 
Abelian Functions). The reader, who wishes for a fuller development on the 
lines of differential equations than can be given here, will find a paper by 
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Bichelot, Crdle, t. xxiii., pp. 354—369, very useful; and he would do well 
to consult the following paj)ers by Jacobi, 

Crelle^ t. ix., pp, 394—403; 
t, xril., pp. 55—78; 
t. XXIV., pp. 28—35; 
t. XXXII., pp. 220—226, 

all of which are contained in the second volume of his collected works. 

The theory of these transcendental functions, and of others, involves issues 
beyond the construction of integrals of systems of differential equations. 
It is expounded in treatises on the theory of algebraic functions and their 
integrals. 

Total Differential Equations. 

160. The differential equations with which we have hitherto 
had to deal have been, except in ^ 148 and 149, such as include 
one dependent and one independent variable; for the future we 
shall consider those which include more than two variables. These 
may be divided into two classes, one in which only one dependent 
variable occurs, the other in which only one independent variable 
occurs. In equations of the former class, we shall have the partial 
differential coefficients of the single dependent variable relatively 
to the independent variables; these are called partial differential 
equations, and will afterwards be discussed. In equations of the 
latter class, we shall have the differential coefficients of the several 
dependent variables with reference to the single independent 
variable (which may be either expressed or imjilied); these are 
usually called total differential equations. 

When we have an integral equation 

where (7 is a constant, we may suppose that x, y, z, undergo slight 
variations dx, dy, dz, which wo know will be connected by the 
relation 

If ^5 have any common factor, the equation can 

ox ay dz ^ 

be simplified by the removal of that common factor; and so we 
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may consider the general form of a derived total equation in three 
variables as represented by 

Pdx 4- Qdy + Rdz = 0. 

Here P, Q, P, are given functions of x,yyZ\ they arc proportional 
to the differential coefficients of and they may actually be equal 
to those differential coefficients. 


But, conversely, w'hen any equation of the form 
Pdx + Q,dy + Rdz == 0 

is given, it does not necessarily lead to an equation of the form 

<j!) {x, y, z) = C \ 

for the existence of the latter equation implies that the three 
quantities P, Q, P, are proportional to the differential coefficients 
of some one function, and this requirement is not satisfied while 
P, Q, P, are quite general. We must therefore discuss in what 
circumstances such a differential equation will lead to an integral 
of the given form; and, on the assumption that such an integral 
is possible, indicate a method of obtaining it. 

There will remain the further problem of obtaining an equivalent 
of the equation, when the conditions necessary for the existence of 
such an integral as the above are not satisfied. 


161. In the first place, then, we assume that such an integral 
exists; we must therefore have P, Q, P, respectively proportional 
to the partial differential coefficients of some function (f> with regard 
to X, y, z, so that we may write 






dx’ 




in which is some quantity the value of which is not specified by 
the equation. From the first two of these equations we have 

3 m 9 
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Multiply the last three equations respectively by JB, P, Q, and 
add; we have 



which is an equation giving a relation between P, Q, and R ; it 
is a relation which must be satisfied if the proposed differential 
equation possesses an integral of the form considered. 

Further, if wc take 

Pi = XP, Qi = XQ, Ri = XR, 

where X is any quantity, the same condition is satisfied by 
Pi, Qi, Pi, as by P, Q, R. For 

dQi _0Pi _3P\ . 

dz \dz dyj^^dz dy^ 

dRi dPi _ / 9 P 3 P\ , o 9 ^ p 

dx dz \dx dz) dx dz ^ 

= \ 4- P^ — 

dy dx \dy dx)^ dy ^ dx^ 

and therefore 


Pi 


.dz 




dx) 



which proves the statement. 

Conversely, when the relation is satisfied, the differential equation 
leads to a primitive of the form 

<l> {p, y> = 0. 
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We proceed to prove this proposition. We know that, when a 
diflferential equation 

Pdx — Qdy^O 

is given, a function ti (x, y) exists such that the differential equation 
is satisfied in virtue of the relation 

u (a?, y) == constant, 

and consequently that P and Q are proportional to the derivatives 
of u with regard to x and y respectively. If then, in the equation 

Pdx + Qdy 4- Rdz = 0, 

we consider P and Q as functions of x and y, which involve z also, 
we infer that a function of x and y exists, say u, such that for some 
quantity X we can write 

/...xp=g, 

and u will involve other quantities occurring in P and Q that do 
not affect the partial difierentiation with regard to x and y, that 
is, u will involve z. But it cannot be at once assumed that R is 
proportional to the remaining derivative of u\ and we therefore 
write 

When we substitute 



in the relation 










which is satisfied because the relation between P, Q, P, is satisfied, 
we have 

dS du _ Q 

dx dy 9y dx 


The only integral equation which is possessed at present is 
«constant; and the equation between 8 and u is manifestly 
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not satisfied in virtue of u == constant. Hence the equation between 
8 and u is satisfied identically; and therefore (§ 10) 8 and a, 
regarded as functions of x and y alone, are expressible in terms of 
one another. But the variable z may, and usually does, occur in u 
and in S] so we can take the expression for 8 in the form 

8 =f(z, u\ 

that is, 8 is expressible in terms of z and u only. 

Moreover, we have 

X {Pdx + Qdy -f Rdz) 

= du •^8dz; 

and therefore the original equation can be replaced by 

dll -h 8dz = 0, 

where 8 is expressible in terms of z and u alone. 


This equation now involves two variables only. We know that 
a function yjr (u, z) exists, such that the equation is satisfied in 
virtue of 

yjr z) = constant; 

and we have 




for some quantity fi. Hence 

\fjL (Pdx 4- Qdy 4 Rdz) = /jl {du 4 8dz) 

= df\ 

and therefore the original equation is satisfied in virtue of 

{u, z) = constant, 

or, on replacing u by its value in terms of x, y, the original 
equation has a primitive of the form 

<t>{x,y,z)^C. 

Note. In consequence of this property, the relation 



is frequently called the condition of integrability. 
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152. We shall assume that the condition is satisfied, and that 
consequently the primitive exists. The actual deduction of the 
primitive can be effected in accordance with the preceding 
analysis. 

It is first necessary to obtain the quantity u. For this purpose, 
we consider an equation 

P dx-\‘Qdy=^ Oy 

with the assumption that z does not vary; then if its integral is 
^ = constant, 

where the coefficients in 0 may involve the variable Zy we have the 
required function w. Moreover, we have 

so that \ is known. 

We then multiply the original equation by X, so that it becomes 
X (Pdx -f Qdy + R dz) = 0, 
and we express it in the form 

du + Sdz = 0. 

We express S in terras of z and alone, which we know is possible; 
then the new equation 

du -f- Sdz = 0 

involves only u and z. Its integral is the primitive of the original 
equation. Hence we have the rule:— 

To obtain the primitive of the equation 

Pdx -f Qdy -h Rdz = 0, 

when the condition of integrability is satisfiedy we integrate the 
equation 

Pdx + Qdy = 0 

as if z were invariable'*^: let this integral be 

u == constanty 


* If more convenient in any particular case, either of the other variables could 
be considered temporarily constant: the corresponding changes to be made in the 
process are obvious. 
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The equation 
has the form 


du 


\ {Pdx + Qdy + Rdz) = 0 
du’\- Sdz — 0\ 


we express S in terms of z and u alone, and then integrate the 
equation 

du + Sdz = 0. 

Its integral is the primitive of the original equation. 

Note. Another method of proceeding to the construction of the 
integral, when the condition of integrability is satisfied, is given in 
§ 164 {post). 

Ex. 1. Integrate the equation 

xdy) (a^z)+xy dz =0. 

Here Q^x{a-^z\ R^xy\ the condition of integrability is 

satished. 

We take the equation 

{ydx-^xdy) (a — ^) = 0; 

here, the factor a^z can he neglected. Omitting it, we have an integral in the 
form 

constant, 

so that we take 
Thus 


u=3sy, 


■V T» 


so that 

Thus 

becomes 


du 

1 ^ 


x= 


X {Pdx+Qdy + Rdz )=0 


du+— "" 

a-2 ’ 


du^ - 


that is, 
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The pi'lmitive of this equation is 



and therefore the primitive of the original equation is 

ocy^C {a — z). 

Ex. 2. Verify that for oiich of the following equations the condition of 
integrability is satisfied, and obtain the primitives: 

(i) {y-\-z)dx+{z^x) %+(:r+y) ^ 0; 

(ii) zydx^zxdy^y^dz\ 

(hi) {y’\‘aYdx-\-zdy — {y+a)dz=^0\ 

(iv) {x—a) dx-\-{z — c) dz+{h^-^(x—ay^’^{z—cy)^dy=0; 

(v) ( 2 y 2 + xdx +{3y+2^^++ 2 ^)" i} ydy 

-f {4z^-i‘2ax*^(y^+z^)'‘h} zdz^rO; 

(vi) dx+(xz-\-z^) dy+(y^-xy) dz^O; 

(vii) {x^y—y^^— — x’^z)dy + {xy^^+a^y)dz^O\ 

(viii) (2^2^2ary + 2xz^ + 1) dx'\-dy + 2zdz—0) 

(ix) {^x^y'^-^-^xz)dx-{‘2xydy-\-x^dz^du. 

163. The preceding solution has been obtained on the sup¬ 
position that the equation of condition among the coefficients of 
the diSerential elements dx, dy, dz, is satisfied. It remains now 
to consider the class of equations for which the condition is not 
satisfied, and for which there cannot therefore be a single general 
integral. 

Let us now assume any arbitrary relation between x, y, z, of the 
form 

this, on being differentiated, gives 

When the form is specified, these two equations will deter¬ 
mine z and dz in terms of x, y, dx and dy (or, generally, one of the 
variables and its differential in terms of the other two and their 
differentials); when they are substituted in the equation 

l?dx + (^dy + Rdz « 0, 
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they make it of the form 

Mdx + Ndy = 0, 

where M and N are functions of x and y, the values of which will 
depend upon the form of the chosen function Now this equa¬ 
tion may be integrated and the integral, containing an arbitraiy 
constant, will together with the relation 

y, z)=0 

constitute a solution of the differential equation. 

For it is evident from the method of derivation of the integral 
that, in combination with it furnishes relations between 

X, y, and z, such that the differential equation is satisfied. 

By giving all possible forms to every possible solution will 
be obtained. Each solution will be constituted by two equations. 


Ex. 1. Solve 

dz ^aydx'k' hdy. 

The equation of condition is not satisfied. Some relation between y, 
must therefore be assumed, and it may be perfectly arbitrary: let it be 

A combination of this relation with the differential equation gives 
dz=(if (x) dx+hf (x) dx^ 

the integral of which is 

f(x)dx+hf{x)-^C. 

This equation, with/ {x)—y, forms a solution of the proposed equation. 
Ex, 2. Obtain the most general solution of the equation 

( ^2 w2\ 


which is consistent with the relation 


d^ 


1 . 


Ex, 3. Find the equation, which must be associated with x^+y^::::=(l>(z)y in 
order to give an integral of 

{x {x-a)-\-y{y-b)}dz=^(z-^c) {xdx+ydy)\ 
and the equation, which must be associated with 
y+2rlog^+<#)(e)=0, 

zdX’k-X>dy-\-ydz^(), 


BO as to satisfy 
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Ex. 4. Prove that, if ft be a quantity such that 
ft (Pcfj?4- 

then a solution of the general equation may be represented by 

F=<^ (z\ 

TsV 

This is Mongers form. 

Ex. 5. Obtain general equations which constitute the solution of 


ydx =(^—s) (dy — di). 


164. It is not at first sight clear how the equation of con¬ 
dition affects the above process and, in particular, why what has 
been given as the solution in the latter case is not the solution in 
the former case. But the relation between the two solutions can 
be seen as follows. 

The elimination of the differential clement dz between the two 
equations in which it occurs leads to the equation 



and, in order that this may be reduced to the form 

Mdx-\-Ndy^^, 

the variable z, which occurs in it, must be replaced by its value 
derived from (a;, y, ^) = 0. Now suppose the equation of con¬ 
dition is satisfied so that P, Q, i2, are proportional to the differ¬ 
ential coeflScients with regard to x, y, z, of some function; if this 
function be ^jr (x, y, z), then we have 

1 ^^Jr ^ 1 dyfr ^ 1 dyjr ... 

. 

and the equation involving dx and dy is identically satisfied. 
There will thus, on this supposition, be no other equation neces¬ 
sarily associated with the equation = 0, or, what is equivalent 
for this case, yftrssC; this by itself is sufficient for the solution of 
the differential equation, and any other equation associated with 
» (7 may be perfectly arbitrary (such as = 0), for its expression 
will not enter into the differential equation when formed from 
these iijtegral equations. If however the equation first written 
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down be not that which leads to the particular properties (A), but 
be another such as = 0, it will still be possible to derive the 
equation ^ — into the expression of which the form of % does 
not enter; and we may therefore consider as the general solution 
of the differential equation the equation 

while, if we wish to determine y and z separately as functions of 
X, we associate with this any arbitrary relation between x, y, z. 

If however the equation of condition between the quantities 
P, Q, R, be not satisfied, there is no function yfr such that the 
relations (A) hold; and thus 

Mdx + Ndy=^0 

is not an identity but leads to an integral, the form of which is 
affected by the form of the arbitrary equation first written down 
and which must be associated with that equation in order to 
constitute the integral 

It thus appears that the difference between the two cases is as 
follows. While wc may consider that in both cases two equations 
are necessary to give the complete solution, in the case when the 
equation of condition is satisfied one of these integral equations 
(called (7) is completely unaffected in form by the other (called 
^ = 0), but in the case when the equation of condition is not 
satisfied one of these integral equations is affected in form by the 
other. 

155. The difference between the results in the two classes 
having been indicated, it is now possible to adopt a method of 
integration which shews the point of separation between the 
processes applying to these classes. Let 

be any relation between x, y, and z ; then 

^dx+^dy + 
dx dy oz 

We also have 

Pdx+Qdy + Rdz = 0. 
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Let the former equation be multiplied by X (a quantity to be 
determined afterwards) and added to the latter, so that 

(p + x|)d^ + (Q + x|)rfy+(i2 + x|)d^=0, 

or, say, Pi dao 4* + R^dz = 0. 

Let \ be so chosen as to make Pi, Qi, Pi, proportional to the 
differential coefficients with regard to w, y, z, respectively of some 
function ; then the integral of the last equation is 

^) = C', 

where C is arbitrary, and the primitive of the differential equation 
is given by the two equations 

'f' (». y, ^) = C'J ’ 


Now since Pi, Qi, ii,, are proportional to differential coefficients 
with regard to x, y, z, wo have 

r. (t - f)+e. (f - Ir)+(f - s)=0 ■ 

or substituting for Pi, Qi, Pi, and reducing, wo have 


|c)a; \0^ dy) dy\dx dzj dz \dy dxj) 





R 


dec 




= 0 . 


If P, Q, P, be themselves proportional to differential coefficients 
with regard to a, y, z, the first line in this equation vanishes and a 
solution of the equation is \ = 0; Pi, Qi, Pi, are then independent 
of X, and therefore ^Ir (^, y, z) is independent of x^ 

If P, Q, P, be not such as to make the first line vanish, then X 
is shewn by this equation to depend upon the form of x and there¬ 
fore also will depend upon the form of x- The form of y/r will 
in this case be determined by the method given in § 153; but the 
foregoing investigation is useful as a means of instituting the 
analytical comparison between the methods. 
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Geometrical Interpretation. 

166. A geometrical interpretation can be given to the dif¬ 
ferential equation and its integral, which will illustrate the 
difference between the two classes of equation explained in the 
last two paragraphs. 

If as usual a?, y, z, represent the coordinates of a point A, 
the equation will then represent some locus. Let A* be a point on 
the locus adjacent to A ; then dx, dy^ dzy are proportional to the 
direction cosines of AA\ and the differential equation implies a 
relation between these direction cosines; the locus which it repre¬ 
sents will therefore be some curve or family of curves, and not a 
surface or fiimily of surfaces. 

Consider now the two differential equations 
dx ^dyf _dz* 

.w, 

P', Q', P', being the same functions of Xy y', /, that P, Q, P, are of 
XyyyZ) their integrals are of the form 

2^2—aaj . 

where Ui and are functions of x\ y', z'\ and as they coexist, 
these integrals really represent the intersection of two surfaces, 
each of which is one of a family. This intersection of any two 
particular surfaces is a curve; and we therefore have a doubly 
infinite system of curves. One curve of this system passes through 
A\ it is determined by those values of aj and obtained by 
substituting in and the coordinates of A. Let A" be the 
point on this curve which is consecutive to A ; then the direction 
cosines of A A" are proportional to dx\ dy', dz\ or to the values of 
P'y Q'y P', at Ay thsit is, to P, Qy P. Now the condition that AA'^ 
and A A' may be perpendicular is 

Pdx + Qdy 4* Rdz = 0, 

which is the given dififerential equation; hence it expresses 
the fact that A A' is perpendicular to that curve of (ii) which 
passes through A, The solution of the differential equation 
must therefore include all the ourves which cut the system (ii) 
orthogonally. 


FDR 


II 
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If we start from A in any direction which is perpendicular to 
the tangent at A to that curve of the system (ii) which passes 
through A, we shall come at A' to an adjacent curve of this system; 
moving from A* in any direction at right angles to this we shall 
at another consecutive point in this path reach another adjacent 
curve; and so on. The path thus obtained must be included in 
the solution of the differential equation; and as, at each point -4, 
we may move in any one of an infinite number of directions 
(i.e. in any direction lying in the normal plane at A to the curve 
of the system), it follows that the solution of the equation will 
contain an arbitrary function. 

Let us, then, draw through A any surface we please, and limit 
our path so as to be in this surface. Starting from A at right 
angles to the curve of (ii), there will, in general, be only one 
direction possible in the surface; moving along this through a 
small arc we shall at its extremity A^ come to another curve; at 
A\ there will as before be usually only one direction possible in 
the surface, and it will lead to another point A”\ and so on. We 
shall thus obtain on the arbitrary surface a single path passing 
through the point A. Had a different point B on the same surface 
(but not lying in the path through A) been the starting point, 
there would have been similarly obtained a single path through B 
different from the former; and so for any point. 

We should therefore have on any arbitrary surface a singly 
infinite series of curves. 

167. This is the exact geometrical process corresponding to 
the analytical process applying to the case when the equation of 
condition was not satisfied. For what was there done was to assume 
an arbitrary relation among the variables—this is the equation of 
the arbitrary surface; it was combined with the differential equation 
and, after integration, another equation was obtained containing an 
arbitrary constant which with the original arbitrary relation was 
considered the solution. The new equation containing one arbi¬ 
trary constant represents a family of surfaces; and the combination 
of the two gives the system of curves which form their intersection. 
Each of these curves lies on the surface first taken, and so we have 
an infinite series of curves on this surface. The process therefore 
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gives the system of lines which lie on any surface and which 
satisfy the differential equation. 

168. Now it may happen that the complete system of curves 
(ii) can be cut orthogonally not merely by one surface but by a 
family of surfaces; thus, if the system were a series of straight 
lines all passing through one point, they would be cut orthogonally 
by any sphere which had that point for centre. In this case, any 
curve drawii upon an orthogonal surface would cut the system (ii) at 
right angles, since it is at every point perpendicular to some 
one of the system; and such a curve would therefore be included 
in the solution. Hence the general solution must include all 
curves that can possibly be drawn upon any one of these surfaces; 
and therefore, if we look upon a surface as the aggregate of all 
the curves that can be drawn on it, we may say that the surface is 
included in the system of curves. As the surface is one of a family 
all the members of which possess the same property, we consider 
that the equation of this family of surfaces is the solution of the 
equation; and what has been said shews it to be thereby implied 
that the equations of every curve that can be drawn upon one of 
the family constitute a solution. 

159. This corresponds exactly with the process applicable to 

the case for which the equation of condition was satisfied; we there 
had (§154) an equation and any other arbitrary equation 

X = 0, the two representing one curve on each of the surfaces 

= C7; by taking all possible arbitrary equations ^ we obtained 
all possible curves on the surfaces Thus ultimately the 

surfaces themselves into the expression of which the form of did 
not enter. 

160. It only remains to shew how the equation of condition is 
derivable from the geometrical considerations. The arguments 
are applicable on the supposition that the system of curves, repre¬ 
sented by 

dx ^ d'l/ ^ dz* 

.can be cut orthogonally. If they can be cut orthogonally, as at 
any point the tangent to the particular curve passing through 
A must coincide with the normal at A to the orthogonal surface. 
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Now the direction cosines of the tangent at A are proportional to 
the values of P', Q', R', at A, that is, to P, Q, JS; and if 

be the orthogonal surface, the direction cosines of the normal at 

the point x, y, z (which is are proportional since 

the direction cosines must be the same for the two lines, we must 
have 

1 ^ 1 ^ 

P dx Q dy ~ It oz • 

liet each of these quantities be equal to /a so that 




-(*0. 


ay a^ 

the elimination of </> and /a between these leads (as in § 151) to 
the equation considered, which is therefore the condition that the 
system of curves may be cut orthogonally. 


Case of n variables. 


161. In what has preceded, only three variables have been 
supposed to occur; but it is easy to pass to the case when there 
are more than three. In order that the equation 

jSTj“ f* "1“"f* *4” X.iidxf^ — 0, 


where Xj,., X„, are functions of a?,, ., Xn, should 

have a complete integral of the form 

^^2).> = -d, 


the quantities X^ must be proportional to the partial differential 
coefficients ~ , so that we may write 

OXf^ 


for all values 1, 2, 
suffixes, we have 


vX^ 
n, of fji. 


^ a<3f» 

If now fi, 1 /, be three different 


d^(f> a 
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or 

Similarly 

and 

and therefore 
Y 


dxft,) ^3^/* ^3a?A* 

^3Xa dXA y dv y dv 

.3^, 3^*a/ *'3^a "" do !/ 

^ Y 


3Xa \ ^ / 3Xa 3^N ^ fd^ 

3^ / ^ \ Sir,. 3iCA / ^ \ 3ir^ 


3ir„ ) 


= 0 . 


If the set of equations derived from this by all possible com¬ 
binations of three different suffixes from among 1, 2, 3, ..., w, 
be satisfied, then the differential equation has an integral of the 
proposed form. The total number of these equations of condition 
is Jn (ti — 1 ) (n — 2). They are not all independent; for if there be 
written down the four equations which involve three out of the 
four quantities Xa, X^, X„, Xp, any one of them will be found to 
be derivable from the other throe. 


These are the conditions that must be satisfied if the differential 
equation has a primitive constituted by a single equation. 

The converse proposition also is true: when the conditions are 
satisfied^ then the differential equation possesses a primitive of the 
form 

^2, .. = A 

The proof of this proposition can be effected in stages, each similar 
to the proof of the corresponding proposition in § 151 for the case 
of three variables* It is, however, long: and it will be omitted 
here. 


The truth of the proposition will be assumed. 

Prove that the total number of independent equations of condition is 

When these equations of condition or the necessarily indepen¬ 
dent equations are identically satisfied, the primitive, which must 
tnerefore exist, can be obtained by an extension of the method 

* A proof, arranged rather differently from the proof suggested in the text, is 
given in the authored Theory of Differential EquationSt vol. z., §§ 7—11. 
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adopted for equations with three variables. We integrate as if all 
but two of the variables were constant; and we replace the arbitrary 
constant by an arbitrary function of all those variables which were 
supposed constant. The equation so obtained is differentiated with 
regard to all the variables, and the result is made to agree with the 
given equation; the conditions necessary for this agreement will 
serve to determine the arbitrary function which was introduced 
and so to determine the primitive*. 

Ex, 1. It is easily verifiable that the coefficients of the differentials in the 
equation 

{2xi +2xi — x^ dxi + ^XiX2dx2 - xidx^ + xi^dx^ =0, 
satisfy the equations of condition which are four in number, three being inde¬ 
pendent. Following the rule, we assume that only two of the variables may 
changa These may be taken to be x^ and x^; the integral derived is 

- XiX2-{-Xi^X4=^ 

where is a function of Xi and X 2 . Differentiating this, we have 
(~ 4?3+ 2 »ri J 74 ) dxi ~ Xi dx<i + x^dx ^= 
and a comparison of this with the given equations shews that 
- (2«i +a?2^) dxx + ^XiX2dx2, 

We thus have an equation involving three differentials dx^^ dx 2 ^ 
instead of four (we should have, in the general case, an equation involving 
n — \ difierentials instead of n). The rule is reapplied to this, and the number 
is again decreased by unity; and so on, until we can obtain a final integral. 
In the example specially considered, the integral is easily seen to be 

- ^ + A 

where A is now an arbitrary constant; and the primitive is 
x^+Xi x^ —a?i^3 +Xi^x^—A. 

Ex, 2, Shew that the following equations have a primitive of the form 
considered, and obtain it for each of them; 

(i) yzudx-^'zuxdy-{-uxydz^xyzdu == 0; 

(ii) {y-\‘Z‘\-u)dx-\’{z'\-u-\rX!)dy-\-{u+x+y)dz+{X’\-y+z)du=^Q'j 

(iii) z (y+«) dx-^z (w-a7)<fy4-y dz-^^y (y+«) cfw=0. 

162. When only some of the equations of condition are satisfied, 
or when none of them are satisfied, the inference from the preceding 
analysis is that no single integral equation exists which is equiva¬ 
lent to the differential equation. 

* Other methods are given in the author’s Theory of Differential Equationif 
vol. X., Chap. X. 
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In such a case, the question of determining the integral equi¬ 
valent is often called Pfaff's problem^ and the differential equation 
itself is often called a Pfaffian equation: the reason being that 
the first important contribution to the solution was made in a 
memoir by Pfaff^. He shewed that an integral equivalent of 
a total differential equation, containing 27i — 1 or 2n variables, can 
always be constituted by a system of integral equations not more 
than n in number. For the establishment of this result, and for 
allied investigations, reference must be made to other sources f. 
Here we shall be content with giving the solution for the case of 
three variables and for the case of four variables. 


163. When there are three variables, we take the total equation 
in the form 

Pdx + Qdy + Rdz = 0, 

where we shall assume that the condition of integrability is not 
now satisfied. 


We proceed to find whether it is possible to obtain quantities 
u, V, w, functions of the variables x, y, z, such that we may have 

Pdx 4- •{‘Itdz^du’^vdw 
identically. Should it be possible, we must have 


„ , dw 


^ du ^ dw 


-n du dw 

*-a7+''ai’ 


and therefore, writing 

dz 9y ’ ^ 9^ ' dy dx ’ 

we have, on substitution, 

p, _ 0i; ^ _ 9v ^ 

dz dy dy dz ’ 

^ ^ dxdz dz dx ’ 

dv dw dv dw 

dy dx dx dy * 


* Bprlin. Abhand. (1814-5), pp. 76—136. 

t A full discussion of Pfafl’s Problem will be found in the author’s Theory of 
Differential Equations^ vol. i., which also oontains a discussion of systems of total 
equations (see Oh^p. ii., for systems of ezaot equations; Chap, xiii., for systems of 
Pfaffian equations). 
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Multiplying these equations, first ^respectively, and 
adding, we have 

OX cy 


dz 


and then ^7 ^ ^^ > respectively, and adding, we have 


We also have 
3m 






SO that 


=.(. 




P''^^^ + Q'^+R'^ = PP'+QQ'+ IiR'. 


The right-hand side in this equation does not vanish, because the 
condition of integrability is not satisfied; otherwise, w obviously 
would satisfy the same equation as w and v. 

It thus appears that both v and w satisfy the equation* 

Anticipating the results of Chapter ix., we can solve this equation 
by constructing the system of equations 

dx ^ dy dz 

and integrating these equations; if their two independent in¬ 
tegrals are 

a (a?, y, z) = constant, yS {x, y, z) = constant, 

every integral of the equation in 0 is a function of a and 
Accordingly, both v and w are any functions of a and /S. 


* The quantities v and w may be expected to satisfy the same equation; for we 
can write 

dtt+vdii;s=d(l7+vw) -wdu, 

that is, Pdx + Qdy 12 dr is unaltered when we interchange w and - v, and sabstitute 
U+vw for u. 
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Suppose now that we take w equal to any function of a and 
the simpler the better for our purpose; let us choose 
When we make 

a (x, y, z)=^a,a, constant, 

which therefore is a relation among the variables, we have 
Pdx +Qdy + Rdz = dw, 

that is, for this relation among the variables, Pdx-\-Qdy ^-Rdz is 
a perfect differential. Accordingly we use the relation a {x^ y,z)^a 
to remove one of the variables and its differential element, say 
z and dzy from PdxQdy + Rdz\ the resulting expression is a 
perfect differential, say defy (x, y, a). In (j>(x, y, a) we reinsert the 
variable z and remove the constant a by substituting a ^a(x, y, z); 
and then (f) (x, y, a) becomes u. 

We thus have u and w. The value of v is then given by any 
one of the equations 


du dw 


^ du dw 


T. du dw 


Consequently, we can consider the quantities u, v, w, known. 
Now our differential equation is 

Pdx + Qdy -\‘Rdz — 0\ 


and therefore we have 

du + vdw = 0. 


Manifestly, there are different kinds of integrals, as follows. First, 
we can have 

u = constant, w = constant. 


Again, we can have 

u = constant, v = 0. 


Again, we can have 

^ ^ ^ du ()w 

where is any arbitrary function. 

In each case, the integral equivalent of the differential equation 
consists of two equations; it does not consist of one alone, as is the 
foot when the condition of integrobility is satisfied. 
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Ex. 1. ObUiii an integral equivalent of the equation 
ydx-k-zdy-\‘xdz^Q. 

Here P=^, P' = l, §' = 1, P'=l; the condition of integrability 

is not satisfied. 

The equations 


become 

so that we have 


dx dy dz 
dx=^ dy —dz^ 


a=^x-y, fi=y-z. 

According to the rule, we take and we simplify the equation by taking 


Then 
so that 
and therefore 


x~-y=a. 

ydx-\'zdy+xdz a»y dy-\'zdy + {y+a)dz^ 
<t>-=iy^+yz+az^ 
u=^^y^+yz+(x-y)z 


Lastly, wo have v given by 


that is, 



dw 

vx* 


Hence, taking 
we have 


v=^y’^z. 

u==^^y^-{-xz, v^y-^Zy w^x-^y^ 


ydx-\-zdy+xdz^dU’^vdw. 

Integral equivalents of the equation are given as follows;— 

(i) u=c, w^a\ 

(ii) u=Cy v=0; 


(Hi) f(«,ir)=0, ,;g-g=0, 

where a and c are arbitrary constants, and ^ is any arbitrary function. 

(It will be noticed that thus verifying the earlier remark that v and 
w satisfy the same equation.) 

Ex. 2. Obtain integral equivalents of the equation, in Ex. 1, in the form 

(i) ^z^+xif=c, y-z=a\ 

(ii) z-x=0\ 


(Hi) V'(«', 

where v!^\^^rxyy v/m^y^z. 
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Ex. 3. Obtain integral equivalents of the equations 
(i) zda!-^a!dy-\-ydz^O‘j 

(i i ) (a^/ -f hz) dx + {az + l>x) dy + {d'x + 6"y) dz = 0, 
where the coefficients are constants; 

(iii) y^dx-^z^dy-\-x^dz^(^\ 

(iv) xydx+yzdy-{-xzdz^O, 

064. Wc have seen that when the condition of integrability 
is satisfied, so that PP' -f QQ' 4* RBf = 0, then u satisfies the same 
equation as v and w. 


In that case, each of the quantities u, v, tv, is (by the later 
theory of partial differential equations of the first order) a function 
of a and y9 only, where a {x, y, z) = constant and yS (^, y, z) == con¬ 
stant are two independent integrals of the equations 

dx _ d\f __ dz 

Accordingly, substituting such values for a, v, Wy in du^vdw, we 
have 

Pdx + Qdy + Rdz = Ada + Bd^y 


where A and B are functions of a and /3 as yet unknown. When 
a and yS are supposed known, then A and B can be determined 
from the equations 


F-Ap + Bf, 

OX dx 


dy dy^ 


P — -I- P • 


after being determined, they should be expressed in terms of a and 
/8 alone. 


The integration of the given equation then depends upon the 
integration of the equation 

which is an equation in two variables only. 

We thus obtain another method for integrating an equation 
Pdx^ Qdy •¥ Rdz^0 when the condition of integrability is satis¬ 
fied : viz. %ve take the two independent integrals 

« y, Wy> ^ 
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of the equations 

dx dy dz 

dz dy dx dz dy dx 

we express Pdx + Qdy + Rdz in the form Ada -f where A and 
B are to he expressed as fumtions of a and ^ only; and we integrate 
the equation 

Ada + BdB — ^^ 


Its integral is the integral of the original equation. 

Ex. 1. Integrate the equation 

-'zydx’^zxdy-^y^dz=0. 

We have 


The condition of integrability ia satisfied. Two independent integrals of the 
equations 

dx _dy ^ dz 
u?-2y’~ y -2z 

are given by 


a =y^z =constant, ^ ~ 2 log ^=constant. | 

y I 

For the quantities A and we have the equations 

-4 = 1, B=-a. 

E^da — ad^=Oj 
fS^loga — A. 


that is, 

Hence 

the integral of which is 


Consequently the primitive of the equation is 


log;5=ii. 

y 

Ex. 2. Integrate, in this manner, the equations in £x. 2, § 152. 

166. When there are four variables, we denote them by Xi, 

Xs, X 4 I and we write the total equation in the form 

li ~ El^dx'^ "i" E^^dxt^ "h H^dxj^ “b X^dx^ ~ 0, 

where Xi, X 2 , Xs, X4, are functions of all the variables. We first 
proceed to obtain an equivalent expression for 12, such that it shall 
contain the smallest number of differential elementa 
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' Take three independent functions of all the variables, denoting 
them by yi, ya, ya; and express three of the original independent 
variables, say sci, in terms of ya, ^4, so that these now 

become the independent variables. Making this change, we have 
n in the form 

12= Fidyi4- Fgdya-f 

where Fj, Fg, F3, F4, are functions of the variables y^, ya, y^, x^. 
Now the three functions yi, ya, ya, are at our disposal; and they will 
be determinable by three conditions or relations. As one of these, 
we shall require that F4 = 0. As the other two, we shall require 
that the ratios Fi: Fg: Fg are independent of x^. Accordingly, we 
can write 

F,= il/Z7„ Fg = ifffg, F 4 -O, 

where CTi, CTg, are functions of yi, yg, yg, alone; and we then 
have 

f2 = il/(J7'idyi4* UAV'^^ 

where the factor M is, or may be, a function of yi, yg, yg, 

Now the quantity 

JJA}ji + UAyi-^ V^Ays 

is an expre^ion, involving only the three variables yi, y2, ys; it 
has exactly the same form as the expression discussed in § 163 ; 
and therefore, even in the most general case when no condition 
holds between the coefficients Ui, U^, t/g, it can be represented in 
the form 

UAyi + ^Ay^ + ^Ayz = du + vdw. 

But unless the condition of integrability is satisfied, we cannot 
transform the differential expression into another which contains 
only one dilBFerential element. When this form is substituted in 
12, we have 

12 = Jl/ {du + vdw) 

= Mdu + Ndw, 

From what precedes it is clear that, in general, we could not obtain 
for 12 an expression containing only one differential element; and 
we therefore regard this form as the reduced equivalent form 
for £1. 
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The foregoing method of proceeding involves two distinct 
stages. In the first, 3 / 1 , 3 / 2 , ys, are determined. In the second, ?/, v, 
w, are determined. Instead of carrying out these two stages, we 
shall accept Mdu + Ndw as the type of the reduced form for fl, 
and shall obtain u, w, M, -AT, by a different method. Accordingly, 
we take 


Xidx^ H- X^^dx^ + X^dx.j^ 4 - X^dx^^ = £1 = Mdu + ; 


then writing — and so for other derivatives, we have 

0 X 1 

Xr — MUr+NWyf 

for r = 1, 2 , 3, 4. Now let 

dXn dx,^^ 

for all the combinations rn, n = 1 , 2 , 3, 4, so that 

^ “ *~ ^nm 9 


and let 


"W^I — .3^2^34 “h X.^(t^2 “f" X^(Z2^ 

3 = A'j (724 ” 1 " -^2^41 "i" -^4 ^12 

W 4 = Xia 2 <i -f X 2 ( 1^1 + -3^3^12 


• where obviously 


W,X,^ F2Z2+ F8X3-. ^4X4 = 0. 


We have 


0 0 
~ 0^ ~ 0 ^ {.MUfi + N Wn) 


dM m . aif 3iv 


and therefore, if 


r T^dN ,^dM 


for r — 1, 2, 3, 4, we find 

Wi « {Mu2 + Nw^ a34 4* {Mu^ 4- Nw^ a424- 4- Nw^ a^i 

== t/g (ihw^ - u^Wi) 4- Js (u^W 2 — U 2 W 4 ) 4- Ji (U 2 W 2 - 
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Similarly 


1^2 = t/i (UsW^ — U^Wa) + Ja (u^Wi - UiW^) + J 4, (UiWa — ^ 3 ^ 1 ), 


Wa=:Ji (U 2 W 4 — -1^4Wa) + Jj (W4t(;i - W 4 ) 4* /4 

^4 == t/i (W 2 ^>«'s - UaWz) + J2 — UiWa) + Jg - '^2^1). 

It follows immediately that 

Wi'lLi — Tr 2^2 + WaUa — W4^^'4 - 0 , 


WiWi — Tf2^2 + W^3^3 “ ^^4^4 = 0; 


and therefore u and w are two integrals of the partial differential 
equation 


W, 





0 . 


Hence, again (as in § 163) anticipating the results of Chapter ix., 
we form the equations 

diCa doca doc^ 

where 

jc ~ 4" ^m^nl "h 

(A:, If m, n, = 1, 2, 3, 4, in cyclical order), we know that w = con¬ 
stant and t4; =! constant are two integrals of these subsidiary 
equations. 


166. We now can proceed definitely to the construction of 
the reduced form of Cl. We take any integral, the simpler the 
better, of the subsidiary equations 


let it be 


dtX/^ djOCa d*Ca dcc^ 


^ (j^l9 ^29 ^df ^ 4 ) - 


where a is a constant. Now 


Cl^Mdu-^I^dw; 

and therefore, when we postulate the relation M==a among the 
variables, we have 
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that IS, the equation fl = 0 is exactly integrable; and its integral, 
under that relation, is w » c, where c is a constant. Accordingly, 
we v^se the relation 

u{xiy ajg, ^4) = a 

to eliminate one of the variables and its differential element, say Xi 
and dxi, from the original equation 0=0; we integrate the resulting 
form of the equation, obtaining its integral in the form 

(f) {x^, ^3, ^4) ct) = 0 i 

and we then substitute u for a, obtaining the modified form 

W (Xi, X2, Xi, x^) = c 

of the last relation. 

With these functions u and w, the original total equation 
becomes 

Xl = Mdu + Ndw ; 

and the quantities M and N are given by the relations 

Xr — MUr -H NWrt 

for r « 1, 2, 3, 4. We thus obtain a reduced form for the differen¬ 
tial expression fl. 

167. Integrals of the equation 11 = 0 are now obvious. We 
have several classes as follows:— 

(i) u = a, w =c; 

(ii) w = a, N—0; 

(iii) JIf0, w 

(iv) Jlf = 0, 

(V) /(«.«-)-0, 

where a and c are arbitrary constants, and f is an arbitrary 
function. 

In each of these cases, the integral equivalent of the single 
total differential equation in four independent variables consists of 
two integral equations free from differential elements. 

For further developments, references may be made as indicated 
in § 162. 
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Ex, 1 . Obtain an integral equivalent of the equation 
O +Xi dx2’¥X2dx2 '^x^dx^ =0. 

X\^X^^ 

1, ai3==0, ai4 = l, a23®®“'lj «34~'~lj 

and therefore 

Wi = —~ ^’3= H'a, M 2= - JP 4 - ^272= “ 1^4- 
One integral of the subsidiary equations 

dxi dx2 dx2 dx^ 


is evidently given by 
so we take 


IFi “ - 1^2 Tf 3 ~ W ^4 

Xi —^ 3 =constant 
w=.ri —^3=a, 


and use this relation to modify 12 . Wo have 

Q t=iX^dx2 + (^ 3 + a) dx2 + X2dx^ -{-x^dx^ 
= C? (.'l73a74+^2^34*«^2) *, 

hence 

= :t' 3 a; 4+^^^3 + <^ 2 > 

and so 

W==XsX4-i’XiX2. 

We easily find 

J[f=j?4~:r2, 

and with these values 

O = (^ 4 — xi) dii + dw. 

Integrals are given by 

(i) a ?2 - a. 3=a, ^1572+^3^4=c; 

(ii) ^ 4 -^ 1 = 0 , ^1072+^3^4=^; 

(iii) /(M,w)=0, ^-(^4-.r,)^=0. 
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Ex, 2 . Another integral of the subsidiary equations in the preceding 
example is given by 

a=.272“'^4~^‘ 

Obtain the corresponding reduced form for 12 ; and state the corresponding 
integral equivalents. 

Ex, 3. Obtain integral equivalents of the equations : 

(i) X2dxx +^ 3 Ci?.r 2 + x^dx^-^Xi dx^ *5 0 ; 

(ii) x^dxi + ^Xidx2'\’X2dx2-k'^X2dx4—0 ; 

’ (iii) ^2dxi-\-X2dx2-\'^X4dx2’¥xidx4^0. 
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Ex. 4. Shew that, if the equation 

Q =: Xidxi 4- X^dx^ + X^dx^ + Xi^dx^n^tO 

is reducible to one or other of the following forms, the respective conditions 
are necessary and sufficient:— 

(i) if then for jw, w==l, 2, 3, 4; being six conditions; 

(ii) if Q=Mdu, then for r=l, 2, 3, 4; being three iiideiiendent 

conditions; 

(iii) if £2 = then ai 2 « 34 +«i 3 a 42 +ai 4 « 23=0 5 being one condition. 

Ex, 5. Shew that, in the most general case when no condition is satisfied 
by the quantities Jf, and when one reduced form of £2 is Mdu-^Ndw^ the 
quantities U and W for reduction to any similar form are given by 

f{V, W, u, w)=01 
Mdio “ Xdwj 

where / is any function whatever. 

Deduce the most general integrals of £2=0, when one reduced form 
Mdu^Ndw=^0 is known. 


Equations of a Degree higher than the First. 

168. Equations may arise in which the differentials of the 
variables occur in a degree higher than the first; into their 
solution it is not proposed to enter fully but only to indicate a 
method of proceeding in some cases. The general equation of the 
second degree may be taken as 

Eda?" + Yd'if^ 4- Zdz^ 4- ^X'dydz 4- 2 Y'dzdx 4- 2 Z'dxdy = 0, 
in which X, F, Z, X\ Y\ Z\ are functions of a?, y, and z. If the 
left-hand side can be resolved into two factors, then the equation 
may be replaced by two others each of the form 
Pdx-\-Qdy Rdz=^Q^ 

obtained by equating separately to zero the two factors. The 
solution of either of these, obtained by previous methods, will 
be a particular solution of the differential equation proposed; 
and the two general solutions taken together will constitute the 
complete solution. In the case when each of the linear equations 
is satisfied, in the sense of the preceding paragraphs, by a single 
integral of the respective forms 

ir2(x,y,z)’--C2^0, 
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the general solution will, as in § 19, be represented by 

- 0] {i/ra (x, y, - (7} = 0 .(A). 

In the case when two separate equations are needed for the 
solution, each corresponding pair must be looked upon as a solution. 

Now the condition that these should be solutions is that the 
left-hand side of the original equation should be resoluble into 
factors. The left-hand side is equal to 

I l(Zdz + Y'dx + X'dyf - {(F'“ - XZ) da?-2 {ZZ' - X' Y’) dxdy 

+ (X'“-rZ)dy=}]. 

In order that this may resolve into two factors, we must have 
( ~ XZ) dx^-^2 (ZZ' -Z'F) dxdy + (Z- YZ) df 
a perfect square, which will be the case if 

(F2-Z^)(Z'=- FZ)-(^F~Z'F)= = 0, 

that is, if 

-^(ZrZ+2ZT'F-ZZ'2- YY'^^ZZ'^)^0; 
or, since Z is not zero, we must have 

Z YZ+2X'Y'Z' - ZZ'*^ - FF^ - ZZ'^ - 0. 

When this condition is satisfied, the general solution is obtained 
in the foregoing manner. 

When this condition is not satisfied, the proposed equation does 
not admit of a single primitive of the form (A), nor does it admit 
of a set of separate primitives each given by a pair of equations; 
but it does in general admit of a solution expressed by a system of 
simultaneous equations. 

Note. Another method of proceeding is indicated by Guldberg*. 
When the equation of the second degree which has been discussed 
is satisfied in virtue of a single integral equation, the latter may 
be regarded as the primitive. This primitive defines z as a function 
of X and y, and is equivalent to 

dz^pdx + qdy, 

dz dz 

^'“dx* ^ ~ 3y ’ 

* CretUf t. oxxu. (1900), p. 84. 


where 
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and therefore this new differential relation is equivalent to the 
original equation. Consequently, when dz in the original equation 
is replaced by the value pdx'Vq^dy, the result must be satisfied for 
all values of dx and dy. Now the result of the substitution is 

+ 2p doc^ 4" ( 3^*4” 4- q“X^ dy^ 

4- 2 {Z' 4-jpX' 4- gF' +pqZ) dxdy = 0; 

as this equation must be satisfied for all values of dx and dy, we 
must have 

X + 2pY'-^p^Z=-0y 
F4'2gZ'4-?^^-0, 

Z'^pX'-^qT + pqZ^O. 

The first of these gives 

(P^4-F)^=F'^-ZZ; 

the second gives 

{qZ^XJ==^X'^-YZ; 

and the third gives 

Y')(qZ+X')^X'r^ZZ\. 

Hence 

(F'2 ~ XZ) (Z'2 - YZ) = (Z'F - zzy, 

which, after removal of the factor Z from the expanded expression, 
gives 

Z F^ 4- 2Z' Y'Z' - ZZ'« - FF^ - ZZ'^ = 0, 
the former condition. 

Moreover, we have 

pZ+Y’ = iY'^-XZ)i, 

qZ+X' = {X'Y'-ZZ') (F* - XZ)-i, 

SO that 

p = |{-F' + (r»-Z^)i}. 

q==^{-X' + (X'Y'-ZZ')(Y^- XZ)-i]. 

In order that 


dz^pdx-^qdy 
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may be represented by a single primitive, we must have 

dy da)' dy ^dz dx^^dz’ 
according as p and q do not, or do, involve z. Substituting the 
values of p and q, we obtain a further condition among the coeffi¬ 
cients of the original equation. 

If it is satisfied for one sign of the radical, but not for both 
signs, then the primitive is of the form 

(^, VyZ)-0=^0, 

If it is satisfied for both signs of the radical, the primitive is of the 
form 

{•f 1 (. 00 , y, z) - C\ {i/ra («;, y, z)-C]-= 0 . 

Ex, 1, The equation 

dx^ +y2 dy^ — dz^ -h ^xy dxdy—0 
satisfies the condition ; and the equivalent equations are 

xdx’\-ydy’{-zdz=a0^ a?c?;r+yci?y—«c?2=0, 
which lead to the integrals 

x^-^-y^+z^^a^sxiOy ct2=0, 

and therefore a general solution will be 

{x'^-¥y^'\‘Z^ — a) (^ 24.^2 —a)= 0 , 

i.e. {x'^+y^--a)^=^z\ 

in which a is an arbitraiy constant. 

Ex, 2. Solve 

(i) irdx^-\-mrn!dy^’^nn*dz^-\-{lrn!-\‘rm)dxdy+(ln' -\‘r7i) dxdz 

+ (?a7i' -f dzdy^ 0 ; 

(ii) {xdx-k-ydy^zdz'f ;s=( 2 ^ - ^—y®) +yc?y+ 2 :d«) dz ; 

(iii) dxdydz^0\ 

(iv) dj?, dy, dz =0, where w is a constant. 

Xy y, mz 

dr, dy, 7ndz 

Ex, 3. Obtain a solution of the equation 

a(6— c) xdydz+h{G — a)ydzdx>^o{a’-^h)zdxdy*s^O^ 
consistent with the equation ^ 

a,r*+6y®+c«®=*l. 

(The former is the differential equation of the lines of curvature upon the 
surface represented by the latter.) 
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Ex, 4. Also of the equation 

x^dx^ y^dy^ z^dz 
dxy dy^ dz 

consistent with the equation 

xyz=^\. 


- 0 , 


Simultaneous Equations with Constant Coefficients. 

169. We have hitherto considered only single differential 
equations; we proceed now to consider systems of equations. The 
simplest, and at the same time the most frequently occurring, 
class is that containing only one independent variable of which 
all other variables are functions; for the separate and complete 
determination of each of these dependent variables, the number 
of equations in the system must be equal to the number of 
dependent variables. In this class are included most of the 
differential equations of d)mamics. Thus in the case of the chief 
problem of physical astronomy—that of determining the motion 
of a system of material bodies under the influence of their mutual 
attractions—there is a single independent variable, the time 
elapsed from some definite epoch, while the dependent variables 
are the coordinates of the several bodies; these coordinates vary 
with the time and so furnish the varying positions of the bodies; 
and they are potentially determinate, since the number of equa¬ 
tions is equal to the total number of coordinates. All equations 
dealing with the small oscillations in a steadily moving system of 
bodies are also included; in them there is the additional simplifica¬ 
tion that all the equations are linear, the quantities multiplying 
the differential coefficients being constants. 

The general theory of the latter will be first considered. 

170. Let t denote the independent variable and D stand 
for djdt ; taking the simplest possible general case, we have two 
equations involving two dependent variables denoted by x and y. 
As the equations are supposed linear, all the terms involving 
differential coefficients of x can be gathered together, and so also 
for all those involving differential coefficients of y; and the 
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equations may therefore be written in the form 

fx (^) ^ (D) y = Tj) 

Ml))x^UD)y^T,] . 

where/i,/ 2 , <^i, <^ 2 > are polynomial functions with constant coeflS- 
cients, and and T<j, are explicit functions of t alone, a constant 
or a zero value not being excluded. Operate on both the sides of 
the first equation with ^ 2 (^) and on both the sides of the second 
with (f)i (D); then they become 

(D)f, {D)x + cl>, (D) <!>, (D) y = cf>, (D) T,) 

<}>, {D)f, (D) x + <l>, (D) (^2 (D) y^<f>^ (D) tJ • 

Since the functions (f> have only constants in their coefficients, 
it follows that 

<^,{D)4>,{D)y=^<i>,{D)<f>,{D)y, 
and therefore the above equations give 

{V (i>)/i (i?) - </>! {D)f. {D)} (D) .(II). 

Now let Zi, k, nil, be the indices of the highest differential 
coefficients in fi, f 2 , <^i, <f) 2 > respectively; then the index of the 
highest differential in <f> 2 (D)fi (D) is + Zi, and in cjyj {B)fi{D) is 
mi + Zg; of these two numbers let n denote that which is not less 
than the other, so that n is generally* the order of the highest 
differential coefficient of x in the linear equation determining x. 
To solve it, we adopt the method of Chapter iii. applicable to an 
ordinary single equation; if P be any value of x which satisfies 
the equation (there called the Particular Integral), and Xi, Xg) • • •> 
denote the n roots of the equation 

<^g {X)fi (X) - (X)/g (X) = 0.(A), 

the complete value of x is 

X = + AggV +.+ Ane^^ + P, 

where Ai, ilgi..^re arbitrary constants. 

Proceed in the same way to eliminate x from the two funda¬ 
mental equations, by operating on the first with /g (P) and sub¬ 
tracting it from the second after this has been operated upon with 
/i (-D) \ we then have 

{B) - <l>, {D)f, {D)] y =/» (D) T, -f, (D) T, .(in), 

* But not universally; see the Note at the end of § 172. 
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and so, as before for Wy 

y = -f +.+ Bne^^ + Q, 

where B^yB^, ., -Bw, are arbitrary constants, and Q is the Parti¬ 

cular Integral of the differential equation (III). 

171. We have, in the expressions for the two dependent 
variables, two sets of constants arising from the differential equa¬ 
tions (II) and (III); they are both composed of arbitrary constants, 
but we do not know whether they are independent of one another; 
this dependence may exist and yet the constants may be arbitrary. 
Thus any one of the constants B might be a multiple of one of 
the constants A ; the latter being arbitrary, the former would be 
so also. We therefore must determine the number of independent 
arbitrary constants. To do this, let the values of x and y be sub¬ 
stituted in either of the equations (I), say in the first; then the 
terms arising from P and Qy which are particular integrals, give on 
the left-hand side a term Ti cancelling with that on the right-hand 
side. The resulting equation is 

\Aifi (Xi) -f- Bi <f>i (Xi)} -f- [A2jfi (X 2 ) + (X2)| 4*. 

+ {Anfi (XJ + Bn <l>i (Xn)} = Q. 

Since this is to be satisfied for all values of t, the coefficient of 
each exponential must be zero, and therefore 

■^ifi (^ 1 ) "1" -Bi (^ 1 ) ~ 0 
^'if\ (^-i) “h 'B 2 (f>i (X 2 ) = 0 


^nfi i\i) + Bn ({>1 (Xn) = 0 

so that each constant B can be derived from each constant A. 
The number of independent arbitrary constants in the complete 
solution of the simultaneous equations is therefore n, i.e. the 
exponent of the highest index in the operator 

Hence the solution of the equations (I) is given by the fore¬ 
going values of x and y ; the quantities X occurring in the expres¬ 
sions are the roots of the equation (A); and the relations between 
the constants are given by equations (B). 
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172. There is a corresponding theorem that, if there be three 
dependent variables given by the three equations 

f\ iP) ^ + <^i (-D) y iP) ^ 

/a (D) a; + ^2 {D) yyjr^(D) z == T,, 

f, P) ^ + ^3 (i)) y + T/rg (jD) ^ = t;, 

the number of independent arbitrary constants entering into the 
complete solution is the index of the highest power of D in the 
determinant 

MD\ 

/ 2 (D), </.2(D), . 

f^P)y <f>3ph ^sP) 

The same result is also true when there are n dependent 
variables, given by n simultaneous linear differential equations 
having constant coefficients; the number of independent arbitrary 
constants, which enter into the complete solution, is equal to the 
index of the highest power of D in the corresponding determinant. 

For a rigorous x)roof of these statements, reference may be made to a 
memoir by Chrystal, Trans, R, S, Edin.^ vol. xxxviii. (1897), pp. 163—178. 

Note, It must not be assumed that the number of arbitrary 
independent constants occurring in the general solution, in accord¬ 
ance with the theorems in the last section and the present, is 
always at least as great as the order of any one of the equations; 
the number is strictly equal to the degree of the determinant. 

The number of arbitrary constants may even be zero. An example is 
given by Chrystal, in the form 

(i)2+l)a:+(/)2+2>+l)y=^, 

The quantity <^2 {N) f\ {D) - (Z>) {D) here is unity: and the solution is 

given by 

173. If the roots of the equation (A) which give the coefficients 
of t in the exponents be real and unequal, the solution given 
above is complete. It remains to consider the cases 

(i) when there is a pair of imaginary roots; 

(ii) when there is a pair of equal real roots; 
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the case of equal imaginary roots will follow from a combination of 
these two. 

For the former, the solution obtained remains general; but often 
it is desirable to change the form so that it may be free from imagi¬ 
nary quantities. The two imaginary roots, say Xi and may be 
denoted by a ± ; hence the corresponding part of x is 

{Ai -f 

that is, (ii cos + L^, sin ^t), 

on changing the arbitrary constants as in § 44. The part of y 
corresponding to the two imaginary roots is similarly 

6 °-^ (Jl/, cos sin 

Instead of making the necessary changes in the relations be¬ 
tween A and B, it is better to substitute again these expressions 
in one or other of the fundamental equations and derive the cor¬ 
responding relations as before. 

For the latter case, the solution obtained ceases to be general 
because two constants, say A^ and A.^^ become merged into one; 
but it may be proved, exactly as in § 44, that the part of x 
depending upon this repeated root X is 

e^^{A^A't\ 

and the part of y is 

Ex, 1. Prove that in the latter case the relations between the four 
constants, reducing them to two independent constants, are 

Ex, 2. If an imaginary root a+^i be repeated, write down the corre¬ 
sponding parts of the complementary functions in x and y, 

174. It may happen that the question, in connection with 
which the differential equations arise, will afford some indication 
of the form of the result. Thus in a problem relating to small 
oscillations, we should expect the values pf the dependent variables 
to be expressed in terms of purely periodic functions; and it would 
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then be proper to substitute for x and y respectively functions of 
the form 

Li cos + Z 2 sin 
Ml cos -h sin 

instead of in the equations (II) and (III). By equating to zero 
the coefficients of cos and of sin in each equation after these 
values have been substituted, there will arise four equations linear 
and homogeneous in the quantities L and M\ and the eliminants 
of these will furnish the values of If on the other hand the 
problem indicate a motion not purely periodic in character, the 
form of value for x adopted would be 

{Li cos -f Xg sin ^t), 

and so for y. If there be no external information as to the char¬ 
acter of the motion, then the ordinary method should be adopted. 

Ex, 1. Solve the equations 



Here we have 

i>.r+0)^=0 
- <*).r+.Z)y=0 

and therefore the equation for x is 

(Z)a+a>2)A-=0, 

so that cos sin 

Similarly y — A* cos +Z' sin tot. 

The relations between A^B^ A\ are at once derived by substituting in 
the first equation: we have 

—©-4 sin ©^+©Z cos ©^ = — ©il' cos ©^ — ©Z' sin ©^, 
or B'^A. 

The shortest method would have been to use the firet equation to give y 
in terms of x^ so that 

1 dx 
^“' “© 'dt 

» A sin (dt-^B cos ©L 

This method is however applicable only in particular cases. 
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Ex, 2, Solve the equations 


__a-+;.«x=0 

^+a_+^2y=0j 


When we collect the terms which belong to the separate variables, the 
equations are 

aDx+{D^+fA^)y=0 
Here the equation for x is 

and the value of x is 

X=Li cos ./3i t+Z^ sin ^it+Lg cos / 32 ^4* A sin 
where and ^ 2 ^ are the roots of the equation 

and the value of ^ is 

y^Mi sin cos ft ^+JI /3 sin ft^—J/i cos ft?. 

It is easy to prove that the relation between the constants is 
_ “^2 _ A 3 __ A _ t 


Ex. 3. Prove that the solution of the equations in the preceding example 
can be expressed in the form 

07= sin {fie®' (? — ?i )}+B sin {/xe"“®' (t — ? 2 )}, 
y = A cos (fic® (? — ?i )}+B cos {/xe“"°’ (? — ? 2 )}i 
where ^ 1 , ft ?i, ? 2 j fl-^e arbitrary constants, and a is defined by the relation 

2 fisinha = a. 

Ex^ 4. Solve 

dx 

-^„ax +hy +c 
^=a'x-\rh'y-^c! 


They might be solved by adopting the ordinary rule; the following is 
another method applicable to this form. 

Multiply the second equation by m and add to the first; then 

d 

^ (o?H-wiy) «B 0 ? (a+ma') q-y (6 4* wi6')-I-c+ wm/ 


(a4“ »w»') (4?4-«*y) 4-c +mdy 
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provided m be so chosen that 

h + mU—m (a + 

that is, if 7/1 bo a root of the equation 

+(a ~ ft') 7»—5=0. 

The foregoing differential equation, being 

_ fl?(.r-f7/iy) 

(a + ma') {x + my) +c +md ' 

has an integral 

(a+7w.a') {x +7/iy)+6* H- md = ^ 

Let mx and 71/2 be the roots of the quadratic equation; the last equation is 
an integral, provided m is either or 7/?2* On substituting m — wo have 

(a+7/ii a') (a? 4- wii y)+c+T/ii o' = id 1 e* 

and on substituting 7/2=7/12 we have 

(a+7/i2«0 (-^+ '^y) +c+wi 2 o' == -^ 26 ^ f® 

where Ax and are arbitrary constants. These two equations constitute the 
complete solution of the given pair of simultaneous equations when the roots 
of the quadratic are unequal. 

To discuss the case, when the roots of the quadratic are equal, we write 

7W.2~7/li + e, 

and keep c small: and we take 

^2— 

The second equation then gives 

(a+7Wi a' 4- €«') {x 4* //qy 4- cy) 4- C 2 4- t/^i o' 4- fc'=(d 14 - fd 3 ) c* 

When we expand in powers of e, the terms in cancel, owing to the first 
equation. We then divide out by a factor c and, after division, we make c 
vanish; then 

d {x 4- TWiy) 4- (a 4- 7»ia') y 4* c'=(ds+ dtAi) ^ ’"1®'), 

which is to be associated with 

(a 4- TWj d) (.77 +7/2iy) 4- c 4* 7/^1 c'=d 1 e* (®+’”1®'). 

These two equations constitute the complete solution in the present case. 

Ex, 5. Solve, in the same way as tho last example, the equations 
d^x 
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Ex. 6. Solve the following equations: 

^+ 2 '»+ 63 ^= 0 ; 

(ii) ^+6a;+y=e‘, ^ + 3y-ar=e“; 

(iii) 4^J+9^^+44^+4{^=r, 

'^S+^f+“-^+31y=e', 3j+7j + 8^ + 24y=e«; 

W + + 3S+7t+-+245,=3; 

(vi) ^^+»i 22^=0, ^^f-m2x=0; 

^^-3^-4y+3=0, ^+«+^^+5=0. 


Simultaneous Equations with Variable Coefficients. 


176. It will be assumed, as before, that there is only one 
independent variable, and that therefore the coexistence of m 
simultaneous equations should suflBce to determine the relations 
between the m dependent variables and that of which each is a 
function. 


Further, it will be sufficient to consider systems of simultaneous 
equations which are only of the first order; for, to these, any other 
system can be reduced. Thus if into any one of a given system 

a differential coefficient of the order should enter, such as , 

dx^ 

we could obtain an equivalent series of equations of the first order 
by making the substitutions 





Vn 


dx ^ 


which are all of the order stated; and the corresponding sub¬ 
stitutions for all differential coefficients of order higher than 
unity will transform any system of simultaneous equations of 
any order into an equivalent system of equations of the first 
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order. If there be m dependent variables, this system must 
contain m equations each of the form 

...%)-»• 

176. The solution of this system of equations can bo made to 
depend upon the solution of a single differential equation of the 
order connecting one of the dependent variables with the 
independent variable. 

For let the m equations be solved so as to give the m differ¬ 
ential coefficients as explicit functions of the variables; and suppose 
these relations to be 

~ . y 

. 


(x, y\y 2 / 2 ».. 

Let the first of these be differentiated m — 1 times in succession 
with regard to x and, after each differentiation but before the next, 

let the values of .. be substituted from the last 

ax dx 

^ — 1 of these equations. There will thus be obtained, including 
the first equation, m equations connecting 

^1 d'^Vi 

dx ’ dx^ * .. dx’’^ ' 


with the variables /r, ^i, 2 / 2 ,., from these m equations let 

the m — 1 variables ys, .. ym he eliminated, so that there 

will result a single equation which may be represented by 





da?' 


dryi\ 

da;™/ 


0 . 


This equation, being of the wi*** order, has (§ 8) m independent 
first integrals each involving one arbitraiy constant, all the m 
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constants being independent of one another; these integrals we 
may represent by the equations 


(x, yi, 

■f ’2 Vi, 



dij, 


dx,' 

dyx 

dx’ 


dx*‘ 


, O.)=o 


d/A ^ \_n 

da;’ .’ da'«->’ 




in which the constants G are independent. But from the pre¬ 
ceding equations we know the values of the differential coefficients 
of ^ 1 , in terms of all the variables; when these are substituted in 
the set of equations F, the latter take the form 

(^,2/1,2/2,. yym > 

^2 (a’, 2^1,2^2,.. 2 ^m, Q = 0 j 


Vli Va .. Vmi — 0 / 

which are sufficient to determine each of the variables y as a 
function of x ; they are an integral system and contain m arbitrary 
constants. 


Hence we have as the general result : 

The complete solution of a system of m differential equations 
of the first order between m +1 variables depends on that of an 
ordinary differential equation of the order and consists of m 
equations, connecting the variables and containing m indepen¬ 
dent arbitrary constants. 

The foregoing is the general theory; but, in particular cases, 
simplifications arise enabling much of the labour indicated in the 
general theory to be dispensed with. Thus, if the equations consist 
of a set each of which is linear in the derivatives, it may happen 
that an integral of each equation of the form 

P dx 4* Pidyi + P^dy^ + .4* JP mdym ~ 0 

can be obtained in the form 
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and the long process would not need to be gone through. Again, 
instead of determining the m independent first integrals, it would 
be sufficient to determine the primitive of the ordinary equation 
of the order; for from it could be derived other m — 1 equations 
in which the values of the differential coefficients could be sub¬ 
stituted, and an equivalent result would be so deduced. Again, 
in the case when the equations are all linear, we can solve them 
to obtain the ratios of the m -f 1 differentials in the form 

dx ^ _ dym 

vr . 

which might be called the symmetrical form; the mode of treat¬ 
ment for these will sometimes (depending upon the form of the 
denominators in these fractions) differ very materially from, and 
be much more convenient than, the general process. Examples 
illustrative of this statement will be found appended. 


Ex. 1. The general method can be avoided, if integrals of all but one 
equation can bo obtained and, d fortioriy if all the integrals can bo obtained. 
Thus the equations 

ldX’{-mdy‘\rndz=iOy 

xdx+2fd'y'¥zdz^0y 

load at once to the integrals 

lx-{-my-\-nz=^€u 
which determine y and z in terms of x. 


Ex. 2. Solve 


(i) 


{ tdx^( 


[tdx^{t-'2x)dt^ 

- {tx •\‘ty-\- 2.V— t) dt. 
d^x dx 


(ii) 


dt 

dy 2 dx 

Tt^iy’^di- 


Ex. 3. Solve ^ ^ ^, where 


dx '\-hy cz 
Y^dx + Vy'^-dz +c?' 

In equations of this form, it is convenient to introduce some new inde¬ 
pendent variable and to make all those variables, which already occur in the 


FDB 


12 
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equations given, functions of this new variable. Calling the lattei 't we may 
assume, as an advantageous form, 

^ % dz 

t 

_ldai 4- mtfy + 

ZAT •\-'niY 4" nZ 

_ Idx-^-mdy+ndz 
'~\(lx’\-my-k-nz)-{'r'* 

provided Z, w, X, be so chosen that 

al 4- a'm 4- a'*n =XZ 
hi 4“ h'm 4- h"n = \m 
cl-\-dmY- c"n—\n 

the value of r is 

Id^rnd* •Y'l^d", 

Eliminating Z, m, w, between these three equations, we have 

a-X, a', a" =0, 

h, Z»'-X, Z>" 

c, c', d*-\ 

a cubic equation determining X; let its roots be X^, Xg, X3. When Xi is sub¬ 

stituted in any two of the foregoing equations, the ratios of l:m:n can be 
derived ; let them be denoted by Zj: : Wj, and suppose the corresponding 

value of r to be ; with similar expressions for the other values of X. Then 
for the value Xi we have 

dt Zj dx 4- cZy -f* 111 

t ~Xi(/i4;4-wiiy4"Wi2)4-ri’ 

the integral of which is 

Cl < ■» (Zj 07 4- miy 4- »i ^ 4- ri Xi~^)\ ' \ 

Similarly C2«=(Z2074-wi2y4"W2^+^2X2“*)^a’\ 

and c^t—{h^-\-ni^y’\rnzz-¥rdK 3 -^)\'\ 

In order to obtain the general solution of the system of equations as given, 
we must eliminate t between these equations; when we write Ci=d 02=^03, 
where A and B are arbitrary constants, the general integral as required is 
given by the equations 

(ZiO? 4- miy 4- ni^ 4- ri Xi“^)\"‘-» ^ rti^y 4- 4- X2'“*)^’ ‘ 

=jB(Z3af4-W3y4-%2f4-raX3-*)V\ 

Ex» 4. Solve in this manner the equations 

-dx _ ^ _ 

3^4*48^ ^y^rhz 
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Ex, 5. This method may also be applied to solve certain systems of 
equations in which the variables do not occur so simply as in Ex, *3. Thus 
let us consider 

^+7'(a'ar+6'y)=y2 

where ^ 2 » are functions of t. Multiplying the second equation by I and 

adding it to the first, we have 

provided I and X are determined so as to satisfy the equations 

a+la'—\ 
h 4“ Ih' =ZX, 

so that the values of X are Xi and X 2 , the two roots of 
{a-\) (6'-X)-a'Z>=0. 

The integral of the foregoing equation being 

the complete solution of the original equations is given by 
(x-\-hy) e'^^=^‘"=*4,+J(7’i+i,r,) 
(.x+hy)e’^!'^^,,A^+\{Ti+h Tij 
Ex. 6. Solve the systems of equations 

(«) S+7(-:^)=i| 

§ + i(.r + 5y)=« 

(/ 3 ) lt^==mn(y-z) 

nit^=nl(z—x) *•; 
at 

zUj^=bn,{x-y) 

<y) 

~=,h—nx V. 
dt 

dt , 

^..mx-lyj 
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Jacobi’s Multipliers. 

177 . At the end of § 176, reference was made to a system of 
m differential equations of the first order and the first degree, 
arising in the form 

da; _ 

A - .^ F,,’ 

where all the quantities X, Fj, Fg, ..., F^^, are functions of 
Vu 2 / 2 ) •••) yw Many investigations of general properties of 
the integrals of the equation have been made; among these, one 
of the most important is what is known as the theory of the last 
multiplier. Only the simplest cases will be considered here; 
reference to other sources must be made if ampler discussion is 
desired*. 

Consider the equations 

dx ^dy ^ dz 

where each of the quantities X, F, Z, is a function of z\ and 
let their integrals be denoted by 

/(^, y, z)==a, g (a;, y, z) = 1. 

Then any relation of the form 

F{f,9)^o 

is also an integral. Moreover, the equations 
f^dx ^rfydy -^fzdz = 0, 
gxdx-\-gydy-\-gzdzr:^0, 

are satisfied in virtue of the given equations; so that 
X/,+ F/,+X/,=:0, 

Xga^+Ygy’^Zg^^O. 

* The theory is originally dae to Jaoobl; his fullest exposition is given in a 
memoir, Qes, Werke, t. iv. pp. 819—509, and a simpler exposition is given in his 
Varlemngen Uher Dynamik, pp. 71 et seq. Cayley’s memoir, Coll, Math, Papers, 
vol. X. pp. 98—183, may also be consulted. 



177 ] 

Let 


LAST MULTIPLIER 


867 


fy< 

f . 

U 

fx . 

C'= /*, 

fy 

9y’ 

9t 

9t> 

9t 

9x, 

9v 


then a quantity M exists such that 


A_B_ 
X~ Y~ 



Now it is easy to verify that 

^ ^ aa 

dx dy dz 

vanishes identically; consequently 

and therefore 


OX oy oz \ 0 ^ oy dz) 
say 

an equation satisfied by M. It no longer contains any explicit 
reference to /or g. 

Suppose that two solutions of the equation 

E (< l >)=:0 

are known, say M and N, and assume that their ratio is not a pure 
constant; then 

E(M)^0, E(N)==0, 

and therefore 

NE(M)-'ME(N) = 0, 

When we divide by this equation can be written in the form 

Consequently, the equation 

^(K\ ^(K\ _n 

dx\N)’ dyXNj’ dz\N) “ 

/* » /y • ft 



358 


Jacobi's 


[chap. VIII 


must be satisfied. It cannot be in virtue of/~a ov g^h that 
the equation is satisfied, for a and h do not occur; hence the 
equation must be satisfied identically, and therefore (§ 9) there 
must be a functional relation between M ~ N, /, g, free from all 
variables. Hence 

b)=^c. 


say, so that 


M . 

IS an in 

N 


tegral of the original differential equations. 


In other words, when two solutions of the equation E{M) = 0 are 
known, these solutions not being constant multiples of one another, 
their quotient equated to an arbitrary constant is an integral of 
the original system. 


Quantities, such as M and N, are called multipliers. 


One or two corollaries are practically obvious: they will be stated without 
proof. 


I. If one multiplier M is known, then every other multiplier is of the 
form Mk (a, h). 


II. If three multipliers X, Af, are known, such that X—iV and M-^N 
are not pure constants, and such also that and M-^N arc not connected 
by any functional relation involving only pure constants, then 



can be taken as integrals of the original differential equations. 


III. If 


^ ^ ^ 

Zx Zy Zz 


= 0 , 


then one multiplier is known: we can take 1, so far as the equation 
X'(J/)«=0 is concerned. 


The importance of the multiplier lies in the property that, 
wheiti one integral of the equations has been obtained and when any 
multiplier is known, another integral can be obtained by quadratures 
only. 

Let the integral which has been obtained be 

y, a 
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let M be any known multiplier; and let the other integral, as yet 
unknown, which would be associated with /= a to give the mul¬ 
tiplier My be 

g{xyyy z)^h. 


By means of f(xy y, — let one of the variables (say z) be 
expressed in terms of a and the other two variables; and let the 
value thus formed be supposed substituted in the other integral, 
with the result 


Now 


0(xy y, a) = 5. 

dG. 


and therefore 


Now 


_dOdG. 


aa-'"’ 


MX = 


9y^ 9z 


MY^ 


fz> fx 

9z> 9x 





where dQ is a perfect differential: substituting on the right-hand 
side, we have 

da^^{Ydx-Xdy). 

Jz 

The left-hand side, regarded as a function of Xy y, and the con¬ 
stant a, is a perfect differential; hence, when the quantities on the 
right-hand side (all of which are known) are expressed in terms 
of Xy y, a, the expression is a perfect differential. Effecting the 
quadrature, we have 


M 
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The quadrature thus gives us O(co, y, a). When the quantity 
a is replaced by /{os, y, z\ we have the second integral in the 
form 

g{x,y,z)=-K 


Ex. 1. Consider the equations 


dx ^ dy _ dz 
x{2f-z)'~ y{z-‘X)'^ z{x-yy 


Here, we have 


oy dz 


dx 


hence we can take unity as a multiplier. Also is clearly an 

integral, so that 


/=ar+y+ 2 , 

and1. To obtain another, we have to replace « by a - ^ -y in 

J(Fdx--A'dy) 

and effect the quadrature: that is, we have 

J{y(a-2x-y)dx-x(x-h2y‘--a)dy} 

= axy ——y2 


=^xy{a--x-y). 

The other integral, by our theorem, therefore is 

xyz^h. 


Ex. 2. Integrate the equations: 

r\ ^ < % _ dz 

x(y^ — z^)^y —a;2)2 {x^ —y' 

.... dx _ dy ^ dz 

A*(y2-«2) ““ -y(2:2+a?2) “ zjx^+y^) * 

..... —dx dy _ ^ 

.. . dx dy dz 

0^) ^2“ ^’^‘ZX’^x'^ "* x^ +^y+y^ * 

Ex. 3. The method can be applied to a differential equation of the second 
order 


when a first integral is known. 
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dtj ^ 


dx dy ^ dp 


Thus 


where itistauce of the general system arises when we take 

2=py 

X=l, y=:jt?=2, Z^h(x^y), 

dx^ dy^ dz ’ 

and so unity can be taken as the value of M. 

Let the first integral, supposed known, be 

and let this be supposed resolved to give 

p^^{jc,y,a). 

Then the general theorem shews that another integral is given by 

dy — “^dx , 

T 

¥ 

Ex, 4. Consider the equation ♦ 

yf 

where f{x) — ax^-\-^^X’\‘y* 

Writing y'= 2 :, we have 

dx ^dy __ dz 


The equation for M is 




0if 0if . 1 / ^ , 2 2\ s itrx ^ 

of which an integral manifestly is 

If then we can obtain a first integral of the original equation, the primitive 
will be derivable by a quadrature. 

Now 

yy'-iy>=/(^x 

y2^"-Wr=/'(^). 

yy^+iy'y^’^o, 


* Laguerre, (Euvres^ t. z. p. 402. 
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because/'" ( 4 ?)»»0. From the last we have 

^+fi2!'=0 
yv+Sy 0* 


and so 




Eliminating y*'', /' between the last equation and the three above, we find 

2y/-3y/' = 3 (Ay*- 4/s- 

where 

A=/'*-2//"=4(/3*-ay). 

Accordingly, we have a first integral of the equation in the form 

i’=y=f y y+^(Ay*-4/s-JayV)^ 

0 ^ 

To apply the theorem, we need ^ : we find 


The integral, being 


becomes 




^l^pdx-dy)=h, 

dp 


J 12iJ (c?y ~-pdx)^h \ 
or multiplying up by - 8, we have 

\r 


/ 


dx 

7‘ 


fVdx-ldy 

i----86, 




To effect the last quadrature, write 


then 

so that the equation 
gives the primitiva 




V 

J ^ 

Rssy {A-iau- u^)if 

/■f+Z— ± 

J f J 
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Ex, 5. A firat integral of the equation 

~ l+Stan^a: 

y dx^ 

is of the form 

Determine the primitive; and compare the result, obtained by the process 
of the multiplier, with the result of immediate integration of the first 
integral. 

There is one case in which a value of M can be obtained. 
Suppose that 

dz) 

is the complete derivative of a function ^ with regard to account 
being taken of the relations 

dx dy dz 

Then we have 


dai X dy X dz dx ^ dy dx^ dz dx dx ’ 
and the equation for M becomes 


so that we can take 


dx dx 




A general instance of this type is given by Jacobi* in the form 


da^'^^dy \dx) 


dy 
dx dx 


-f ss 0, 


where and yfr are any functions of x and y. As in some of the 
preceding examples, we take 


% 

dx 


* Oes, Werke, t. rv. p. 408. 


so that, writing 
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we may take the subsidiary system in the form 

^ _dy _dz 
1 ~ p ~ Z’ 

Then 

X\dx^dy'^dz)~ ^dy dx 


and therefore 






If then a first integral of the differential equation can be 
obtained, the primitive can be constructed by means of a quad¬ 
rature. 


Ex. 1. Integrate the equations 

^ x+z^ ’ 


(ii) 

(Hi) 


dx 


dy 


dz 


y-^z x^'Vy 
dx ^ __ dz 


==dt; 
—dt. 


f-z x-k-y’\'t x-\-Z’\‘t 

Ex. 2. Obtain the primitive of the equation 

where h and c are constants, having given that a first integral is 
+ hxy^jA +— ^cx) y^p ++ hy'^x - %hcyx^+(AoA == 
or, what is the equivalent, 

(yp+xy+^ ^ (a'P+V'y+j^ar)=^, 

where X, X', X", are the roots of the equation 

X3+6X-c=:0. 


The preceding investigations have been restricted to the case 
of three variables and two equations. Corresponding results hold 
for the case of n -f-1 variables and n equations; but they will 
merely be stated here, and the proofs will be found in the works 
cited (p. 356) at the beginning of this section. 
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Let the equations be 

dcc2 dXf^ 

Z- 5S -y— = j 

I -^2 -An -An+i 

where each of the quantities X can be a function of all the 
variables. 


1. The equation for the multiplier M is 


S Xrl-^M X 

yssl OAV ^-1 


= 0. 


If any two solutions of this equation, Mi and are known, their 
ratio not being a pure constant, then 




a, 


where a is an arbitrary constant, is an integral of the differential 

equations. Let == , i/g == cfa?., = an»bo a complete system 

of integrals, and let M be any multiplier; then every other multi¬ 
plier is of the form M(f> (ai, .. an). And if 

3^1 ^ dX^ ^ ^ dXn+ i ^ ^ 

dxi dx^ .”” " 

manifestly we can take ilf = 1. 

11. Let 


> '^2 — .> ^n—1 — ®n~i > 


be 71 — 1 integrals of the equations, so that all the integrals save 
one are known; and let M be any multiplier. Then the last 
integral of the equations is given by 


M _ 

d (Ui , 14.2, ••••••> ^n—i) 

j 9 (xg, X4, .., ^n+i) 


{^Xidx^ Xt^dxi^ — Cijif 


where an is an arbitrary constant, and all the quantities in the 
subject of integration are to be expressed in terms of 


Xif fl?a, tti, .. ttn^i, 

by means of the given ti — 1 integrals of the system. 

It is on account of the theorem last stated that the name 
last multiplier was attached to the quantity M by Jacobi. 
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Ex, Shew that, if two integrals of the differential equation 


be known in the form 




/(^, y* y\ f) = 9 (•*'•> yl =ft 

then a third integral is given by the relation 


dy^‘i/dx 

acy,/) 


where y and y') ^ expressed in terms of x and y by means of the 

equations /=a and ^=i3: the quantities a, ft y, being constants. 


A Special System of Equations in Dynamics. 


178. There are two classes of simultaneous equations which 
are extremely important; one is the class already considered in 
§§ 148, 149 as the generalisation of Euler’s equations leading to 
one class of higher transcendental functions ordinarily called 
Abelian functions; the other is the system of equations which 
determine the motion of a particle attracted to a centre of force 
that acts according to the gravitational law. The latter may be 
represented by the simultaneous equations 


_ dB d^y _ ^ 
dt^ dx ’ dt^ ^ dy ’ dt^ dz ’ 


in which JB is a rational function of r or + the 

distance of the point Xy y, z, from the origin. To express the com¬ 
plete integral, three independent equations (or their equivalent) 
will be necessary. Since each equation may be replaced by two 
of the form 


dx 

‘‘’S' 


dxi dB 
dt ~ dx ’ 


giving six equations in all to determine the six quantities, the 
investigation of § 176 shews that we must have six arbitrary 
constants in the solution. 
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If we multiply the equations respectively,add 

and integrate, we have 






in which B is an arbitrary constant. 

Another form may be given to the equations (i). Since iJ is a 
function of r, we have 


dx dr dx r dr ^ 


and so for the others; and thus (i) becomes 

d^x _ X dR ^ ^ _ y ^^ _ z ^ 

dt^ ^ r dr ’ dt^’“ r dr ^ dt^^ r dr* 


Therefore 


d^y d?x ^ 


dt^ 




dt^ 


dt^ 

d^z 


d^x w *, ^ 


of which two only are independent; the integrals of these are 
respectively 

dy dx ^ 


dt ^ dt 


dz 

^di-^ 


^-0 

dt 


dffi dz ^ 


Squaring and adding these, we have 


= C7i> + C,* + (7,»v=il» 
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where A is an arbitrary constant; this is equivalent to 

dr\ 




that is, to 


and therefore 


dt = - 


rdr 


f rdr 


From the equation just obtained, we have 

/dry 

\dt) ’ 


.(ii). 


^2 


and therefore 


that is. 


dr dt r* dt dt dt^' 


dR _ d^r 
dr r* ^ dt^ * 


When this value is substituted in the modified form of the 
original equations, the first of them is 



II 


d ( dx dr\ 

or 

dtVdi~'^di) 

or 

-iHit}] 

Let 









! ^ 
r 


A dr 


then the foregoing equation for ~ is 

d^ lx\ X 


■r(2r>(i2 + J5)-^»}i’ 


X . 
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and therefore 

SO • • • • 

~ = Oi cos + Oa sin .(iii). 

The second and third equations, similarly treated, lead to 

^ cos (fy + biSmcf} .(iv). 


- = Cl cos ^ + Ca sin <f> .(v); 


and in these the constants a, 6 , c, are arbitrary. But they are not 
independent; for we have always 

+ + — r% 

whatever be the value of (j>, and therefore the relation 
(oi* + ii 4* Ci^) cos^<}> + 2 (ttitta + 6162 + CjCa) COS <f> sin <l> 

+ (ua® + 62® + C2O sin®^ = 1 = cos^ (f) + sin^<^ 
is satisfied for all values of <f), so that 

ai' + &i* + Ci2«l] 

Ua® 4- 62® + C2^ = 1 > .(vi). 

aia2 4-6i&2 4-CiC2 = 0j 

The six constants are thus equivalent to three independent 
constants. Further, we may put (iii) into the form 


~ — pi cos {<f> 4- A)> 


where pi and are arbitrary constants; thus an arbitrary constant 
is associated with <f>, and one will not require to be added in the 
equation 

'^^Ir{2r^(E + B)-A‘}i . 


We have now suflScient equations to determine the general 
integral. By means of (vii) ^ is given as a function of r, and 
therefore by (ii) as a function of t; hence (iii), (iv), (v), give x, y, z, 
as functions of t. Moreover, we have six independent arbitrary 
constants, viz., A^, B, a, and the six quantities ai, Uj, 61 , tg, Ci, Cj, 
connected by the three relations (vi). These therefore constitute 
the general integral of the differential equations. 
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f!^. Solve in this way 

(a;2+yS)} 

Also solve by transforming to polar coordinates. 


MISCELLANEOUS EXAMPLES. 


1. Prove that, if 


do (m^n cos <^)i =d(}}(m--n cos 0)i , 
then 2wi - w + w cos ~ ^ cos = 0, 


c being an arbitrary constant. 

2. Let F (x) denote the integral 


r— 

Jo {(1—a 


do! 


da;; 


prove that an algebraical relation equivalent to 

^ (^’i )+^ (^ 2 ) + ^ (^ 3 )=0 
is 4(1- a?!*) (1 - ^ 2 ^) (1 - «(2—- a; 2 ^- 

3. Let (a?) denote the integral 

/.•{'.■Ai* 

verify that 

A^(a7i)4-A^(^2)+^(^3)= -^^a7ia?2^3, 
where a?i, ^ 73 , are related as in the previous example. 

4. Verify that 

^ 1 , y\, 1 
^ 2 , y2j 1 
^ 3 , ^3, 1 


is an integral of 


dxx dx2 , c?a73 ^ 


(l-arj’)* 

y being given by the relation aT^+y^*!. 

Interpret the result geometrically. 


(Cayley.) 
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6. Prove that the integral of 

dx i d,y ^ 

(l+^)J'^(l+y3)i“ 

may be exhibited in the form 

(1 +^) (14-3^3) (1 +a3^=(l 

where a is an arbitrary constant; and that the integral of 

may be exhibited in the form 

(4r® - /^+/) (4y3 (4^3—J ")=[^xya - J/(^ + a) +t/}3, 

where I and J are definite constants, and a is an arbitrary constant. 

Shew that a general integral of 

X-^dx^T-ldy^(i, 
where X ^ (1*, f, nix, 1)3, 

is XYZ- {}c+l{x-\’y’\rz)+m (xy •hyz+zx)+nxyz}\ 

where Z^{Jc, I, m, n\z, 1)3, 

and z is an arbitrary constant. 

(MacMahon and Russell.) 

6. Prove that integral relations equivalent to 

Ad A^ "* Ai|r 

sin^dcgd sin^<f>c?0 sin3>/rcg>)r ^ 

Ad A^ A^ ^ 

where A;^={(1 ~ k sin®;^) (1 —X sin^;^) (1 -/u sin3;^)}i, 


sin yfr sin 0 cos d Ad 


sin d sin ^ cos (f> A^ 


(sin® d—sin® (sin® d - sin® ^|r) (sin® <j> - sin® d) (sin® <f) ~ sin® ^|r) 

_ sin (j) sin d cos ^|/^ A^ 

(sin®^ —sin®d)(sin®^ —sin®<^)** ’ 

nd cos ^ cos s in d Ad __cos d cos ^ sin <p A0 

(sin® d ~ sin® 0) (sin® d—sin® (sin® (f) — sin® d) (sin® 0 — sin® yfr) 

_ cos <j> cos d sin ^ Ax//- _ P 

(sin® xfr - sin® d) (sin® ^—sin® 

Determine A and B from the conditions that and when d«0. 
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7. Find the primitives of the equations 

(i) {ay^hz)dX‘\r{oz — ax)dy-\‘{hx--cy)dz^O\ 

r-\ dx{y^z-2x) d yjz^X’-^y) dz{x-\ry-^z) 

{y-x){z-x)^Xz--y){x^y)'^ ' 

(iii) {2/^-\‘yz-\‘Z^)dx-\‘{z^’\‘zx+x'^) dy-\‘{x^-^osy-\-y^)dz^O. 


8 . Shew that, if the equation Pdx+Qdy-^Edz=0 satisfies the condition 
of integrability (§151), and if P, §, E, are homogeneous functions of x, y, of 
n dimensions, the integral can be obtained by introducing new variables 
u and V such that x—uz, y—vz. 

Hence obtain the primitive of the equation 


(^ - ^ dx+zdz(y-x)=^ z^dy — (y* - ^2 j 


in the form 


where x=^uz. 


I 


e~^^du+C—e~^^- 


y-x^ 


(Euler.) 


9. Solve the simultaneous equations 

(i) a^=( 6 -c)y«, b^=:(c-a)ix, Oj = {a-h)xy, 

expressing each of the quantities x^ y^ z, as elliptic functions; 

.... dx ^ dy ^ dz . 
y^-\-yz-\-z^~^^’\-zx’\-x^~~‘x^-{’xy’{-y^’^ 

10 . Integrate the system of equations 

+CM 7 +cos nt + hz sin = 0 , 

dx , . , 

ao) — ^ - oy sm nt+bz cos = 0 , 


6a) cos nt + bx sin nt —^ ~ aa:= 0 , 
dt ’ 


dz 


b(o sin nt — bx cos +ay - ^ == 0 . 

11 . Integrate the simultaneous equations 

^ + w* {» - 3i; (ui + m,)} =0, 
where (is written for cos (at+b) and 7 for sin (at+b). 


(LiouviUa) 
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12. Solve the simultaneous equations 


A^y cPz . , cPy „ 


d*z . <p7/ , , cPz 

^ da^ d^^ 


+ 


C2==0. 


13. Shew that any system of lines, described on the surface of the sphere 

and satisfying the equation 

( 14 - 2wi) (1 — ^) dy -^zdz =0, 

would be projected on the plane of xy into parabolas. 

Find the equation of the projections of the same system of curves on the 
plane of yz. 

14. Shew that Monge’s method (Ex, 4, § 153) would, if wo integrate first 
with respect to x and 2 , present the solution of the equation in the preceding 
example in the form 

(l+2m)x^+z^^(l)(y), 2j/(l-^)= -(/)'0/)* 

Apply this to solve the problem of the preceding example; and identify 
the results. 


15, Integrate the simultaneous equations 

d^Xi_dR cPx^ dR 

dt^ “ ari’ dt^'^dxz* .. df “ dxy ,’ 

where is a function of 


(Binet.) 


16. Shew that, if 

/ (a? 4-cay + 0)^2!)=+0) F+ 
where ca is any cube root of unity, then 

Xdx-^- Zdy^- Ydzy 
Zdx-\-Ydy’\‘Xdzy 
Y dxArXdy'^ZdZy 

are perfect differentials dQy dR ; and prove that the surfaces 
p=a, Q^hy R^Cy 

where they intersect at a common point, intersect in pairs at the same angle. 

(Laurent,) 
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PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 


179. Hitherto we have been considering for the most part 
differential equations in which the dependent variable or, in the 
case of a set of simultaneous equations, the dependent variables 
are supposed to be functions of only a single independent variable. 
We shall now consider equations in which the number of indepen¬ 
dent variables is greater than unity; and we shall suppose that there 
is only a single dependent variable. The latter is usually denoted 
by Z) if it be a function of only two variables, these are usually 
denoted by x and y, if ^ be a function of more than two, say of n, 
then it is convenient to denote the latter by x^, a^j, a;,,.. 

The first partial differential coefficients in the former case, viz., ^ 


and are represented by p and q respectively; in the latter 

case, the partial differential coefficients ^, —,., , are 

^ dxy dxi dx„ 


represented by ^.. p„, respectively. 


An equation in partial dificrential coefficients is a relation 
between the independent variables, the dependent variable (which 
is an unknown function of those variables) and its partial differ¬ 
ential coefficients with regard to them. It is of the first order 
when all the partial differential coefficients which occur are of 
ordemot higher than unity, of the second order when the partial 
differential coefficients of highest order which occur are of order 
two; and so on. In this chapter, we shall consider only equations 
of the first order. 
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It may happen that we have more than a single differential 
equation relating to the same set of variables; for instance, we 
might have two equations between oj, y, p, q. In this case the 
two equations could be solved and frgm them values of p and q in 
terms of oc, y, and could be deduced; these could be substituted 
in the equation 

dz=pdx + qdyy 

and we should thus obtain a total differential equation. Similarly 
in the case of n independent variables, n equations would be 

sufficient and necessary to determine pi, p^, .. pn\ these n 

equations would then be considered as furnishing a total differ¬ 
ential equation. When the number of equations is less than the 
number of partial differential coefficients and therefore of course 
less than the number of independent variables, we are not able to 
deduce solely from them a total differential equation. When only 
a single equation is given, we call it a partial differential equation^ 
when several equations are given, we call them a simultaneous 
system. 

As in the case of ordinary differential equations, the integration 
of an equation is the derivation of all the values of z which, when 
substituted in the differential equation, render it an identity. 

Classification of Integrals. 

180. Before indicating methods of integration and giving such 
classes of equations as are easily integrable, it is necessary to 
classify the different kinds of integrals of a partial differential 
equation and to prove that the classes include all possible integrals 
of the equation. For perfect generality the propositions should 
be proved for an equation involving n variables, but the proofs 
are given for an equation involving only three variables; this 
limitation has the advantage of shortening the equations and of 
lessening their number, while very slight consideration will shew 
that it is possible to pass to the general case without any essential 
difficulties of analysis. 

181. Suppose that we have between Xu a relation of 
the form 


fiz^ Xx^ 0 


( 1 ), 
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in which Oi, Oj, Os, are arbitrary constants and which contains no 
differential coefficients of z. To obtain jpi, p^, we have the 
equations 






.( 2 ). 


Between equations (1) and (2) the three arbitrary constants 
can be eliminated; and usually the result of the elimination is to 
provide a single equation involving the variables z, and 

the derivatives pi, p^, ps. If in (1) there were more than three 
arbitrary constants these equations would not be sufficient for the 
elimination, while if there were fewer than three there would be 
more than sufficient equations. Let the result of the elimination 
in the present case be denoted by 

^3) “ 0 .(-^)> 

which will be the partial differential equation corresponding to the 
integral relation (1). 

Conversely, this integral relation (1) is a solution of (A), and it 
contains three arbitrary constants. We cannot expect more than 
three arbitrary constants in a solution of (A); for, on passing from 
such a solution to the differential equation by the method in 
which (A) has been obtained from (1), only three constants could 
be eliminated. Hence (1) contains the greatest number of arbi¬ 
trary constants that we can expect in a solution of (A). 

The name Complete Integral of an equation is given to a relation 
between the variables which includes as many arbitrary constants 
as there are independent variables. 

Note. It must not however be assumed that an equation, having the 
form of a complete integral, always leads to one (and to only one) partial 
differential equation. 

Thus the equation 

- ai)2 + (a72 -02)2)4 +^ 3 - (Xs, 

when treated so as to lead to a partial differential equation by the elimination 
of the three arbitrary constants Oi, 03 , 03 , leads to the two equations 
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182. The supposition has been made that Ui, as, a^, arc con¬ 
stants; and we have deduced equation (A) from (1) and (2). But 
we may suppose that Ui, (h, are functions of the independent 
variables. If these functions are chosen as to leave unaltered the 
forms of pi,p 2 »Pzi then the differential equation obtained by the 
elimination of the functions will be the same as in the case when 
the quantities a were arbitrary constants, for algebraical elimina¬ 
tion takes no cognisance of the value of the quantity eliminated 
but only of its form. Now with the new supposition that the 
quantities a are functions of the variables (Ci, x^, the values of 
the partial differential coefficients are given by the equations 

dz dxi dos dxi da^ dxi ’ 

y y ^ ^ ^ das df das _ ^ 

dz^^"^dxs"^ dai dx^ dos dxs'^ da^ dx^ 

dz dxs dai dx^ da^ dxs da^ dx^ 

But the forms of pi, psi Ps, are to be the same as before, when 
they were given by equations (2); in order that this may be the 
case, we must have 

y y ^ ^ ^ _ 0 ^ 

dai dxi da^ dxi da^ dx^ 

y .(3). 

dui dxz 002 dxs das [ 

dai dxs ^ 0aa 3^8 9^8 9^3 

Let R denote the value of the determinant 


9a, 

0^2 

9a3 



dxi 

dOt 

0^2 

9a3 

diCt ’ 

dxs' 

9^2 

doi 

das 

90, 

9^’ 

dxs ’ 

9a:, 


so that the foregoing equations are equivalent to 
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Now, if R do not vanish, these can only be satisfied by 

^ = 0 ^ = 0 ^ = 0 . 

’ 9a, ’ 9a, 


•(B); 


and these are three equations which may determine values of 
0 ^ 2 , tta, in terms of the variables. If they do determine values 
of «!, tta, in any of the possible forms (whether as constants or 
as functions of variables), the relation (1) is still a solution with 
the change in the quantities a; when the values thus found are 
substituted for them, we have a solution of (A) which contains no 
arbitrary constant. This solution moreover will generally differ 
from any solution, which contains no arbitrary constant but is 
derived from (1) by assigning particular constant values to ai, fXg, a.,, 
in (1). The result of eliminating the arbitrary constants between 
(1) and (B) then gives a new solution. 

This solution is called a Singular Integral) it is a relation 
between the variables involving no arbitrary constant. Sometimes 
it occurs also as a particular instance of a Complete Integral, when 
special values are given to the arbitrary constants; but this is 
usually not the case, and the Singular Integral (when it exists) is 
usually distinct from a Complete Integral. 

183. The eqiiations (4) will all be satisfied if i2 = 0; and as 
we are now assuming that Ug, Og, are not arbitrary constants 
but functions of the variables, this equation will be satisfied (§ 9) 
by a functional relation between ai, a 2 , ctg. This functional relation 
may be arbitrary, so that we may write 

^3 = <^ (Ui, ttg) .(C), 


in which ^ denotes an arbitrary function. Multiplying now the 
equations (3) by dxi, dx^, dx^y respectively and adding, we obtain 

doi 9aa 9a3 


But from equation (C) we have 

d<l> 


da^‘ 




SO that 



daa = 0. 


Since and are independent, their variations doi and da^ are 
also independent; in order that this equation may be satisfied, we 
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must therefore have 

^ 0/2 

3f+^^=o 

0Ct2 00^3 00^2 ^ 

These equations (D) are sufficient to determine cii, Ug, as, in 
terms of the variables, and the expressions so obtained will involve 
the arbitrary function (f>; when they are substituted in (A), the 
solution takes a new form which is different from both of the 
other two. 

This solution is called a General Integral] it is a relation 
between the variables involving two (or, in the case of n variables, 
n—1) independent functions of those variables, together with an 
arbitrary function of those two (or n — 1) functions. 

The equation i2 = 0 could also be satisfied by making as an 
arbitrary function of a^ alone or of alone, and also by making 
both a .2 and a^ functions of Ui alone. We should thus arrive at 
different classes of General Integrals; but these are all less 
general than the former, in which only a single arbitrary relation 
between all the quantities a occurs. This is easily seen from the 
consideration that if, in equation (C), be expanded in powers 
of ttj the coefficients are arbitrary functions of while if (aj), an 
arbitrary function of be expanded in powers of ai the coefficients 
are merely arbitrary constants; and the latter is obviously included 
in the former. 

184. It is thus manifest that we have three fundamentally 
distinct classes of solutions of partial differential equations. 

The question arises as to whether these three classes are com¬ 
pletely comprehensive, in the sense that every integral can be 
included in one or other of the classes. Usually, but not universally, 
it is the case that the three classes do include all integrals. 
Exceptions may arise for partial differential equations of particular 
forms, and, when they do occur, the unincluded integrals will be 
called special integrals] but special integrals do not occur for 
equations of general form. It is, of course, necessary to have a 
test as to whether an integral is, or is not, special; the test will 
be obtained in the course of establishing the following theorem: 
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Every solution (which is not special) of the differential equation 
is included in one or other of the three classes of solutions of the 
equation which are constituted by a Complete Integral^ the Singular 
Integral, and a General Integral. 

Let (A) represent the differential equation, and ( 1 ) a Complete 
Integral of this equation; then the equations (B) and (C) will give 
the Singular Integral and the General Integral. Let any other 
solution of the equation be represented by 

^(z,x^,oc.,w^=^{) .(5). 

As it is convenient to speak of z as explicitly expressed in 
terms of the independent variables, we shall use Z to represent 
the value of the dependent variable derived from ( 1 ) and f to 
represent the value derived from (5). Now suppose it possible to 
choose values for a^, a^, a^, whether variable or constant, so that 
Z still continues to satisfy the partial equation, and so also that 
the value of Z in terms of the variables becomes the same as the 


value of In that case, the values of pi, p^y p^, derived from Z 
become the same as the values derived from which are given by 



Consequently, when we make these values of the differential 
coefficients of f agree with those of Z given by equations ( 2 ), we 
have the three equations 

dxi dz dxi dz 

9a?2 dz dXidz 

dws dz dx^ dz 

These equations may, or may not, determine the values of ai^a^, a,, 
in terms of and the dependent variable. 

When the three equations do not determine values of ai, ag, 03 , 
we cannot proceed further in the attempt to modify Z so that it 
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shall acquire the value In that event, the integral f is called 
special. It is sufficiently obvious that the failure of the three 
equations to determine the three quantities Uj, Ug) niust arise 
through some peculiarities in the form of the integral equations. 

When the three equations do determine values of ai, ag, ag, we 
proceed as follows. Since ( 5 ) is a solution of the differential 
equation, we have 

^i,Piy P'^ > Jh) ^'1 > ^ > 

and since (1) is a solution, we have 

P^y P^y Z, ^ 2 , . 2 ? 3 )= 0 

satisfied, when the quantities a are arbitrary. Tlic last ecpiation 
is also satisfied when the quantities a, instead of being arbitrary 
constants, become functions of the variables, provided these 
functions are such as to leave the forms of unaltered; 

and we may therefore replace them by the functions of a?i, 
obtained as their values from the equations (6), provided the 
necessary conditions be satisfied. When this is the case, the 
values of p^, p.2, Ps, are the same for the two forms of the equation 
(A); and then, from a comparison of these two forms, we have the 
necessary equation 

where, in the integral equation for the constants Ui, a.2, a^, are 
changed into the values that have been derived for them. 

In order that the forms of pi, pg, p^, for the new values of 
the quantities a should be unchanged, the three equations of the 
form 

dz dxi dz dz ^ ^ 

_ ^ 3 / ^ ^2 ^ 

dz \dxi doidxi da^jdxj da^dxj 
must be satisfied at the same time as (6); and therefore the values 
of Ui, Ogj are such as to satisfy the equations 

da^i dxi da^ dx^ da^ 

4. y ^ 

doi dx 2 da^ dxz da^ dx^ 

^ 4. ^ 4. ^ 

dai dx^ da^ dx^ da^ dx^ 
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But these are of the form of the equations ( 3 ) which enable us 
to pass, from the Complete Integral considered, to the other two 
Integrals; hence the values of a are included among those which 
give either the Complete Integral, the Singular Integral, or the 
General Integral of the equation. And as the necessary conditions 
have been satisfied, we have 

or the value of z derived from the given solution coincides with 
the value derived from one or other of the three principal integrals. 

This proves the theorem and shews that, save for special 
integrals, the three classes adopted include all possible solutions. 

If, on solving the equations (6), the quantities a be found to 
be all constant, then the given solution will be a particular case of 
the Complete Integral. If they be found to be functions of the 
variables and there exist a functional relation between them of 
the form 

(f> (^2, Uj), 

then the given solution will be a particular case of the General 
Integral. If they be found to be functions of the variables and 
there be no such functional relation between them, then the given 
solution is the Singular Integral, 

jEr. 1. The equation 
has a complete integral in the form 

(X 

where a and h are arbitrary constants; and 

is another integral, c being an arbitrary constant. What is the character of 
the latter integral ? 

The general integral, derived from the complete integral, is given by 

and there is no singular integral. Hence the second integral must be a 
particular case either of the complete integral or of the general integral; or it 
must be a special integral 
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Forming the derivatives of the two values of and equating them as in 
the text, we find 

2:17 ^ 

~ = 2y, 2ay=2^, 

both of which are satisfied by 


becomes the second integral. 

06 ’ 

are satisfied by 

^=0, 6=constant. 
ca 

The second integral is therefore a particular case of the general integral, 
obtained by taking 

where c is the arbitrary constant in that second integral. 



with this value of a, the complete integral 
The other equations 

da dx ch dx ’ da 


Ex. 2. The equation 

px-qy={z-xyy‘ 


has a complete integral in the form 


It is also satisfied by 


1 


xy-\-h ’ 


ylr=z--xy=0; 


what is the character of the latter integral ? 


If the latter integi'al can be derived from the complete integral, which may 
be taken in the form 


/= log 07+- log (xy + a) +log (xy+b) =0, 
z—xy 

the values of a and h must bo determined by the equations 

dx dz " dzdx’^ ’ dy dz dz dy ’ 
that is, by the equations 

1_^ + _iL.=.o 

X xy+a xy+h ' 


X 

xy-k-a 


+ 


X 

xy’\‘h 


0, 
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which, being incompatible with one another, do not determine a and 5. Thus 
values of a and 6, suitable for the required modification of the complete 
integral, cannot be determined; the second integral is therefore of the type 
called si,)ecial. 

Ex, 3. Assuming that a Complete Integral oiz—fq: is 



investigate the nature of the solution 

42 — ^cif =^ ^ tan 

Ex. 4. Assuming that a Complete Integral of z—px+q^ is 
log 2 =a log.r+(l —a) logy+h, 
investigate the nature of the solution 



Ex. 5. Assuming that a Comidete Integral of zsr^px-^^qy+pq is 

z—ax-\-hy-\'ah^ 

investigate the nature of the solution 

Z’\-xy=sO. 

Ex. 6. A complete integral of the equation 


is given by 


xp-\-2yq=^2 




where a and h are arbitrary constants; discuss the character of the integral 


yz^x\ 

Ex. 1. The equation 2px+qy-\-q^3i^—0 possesses two complete integrals 

— \ h^x+hyx 

2=a' + § y t (.^’2+ 21/x) ” i, 

where a, \ a\ h\ are arbitrary constants. Shew that each of these integrals 
is a particular form of the general integral derivable from the other. 


186 . In the case when there are two independent variables and 
one dependent variable, the three may be taken as the coordinates 
of a point in space; and the relations between the separate integrals 
can be interpreted geometrically. 



184 - 186 ] 


GEOMETRICAL INTERPRETATION 


385 


A Complete Integral, being a relation between a?, y, and z, is 
the equation of a surface and it includes two arbitrary parameters. 
Thus the Complete Integral belongs to a doubly infinite system of 
surfaces, or to a singly infinite system of families of surfaces. This 
integral is of the form 

^(.r, y, a, i)=(). 


In order to obtain a General Integral, we make one of the 
parameters an arbitrary function of the other, say 6 = ^(a), and 
eliminate a between 


</) y, a, h) = 0 
6 {(t) 


d(f) d(f> 
da 36 


6 ' (tt) = 0 


This operation is really equivalent to selecting from the system 
of families of surfaces a representative family and finding its 
envelope. If a particular family be taken (which occurs when b 
is made a definite function of a instead of an arbitrary function), 
then the equation of its envelope is a particular case of the 
General Integral. The foregoing equations, as they stand, repre¬ 
sent a curve drawn on the surface of the family whose parameter 
is a, while the equation resulting from the elimination of a 
between them is the envelope of the family; hence the envelope 
touches the surface represented by the first two equations along 
the curve represented by the three equations. This curve is 
called the characteristic of the envelope; and the General Integral 
thus represents the envelope of a family of surfaces, considered as 
composed of its characteristics. 

In order to obtain the Singular Integral, we eliminate the 
parameters between the equations 


<f>{x,y,z,a,b) = 0] 


1^.0 



FDB 


13 
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This operation is the same as finding the envelope of all the 
surfaces included in the Complete Integral; the three foregoing 
equations give the point of contact of the particular surface 
represented by the first of them with the general envelope. The 
Singular Integral thus represents the general envelope of all the 
surfaces included in the Complete Integral. 

But when the elimination has taken place so as to leave a 
relation between x, y, and z, it is necessary to ensure that the 
resulting equation is that of the envelope and not that of any of 
the loci which are included in the same equations*. Such loci 
are, for instance, the locus of conical points and the locus of 
double lines, neither of which satisfies the differential equation. 
It is therefore desirable to substitute the result (when it cannot at 
once be recognised as the equation of an envelope) in the differ¬ 
ential equation; it is to be retained only when it is a solution. 

It may happen that the entire system of surfaces does not 
admit of a general envelope; in such a case the Singular Integral 
does not exist for the corresponding differential equation, and its 
non-existence will be indicated by the equations ordinarily used 
to obtain it. Examples will hereafter occur. 


As an example to illustrate the preceding discussion of the geometrical 
relations between the integrals, consider the equation 

+ .(i), 

which contains two independent constants. It is easy to prove that the cor¬ 
responding difterential equation is 

== 1 4 - ^2 + ^2 . 

and that the general envelope of all the pianos contained in (i) is the sphere 

..(ii). 

Hence (ii) is the Singular Integral of (A), and the sphere represented by 
(ii) touches each of the planes represented by (i) in a point. 

To obtain the General Integral we eliminate a between 


* In this connection a memoir by M. J. M. Hill, P/u7. Tram. (A), 1892, 
pp. 141—278, may be consulted; it contains a full discussion of the occurrence of 
the various loci, which do not provide solutions of the partial differential equation 
and yet arise as parts of the eliminant. 
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in which /(a) is an arbitrary function. This is clearly the envelope of a 
family of planes the equation of which contains only one parameter; and it 
is therefore a developable surface. The equation of any developable surface, 
which envelopes the sphere, is thus included in the above General Integral. 
The process of making h a function of a is equivalent to drawing on the 
sphere some definite curve; and the developable surface it the envelope of the 
tangent planes to the sphere at points which lie on this line. 


186 . The explanation of § 182 shews how the Singular Integral 
may be derived from a Complete Integral; it is, however, possible 
to derive it directly from the diflFerential equation, as is the case 
(§ 27) in ordinary differential equations. 

For the sake of brevity, suppose that there are only two inde¬ 
pendent variables. Let the equation be 


of which a Complete Integral is 

F{x,y,z, a, &) = 0, 


where a and h are arbitrary constants; the Singular Integral is 
obtained by combining the equation i^=:0 with 


^=0 
da ’ db 


(A). 


Since i^=0 is the integral of the differential equation the values 
of z, p, q, derived from the integral will render = 0 an identity; 
and the substitution of the values of p and q (but not that of z) 
derived from F^O will in general render yjr = 0 equivalent to the 
integral equation. Let this latter substitution be made, so that 
p and q are replaced by functions of co, y, z, a, b; then, in order to 
find the Singular Integral, we must form the equations analogous 
to (A), which equations are 

dp da^ dq da^ * 

d^fr dp ^ 0 

db ^ dq db 

These equations may be satisfied in two ways: firstly, by writing 

dp~ dq’ 
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secondly, if ^ and ^ do not vanish, then 

— 0 

da db db da 

The latter equation implies a relation of the form 

4>(p, 

which does not involve either a or b, but may involve quantities 
multiplying a and b in the expressions for p and q; that is, 
quantities depending on as, y, and z. If both the arbitrary con¬ 
stants occur in p and q (which does not always happen) the 
equation = 0 would imply that they are effectively only one, 
or that one of them is a function of the other; the equations 
used then give the General Integral, with which we are not now 
concerned. 


We thus return to 


dj) • dq ’ 


the elimination of p and q, between these and i/r 0, will furnish a 
relation between os, y, z, which is independent of any arbitrary 
constant. If this relation satisfy the differential equation, it is the 
Singular Integral. When the relation is found by this method, it 
is necessary to see whether the differential equation is satisfied. 

The reason that this precaution is necessary is similar to that 
which renders the corresponding precaution necessary in the case 
of ordinary diflFerential equations. When the surfaces represented 
have an envelope, this envelope will be given by the equations 




d^ft 

dp 



= 0 . 


But these same equations will be satisfied by the coordinates of 
any pinch-point on one of the surfaces represented by the complete 
integral; the locus of these pinch-points, however, is easily seen 
not to be a solution of the equation. The equations will also be 
satisfied by the coordinates of any point P at which two different 
surfaces of the system touch, and therefore by the equation of the 
surface which is the locus of these points. But this surface has 
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not necessarily for its tangent plane at P that tangent plane which 
is common to the two surfaces, and therefore the values of p and g 
(which give the direction cosines of the tangent plane) derived 
from this new locus are not the values of p and g which satisfy the 
given equation -v/r = 0. Such a locus corresponds to what was before 
called the tac-'locus(§ 27); and, while it may not be the only locus 
(other than the envelope) which is introduced, the possibility of 
its presence renders necessary an enquiry whether the equation 
between x, y, z, satisfies the differential equation. 


As in the case of ordinary differential equations of the first 
order (§ 28), an analytical test of the form of the equation can be 
assigned when it possesses a singular integral. When the latter 
exists, it arises through the elimination of p and g between 


a/r = 0. 




Imagine the last two equations solved, so as to express p and g 
in terms of x, y, z\ and let their values be substituted in 
Denoting the new value of by wo have 


^' = 0; 


and this equation is then to provide a solution of the differential 
equation. In order that the requirement may be satisfied, the 
proper values of p and g must be given by = 0: and they must 
be the values deduced from 


|t=0, ^. 0 . 

dp dq 


The values of p and g are given by 


^^|r' dyfr' ^ d^fr' dyfr' ^ 


But yjr^yjr'; and therefore 

dyjr d‘4r dpd^lr dq dyir djr' Sf' ^ 

dx ^ dz ^ dx dp dx dq dx “ dz 


J. 4-0^'= 0 

dy ^ dz ^ dy dp dy dq dy ^ dz 
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or, since 
equations 


dp~ ' dq 


0, the values of p and q satisfy the 


d\jr 

da; 


+P^-0. 


oy ^ oz 


Accordingly we infer that, if a singular integral of the equa¬ 
tion ylr(a!, y, z, p, q) = 0 eooists, it must simultaneously satisfy the 
equations 


T|r = 0, 



d\jr 


= 0 , 


drlr 0ilr dxlr dyjt ^ 


We have seen that an integral satisfying the first three of these 
equations is a singular integral; we have just proved that then it 
must satisfy the remaining two; and thus we infer that an integral 
satisfying all five equations is a singular integral of the original 
differential equation. 


Ex, 1. The differential equation 


z^(l {(x-^pzy+(y+qz)^} 

has for its complete integral 

{x-a cos a)2 4 - (y - a sin a)^ 

X being supposed a determinate constant. Forming the envelope of this sphere 
by taking 

(^ - a cos a)2 4- (y—a sin a)2 +02 _ X2 =0, 




we easily find it to be 
Now taking 

(1 - X2 {(x+pz)^ + (y+ 3 '«) 2 } 

and following the rule for deriving the Singular Integral from the differential 
equation, we have 

^ =s 2jt?02 - 2X20 (x-^pz) =0, 

^ * 2^0® - 2X20 (y,^qz) =«a 
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The last two equations are satisfied by which, though free from p and q, 
is not a solution of the differential equation. In fact, by drawing a figure it is 
easily seen that0 is a tac-locus, being the plane which contains the i)oints 
of contact of the difterent non-consecutive spheres with one another obtained 
by giving all possible values to a and a. 

As regards the analytical test at the end of § 186, the two additional 
equations are 

z (Ipz) +X2 + pz)p^ H-(y+ qz) qp, 
z (1S'^X^ Q/-\-qz)+'k^{af’hpz)pq’¥'^^{^+qz) qK 
They are not satisfied by 2 := 0 , which accordingly is not a singular integral 
They are satisfied by values of p and q given by 

pz — X^ (x 'Vpz) =0, qz — X^ (if + qz) = 0. 

Accoi*dingly the integral, obtained by eliminating p and q between these 
various equations, is a singular integral It is 

X‘^ 

which therefore is the singular integral 
Ex. 2. Consider the system of cones 

(a;-acoa6y'i+0/-asmfl)*=^^-^^ , 

in which w, are arbitrary constants; the corresponding differential equation 
is easily obtained. The equations, which give the envelope, are 

sin B(x—a cos 6) — cos 6(y — a sin ^)ss0, 



These are satisfied by 

x=acosff, y=aBinff, 

which give a\ 

but z is arbitrary. 

The equations are also satisfied by 

a7sin^=ycos^, 
m ’ 

and the corresponding eliminant is 
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The last equation represents the envelope; the doubly infinite system of 
cones is generated by the revolution, round the directrix of a parabola, of all 
the right circular cones whose vertices lie on the tangent at the vertex to the 
parabola, and one slant side of any one of which coincides with the tangent to 
the parabola drawn through the vertex of the cone. The equation 

is that of the cylinder on which lie all the (singular) circles which are the loci 
of the vertices of the cones in the revolution round the directrix. 

For fuller information on the subject of the Singular Integrals of partial 
differential equations of the first order, a memoir of Darboux, Memoires de 
VInstitut de France^ t. xxvii. (1880), should bo consulted. Reference may also 
be made to the author’s Theory of Differential Equations^ vol. v., ch. vii. 


Lagrange’s Linear Equation. 

187. We have seen that among the integrals of a differential 
equation there is one—the General Integral—into the expression 
of which an arbitrary function enters; the deduction of the 
differential equation from the integral implies the elimination of 
this arbitrary function. The simplest form possible for an integral 
of this nature, when there are two independent variables, is the 
equation 

t;) = 0.(i), 

in which <j> is an arbitrary functional symbol, and u and v are 
definite functions of w, y, and z. In order to eliminate <f>, we 
differentiate with respect to each of the independent variables. 
Then 

d<f> fdu , du\ , dib fdv , dv\ . 

^ dv W 

d<f>fdu du\ d6 fdv , ^ 

dii\dy ^dz) dv\dy ^dz)"^ * 

Therefore 

(du , du\ (dv . dv\ fdu . du\ fdv . dv\ 

Wo? ^dz) ^dz) ^dz) \dic "^^dz) ’ 

which, on rearrangement, gives 

Pp-¥Qq^R ...(ii), 
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du 

du 


du 

du 


du 

du 

Ty' 

dz 



dx 


Vx^ 

dy 

dv 

0?; 


dv 

dv 


dv 

dv 


dz 


dz' 

dx 


'dx' 

dy 


or, what are the equivalents of these, 

** ^ .(iii). 

^s+e|+^5-4 

Hence, when we have a differential equation of the form (ii), 
into which the differential coeflScients enter linearly while the 
quantities multiplying these may be any functions of x, y, z, we 
have a corresponding integral given by (i), provided we can obtain 
u and V in order to insert them in that integral equation. A 
differential equation of this form is said to be linear. The difficulty 
in constructing the solution is the derivation of the functions u 
and V. 

188. Now let us consider the equations u —a and v = 6, where 
a and h are arbitrary constants, and let us form the differential 
equations corresponding to them. We have 
, . 2m 7 . du j ^ 


dv j dv j dv . 
-dx + ^dy + ^dz 


and therefore 


du 

da 


du 

du 


du 

du 

Fy’ 

Tz 


Fz’ 

dx 



dy 

dv 

dv 


dv 

dv 


dv 

dv 

dy' 

dz 


dz' 

dx 


Fx' 



dx dy dz , 

T~'Q~R . 

These are the differential equations which have for their 
integrals w = a and v = 6; they can be formed at once from the 


>3-5 
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coefficients in the differential equation. We thus have the follow¬ 
ing rule*:— 

To obtain an integral of the linear equation 
Pp-^Qq- Ry 

write down the subsidiary equations 

dx ^dy ^ dz 

and obtain two independent integrals of the latter; let these he 

u^a and = 

Then an integral of the partial differential equation is given by 

<f>(u, v)^0, 

where </> denotes an arbitrary f unction. 

An arbitrary functional relation between u and v of any form 
will be satisfactory; thus we might have 

u = ‘^(v), 

where is an arbitrary function. 

189 . This rule enables us to obtain an integral involving an 
arbitrary function; it will now be shewn to provide all solutions 
of the equation which are not of the type called sj)ecial. 

Let u = a, v = b,he two independent integrals of the subsidiary 
equations 

dx ^dy ^ dz 

so that, as 

Uxdx 4 - Uydy + u^dz = 0 , 

Vxdx -f Vydy + Vzdz = 0, 

are each of them satisfied in virtue of these subsidiary equations, 
we have 

Ug^P + UyQ 4 - UzR = 0 , 

VajP 4“ VyQ 4“ VzR = 0, 

* The theory of linear partial differential equations was first given by Lagrange, 
as well as the classification of the integrals of equations of the first order. The 
subsidiary equations (iv) are sometimes called Lagrange^s equations. 
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p ^ Q R 


Uy, 

llz 


_1 

11 

i 

II 

Uy 

Vy, 

% 

Vz, 

Vx 

Vxy 



=JI/, 


say, where M is the common value of the three fractions.' 


Consider now any integral of the partial differential equation 
Pp-VQq — R. 

The value of z which it gives, and the derived values of p and q, 
satisfy the equation identically. Let this value of z be substituted 
in u and v, making them functions of x and y only; in this form, 
let their values be denoted by u and v so that, in association with 
the integral of the equation, we have 

v! t;' = V, 

Thus 

and therefore, if J denote the Jacobian of and v' with regard to 
X and y, 

du^ dv' 
dx dy dy dx 

= («* + pui) (Vy + qVf) - (Uy + qUf) (»„ + pv,) 

-> M*, Uy + p Ui, Uy +q u„, Ut 

Vx, Vy Vf, Vy Vx, Vz 

= ^{B-Pp-Qq). 

If then M is not zero, the right-hand side vanishes because the 
differential equation is satisfied by the integral; and therefore 

an equation that is satisfied identically, because it is not satisfied 
in virtue of w = a and v « 6. 
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Now u* and v' are functions of x and y ; as their Jacobian vanishes, 
there is some functional relation between them, and therefore 
there is some relation of the form 

But, in association with the integral of the partial differential 
equation, we have u' =^u, = v; and therefore that integral is 

included in the equation 

<f) (u, v) = 0. 

But M might be zero. For instance, this would be the case if 
P = 0, Q = 0, B = 0; 

for as tt and v are independent integrals of the subsidiary equations, 
not more than one of the minors at the utmost in the fractional 
expressions for M can vanish. In that particular case, we could 
not infer that J must vanish; and therefore we cannot assert that 
a singular integral must be given by an equation of the type 

t;) = 0. 

Such an integral would however arise by equating to zero some 
common factor of P, Q, J2; the vanishing of this would make 
P, Q, R, all vanish; and its existence could be determined by initial 
inspection of the equation. 

The question arises as to whether M can vanish in any other 
circumstance. To test this, take any particular value of x, say c, 
and any arbitrary values of y and z, say y = ct and z = ^y such that 
not more than one of the three quantities P, Q, R, vanishes when 
y==a, ^ = /S; in particular, suppose that P does not vanish 
for these values. 

Consider the subsidiary equations in the form 
dy dz ^R 

It is known, by a theorem due to Cauchy*, that integrals of these 
equations exist under particular conditions, as follows:— 

Let the functions P, Q, R, be regular for values of x, y, 

* See the author’s Theory of Differential Equatione, vol. u. §§ lO—12. 
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in the vicinity of y=^ci, so that they are expan¬ 
sible as series of powers of ^ — c, y — a, -Sf — /9, having positive 
whole numbers for their indices; and suppose that P does 
not vanish for x = c, y = tt, ^ = Then solutions of the 
equations exist, uniquely determined by the condition that y 
and z acquire the values a and y8 respectively when aa — c. 

Let these integrals in the present case be denoted by 

2/- ar= aj(^-.c) + a2(« — c)2+.= P(a; —c), 

z - 4- /32(a! — cy+ . =zQ(a!--c); 

then as 

^ = 2a2(^ —c)+ 

jj = /3i + 2^2 (^ — c) 4-..., 

and as Q and P do not both vanish when a? = c, y = a, z^j3, the 
two quantities cti and j3i are not zero together. 

Now the integrals t;= of the subsidiary equations must 
be consistent with these integrals, for the latter are the only inte¬ 
grals of the equations that satisfy the assigned conditions. Let them 
be written in the forms 

u (^, y, = a, V(x, y,z)^h\ 
then each of the equations 

u{pCya + P, ^ 4- Q) = a, 
v{x,OL^P, jS 4- Q) — 6, 

is an identity, so that when the left-hand sides are expanded in 
powers of iz? — c, the coefficients of the various powers must vanish. 
Taking, in each of them, the coefficient of the first power, we have 

Wfl4-a,«A«4-y8iW/5«0, 

Vc4-aiVa + /3iV^==0, 

where Ra, are the values of Uyy u^, for the set of values 
^ BBS c, y^OL, z^ substituted in all of them, and similarly for 
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Vc,Va,Vfi. The quantities Cfi and are determinate, and they are 
not both zero; hence not more than one of the three minors 

Uay Up 

Ua, Vp 

can be zero; and, in particular, UaVp — VaUp cannot be zero. 
Consequently the minor 

Vyy Vz 

cannot vanish identically. 

Nor can this minor vanish in virtue of any integral 
f(iv,y, 2 ) = 0 

of the original partial differential equation. The quantities c, a, jS, 
have been arbitrarily chosen, subject only to the limitation that, 
at the utmost, not more than one of the magnitudes P, Q, B, shall 
vanish—in particular, that P does not vanish—when c, y = a, 

^a=/8. Now let them be chosen so that they satisfy the equation 
fss 0, so that 

/(c, a, /9) = 0, 

Then the integral, defined by the original equation /= 0, acquires 
the value when x — c and y = a. 

If the minor UyVg—VyUz were to vanish for all values of x, y, z, 
subject to the relation f(x, y, z) = 0, it would be zero for any 
particular set of values subject to that relation. But u^Vp-^VaUp 
is not zero; and therefore UyV^ — VyU^ does not vanish for all values 
of X, y, z, subject to the relation/= 0: in other words, UyVg — VyUg 
does not vanish when for z we substitute its value as given by the 
integral under consideration. Hence, as we have 

M(UyVg-UgVy)^P, 

it follows that Jlf does not vanish. Therefore the integral is included 
in the equation 

v) = 0. 
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In order to establish the preceding result*, the quantities 
c, a, /3, have been chosen so as to satisfy the equation 

which gives the integral, and at the same time so that not more 
than one at most of the coefficients P, Q, 72, should become zero 
when x=^Cy This of course is possible and imposes no 

limitation. But it has been assumed that each of the quantities 
P, Q, P, is expressible as a series of positive integral powers of 
—c, y — a, — if the assumption is not justified by the form 
of those quantities, Cauchy’s theorem is not applicable, and the 
inferences cannot be maintained. We are not then in a position 
to assert that the integral is included in the equation 

^ (Uy v) = 0. 

190. In the preceding argument, it has been assumed that 
P does not vanish in connection with the equations 

dy dz 

dx'^P* d^“P^ 

as associated with the integral 

of the original partial differential equation. 

In the same way, as connected with the equations 

dx _P d^^^ 

^ ~ Q ’ dy'^ Q" 

having w' = a and v' ==^b for integrals, Q must not vanish in con¬ 
nection with that integral 0 if the latter is necessarily to be 
included in the equation fp (w', t;') == 0; and as connected with the 
equations 

dx ^P dy _Q 
dz"^ R* dz^ R^ 

♦ The proof that has just been given is based partly upon the proof given by 
Goursat, Legom mr VinUgration des ^qimtions aux dirivies partielles du premier 
ordre, g 18. A different proof is given by Ohrystal, Trans, Boy, Soc. Edin,^ 
vol. xxxvx. (1892), pp. 551—562; he also in^oates fallacies that occur in several of 
the ordinarily accepted proofs* 



400 


Lagrange’s 


[chap, IX 


having w" = a and « h for integrals, R must not vanish in con¬ 
nection with an integral /= 0 of the original equation if the latter 
is necessarily to be included in the equation i;") = 0. 

It therefore appears that exceptions to the complete compre¬ 
hensiveness of the equation 

v) = 0 

may arise in the case of an integral /=0 if, in connection with 
that integral, either P = 0, or (2 = 0, or R = 0, or if P, Q, R, are 
not expressible as regular functions of /r — c, y — a, 5 — ;S, where 
c, a, yS, are particular values of the variables satisfying /= 0. 

All integrals, which are not included in the equation <^(t/,v)=0, 
will be called special. 


191. Corollary. When either of the equations — a = 0 and 
V — 6 = 0 involves it is an integral of the differential equation. 
For the general solution may be written 

u = y{r(vX 

where is an arbitrary function. Take then i/r (v) = av^, where 
a is an arbitrary constant; the equation becomes 24 — a == 0, which 
Is the first of the stated integrals. Similarly for the second. 


These results can be obtained independently. The foregoing 
article shews that, in order that y,s) = 0 may be an integral, 
we must have 


dx 


+ Q 


ay dz 


But the equations 

are actually satisfied; hence w — a = 0 and v — 6 * 
with the limitations indicated. 


: 0 are integrals, 


To equations of the form 




we shall return in § 194. 


0 
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192. We thus see that, when there is a single arbitrary 
function entering simply (that is, without any derivatives) into 
an integral equation, the corresponding differential equation is 
necessarily linear; and that the linear differential equation has, for 
its most general integral, a relation into which an arbitrary function 
enters. We therefore infer that, in the case of a differential equation 
which is not linear, the arbitrary function which is essential to the 
General Primitive cannot enter in a manner similar to that in 
which the arbitrary function enters in the foregoing equation; in 
fact, with it will be associated in the General Primitive its first 
differential coefficient. 

193. In the foregoing discussion, we have limited ourselves to 
the case of two independent variables; the proof of the method 
when there are n independent variables follows the former on 
exactly the same lines, and the corresponding rule is:— 

To obtain the most general integral of the linear equation 

+ P2P2 + PaPa +.+ PnPn = H, 

form the subsidiary equations 

dxi _ da )2 _ _ da^tt, _ dz 

A^pT”. 

and obtain n independent integrals of these equations; let them be 

U\ — (Xj, W'2 — ^2, ••••••, Ufi = aji • 

Connect these quantities u by an arbitrary functional relation 

<l>(Ui, t/a, .. Un) = 0; 

the resulting equation is the integral required. 

The proof of this, as well as that of the corresponding corollaries, 

viz. thaty when any of the equations Wi = ai, = ..= 

involve Zy they are integrals of the equaticUy is not difficult. 

Further, it can be proved that the equation 

<f>(Ui, U 2 , .. Un)^0 

contains all integrals of the partial differential equation which are 
not of the type called special: the proof can be made to follow 
the lines of the proof given in § 189 for the case of two variables. 
The instances of exception from the theorem arise in a similar 
manner to the corresponding instances of exception from the 
theorem as stated in § 190. 
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Ex, I, Solve the equation xp'^yq^z, 

Lagrange^s subsidiary equations are 

dx _ dy ^ dz 

of which two integrals are z=^ay^ z=b.v; hence the solution of the equation is 



It can be exhibited in the forms 



which three are easily seen to be equivalent to one another. 

Ex, 2 . Solve the equation 

{mz — wy) jo+ {7UV — lz)q^ly- mx, 

Lagrange’s subsidiary equations arc 

dx _ dy dz 

mz --ny^ itx ^Iz"^ ly - mx' 

Hence xdx^r ydy-^ zdz^O, whence x^-\-y^ 

and Idx-^-mdy+ndz^O, whence 6 ; 

thus the integral of the equation is 

lx + my+nz^(f>(x^ 

Ex, 3. Solve the equations: 

(i) ,^p-xyq+y^^0\ 

(ii) xzp+yzq^xy\ 

(iii) (^y^+z^-x^)p-2xyq-^2xz=0\ 

(iv) z-xp‘-yq^a{x'^+y^+z^)i ] 

(v) 

(vi) {^x - 2x^) p +( 2 y^ - af^y) q—^z (a?*’ - y ^); 

(vii) pteiwx+q tan y =tan z ; 

(viii) (11a; - 6 y + 2z) jt) - ((Ja: - lOy- 1 - 4 - 2 ;) y=2a? - 4y 4 - 6 - 2 ;; 
(ix) a?iPi-h(-e+:*? 3 )j 02 +( 2 +a? 2 )/? 3 =:a? 2 +iJF 3 . 
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Ex. 4. Solve the equation 

(.r2 + ^3 + ^) + 0^3 + ■\‘Z)P2 + (^1 + A’2 + 2;) JtJg = + X 2 + ^3- 

Lagrange’s subsidiary equations are 

dx j dx^ dx^ dz 

X 2 + ^ ~ •^*'3 + + .'^2 + ^ ~ + ^2 + ^3 * 

Each of these equal fractions 

dz-dx^ __ dz — dx2 dz — dx^ dz-^dxi + dx^+dx^ 
-{z-x{)'^ -{z-X2)'^ 3(2! + ^*l+.r2 + ^3) 

Integrals of these are 


_ ^2 

z—Xi 2—^2 


—^=(3+.ri4-^24-^3)^; 
z — x^ 


and therefore the integral of the equation is 

*{(2-A-,),Sr4, (z-x^sK (2-2:3),sri}=0, 

where S stands for z^Xi -|-^ 2 +‘^' 3 * 

Ex, 5. Provo that, if the variables in the last examine bo connected by 
the relation 

when 5:=0, the integral is 

{{Xi - Zf + {X2 -Zf + (^3 - 4 '^ 2 +^ 3 +«)^ (*^ 14-^2 + ^3 - 

(Mansion.) 

Ex, 6. Solve the equations: 

(i) piXi-\-p2X2+PzX^—nz ; 


... X\ X*) 

( 11 ) piXi+PiX2+p3Xz-az+ “; 

•*■3 

(iii) x^x^zpxArX^XxZp^^rXiX^zpz—X^x^x^- 

Ex, 7. In order to illustrate the general theory in § 189, consider the 
equation 

y3—a’2 = 0, 

which provides an integral of the equation 

^p+y2'=«, 

already discussed in Ex. 1. The integrals of the subsidiary equations are 

z z , 

_=a, -«=6, 

y 

With the notation of § 189, we choose constants c, a, ft such that 
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and then 


We take 


and then 


z-fiss ~/3+aa+a (y-a), 
_j3+.5c+& (.t?—C). 

a=^, 6=^; 


y-a=.-(:r-c). 


Then, still with the notation of § 189, we have 

1 A 1 

»«=<’• ®/5=c’ 

thus is not zero. The coefficients P, §, P, being j?, 2 , are 

regular in the vicinity of the values c, a, j8, of the variables. Hence i/z-a;^=0 
is included in the general solution 




in particular, it is included in the equation 


\^J y 


Ex, 8. Consider the equation 

{l + (2-a?-^)J}p + 2=2, 

which is discussed by Chrystal in the memoir already quoted. The subsidiary 
equations are 

dx _ . 

l+(2—a?—y)i 1 2 * 

and we can take 

v^y-^2{z-x-y)^. 

Now the relation 

z^x-^y 

is easily seen to be an integral of the equation: we see equally easily that it 
cannot be included in any form 

(j) (u, v)»0. 

As a matter of fact, making the quantities c, a, /3, satisfy the condition 

^s5sc+a, 

wo notice that the coefficient P, which is l + (z-x-y)iy is not uniform in the 
vicinity of ^=a, 2-/3, and cannot be expanded in integral powers of 
X’-Cy y^Of z^-p. Hence, by the general theory in § 189, we are not entitled 
to expect that the integral can be included in the form 

^(tt, t;)as0. 
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Ex, 9. Obtain the general integral of the equation 

-h-1)/? 4 -{jry+(1(j ?3 4. ^2 ^ ^2 _ 2 ) 1 j g, ^ 0 j 

and discuss the relation (if any) borne to it by the integral 


(Qoursat.) 


194. In the course of § 191, we had the equation 
OX ^ oy dz 

where P, Q, P, are functions of x, y, z. This is a specialised form 
of the more general equation 


PijPi + R2P2 + --- + RnPn = 0 , 

where Pi, P^, are functions of the n independent variables 
Xi, Xn, and do not involve the dependent variable z. 

As in § 193, we form a subsidiary system 

dx\ dx<^ dx<jf^ 

Pi 14 


of n — 1 ordinary simultaneous equations; and we construct — 1 
independent integrals (the simpler the better) of these n —1 
equations. Let these integrals be 


(^1 > • • • > ^’n) — — 1, . •., 1), 

where Oi,..., Un-i, are arbitrary constants. Then, for each of these 
integrals, we have 

9 am ^ , , 9am 7 _^ 

-T — dxi 4 *... 4 * ^ dx^ — 0 , 

vXi OXifi 


and therefore 


dxi 




Apparently, this is a new integral equation among the variables 
in the subsidiary system. Every integral equation connected with 
this subsidiary system, if not evanescent, must be expressible in 
terms of Wi = tti, i/n-i==an-i* The new equation manifestly 
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is nofc satisfied in virtue of the integral equivalent of the sub¬ 
sidiary system, because it does not involve any of the arbitrary 
constants a. Hence it must be satisfied identically; that is, all 
the n — 1 relations 


*5-h . 

u(3C\ 


dXn 


for 7/A = 1, ..., 71 — 1, are satisfied identically. 


Now let 

z =y (^ 1 , ..., 

be any integral of the differential equation 

+... + Rn'Pn = 0; 

then the relation 




is satisfied, obviously identically because it does not involve z. 
Consequently, we have 

\ Xif a?2, , X^J 


This relation is not satisfied in virtue of any, or all, of the 
equations Wi = ai, ..., w,j-.i==an-u therefore is satisfied 

identically; and consequently (§ 9) we have a functional relation 
of the form 

where can be perfectly general. Resolving this functional 
relation so as to express / in terms of Wj, ..., we have 

f^F (t^i, ,,., 


where, as ^ can be perfectly general, so F can be perfectly general. 
But 


z (Xi ,...,«?») =y* 

is any integral of the differential equation; consequently, every 
integral of the equation 

RiPi + ••• 4 - RnPn ~ 0 
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can he expressed in the form 

Wn-i), 

where Wj = ai, Wn-.i = an-i, are a complete system of n — 1 
distinct and independent integrals of the n — 1 subsidiary 
equations 

dxi _ dx^ _ ___ dxn 

It should be noted that the form 

e = F (wi, ..., Un^i) 

has been proved to include every integral of the equation. There 
are no special integrals (in the former sense of the term) of the 
equation 

FiPi + ••• + RnPn=0. 

The equation is somewhat different in form from the equation in 
§ 193. Owing to the facts that e does not occur, that the deriva¬ 
tives jjj, ...fPnt occur in the first power only, and that there is no 
term not involving a derivative, the equation is often called a 
homogeneous linear partial differential equation. 


Standard Forms. 

196. Before proceeding to indicate a method of integration 
which is applicable to the most general equation of the first 
order, it is advisable to notice a few standard forms of differential 
equations in two independent variables, which admit of integration 
by very short processes, and to one or other of which many equa¬ 
tions can be reduced. As the general method is usually much 
longer than that which is effective for any of the standard forms, 
it is advantageous to see whether an equation is included under 
one of them. 

The General Integral and the Singular Integral must in the 
case of every equation be indicated as well as the Complete 
Integral, or the equation is not considered to be fully solved. 
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196. Standard I. 

Equations, in which the variables do not explicitly occur, may 
be written in the form 

ir{p,q)^0. 

A solution of this is evidently 

z = ax + by + c, 

provided a and b are such as to satisfy 

(a, b) = 0. 

If the value of b derived from this equation be b=f(a), the 
Complete Integral of the equation is 

cwj + jj/‘(a) + c. 


Note, Equations, which do not explicitly come under this 
standard, can often be included by changes of the variables; thus 
for instance functions of os which occur in the equation might 
admit of association with the p, and functions of y with the q. But 
the changes needed for any equation can be determined only for 
the particular circumstances of the equation ; there is no general 
rule, since an equation cannot always be reduced to this form. 


JSa:, 1. Solve pq^h 

The foregoing shews that 

is a solution provided 

dh=^lc\ 

the Complete Integral therefore is 

k 

The General Integral is obtained by eliminating a between the equations 

k ^ 

Of 

k * 

^ J 

where (j) is arbitrary. 

The Singular Integral, if it exist, is determined by the equations 


«=aa7+-y4-c 


0 = 

0== 1 


the last equation shews that the Singular Integral does not exist. 
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Ex. % Solve pq-x'^y^^. 

This can be put into the form 

z’^^^dzz'^V'dz 
x^dx y^dy 


Let dZ^z~’^^dz, so that 

d^—xf^dx^ . (m + I) fS 

dri . (w + 1) j/=y" ^ S 

and the equation becomes 

which is included under the last example. 


Ex. 3. Solve the equations: 

(i) 

(ii) a{p+q)^z-, 

(iii) 

Im 

(iv) p'*'^ sec2»" X + z^q'^ cosec^^y = z^^ “"; 

(v) p^-hq^==npq; 

(vi) jpi»''+^ 2 ”‘+i:V" = l; 

(vii) £piP2P3=^^l^2^'f'‘3- 


197. The diflFerential equations included under the form 

(p> ?) = 0 

have an important interpretation when viewed geometrically. We 
know that the equation of the tangent plane to the surface 


z = F(x,y) 


at the point y, f, is 


, 'o/y \ 

«=(a’- f) g| + (y -»?) 0^ + -^(f. ■n) 


dF dF 


f^dF dF 

dr} ’ 


dF^ 

drj 


and the surface is the envelope of the tangent planes. Now if 

between — and there be a relation 
of or) 

/dF dF' 


, /dF dF\ 

*\w W""' 
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“dF ?^F 

we can take ^ then ^ is a function of a alone, say 


Also 




f. V 


dF 

dr) 

dF' 


=f(a)- 


) (d^Fd’^F 

/d-FV' 

’jap 

\d^dr ]). 


/dF a 
\ ?>v 


\F 

H) 


= 0 , 


so that + 7}^^ — F ia (§9) expressible as a function of 

alone, that is, it can be taken in the form 
^dF . dF „ , . 

The equation of the tangent plane becomes 


-3'=:a;a + y/(a)-5r(a), 
and so it contains only one parameter. 

The envelope of a plane whose equation is of this form is 
a developable surface, and hence the surface considered is a 
developable surface. 

It therefore follows that 


5) = 0 

is the general differential equation of a family of developable 
surfaces; and the equivalent General Integral is the integral 
equation of the family. 


108. Standard IL 

In attempting to reduce an equation to the preceding standard 
we may find it possible to remove from the equation the inde¬ 
pendent variables, so that they no longer occur explicitly; but it 
may not be possible to remove the dependent variable, and the 
equation will then be of the form 
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z^fix^ay) =/(f) 

(f being written instead of ic + ay), in which a is an arbitrary 
constant. We then have 

_ dzd^ ^dz 
_dzd^ ^ dz 

and the substitution of these in the equation gives 

/ dz dz\ - 

This is no longer a partial differential equation, as there is 
now only one independent variable. This independent variable 
does not explicitly occur, and thus the equation comes under 
Standard IV. (§ 18) of ordinary differential equations of the first 
dz 

order. Solving for we have an equation of the form 




the solution of which is 




or X'\-ay + h=^F{Zy a). 

This is the Complete Integral; the General and the Singular 
Integrals may be found by the ordinary method. 

Ex. 1. Solve the equation 

If we make the substitutions as in the standard case, the equation becomes 

or 

the integral of which is 

the Complete Integral of the equation therefore is 
(«+c)*. 
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The General Integral is obtained by the elimination of a between 

and 3a(s+a2)2={^+ay+^(a)} {y+^'(a)} 

where B is an arbitrary function. 

It is not difficult to prove that there is no Singular Integral. 

Ex, 2. Solve the equations: 

(i) p^=^z^(l-pq); 

(ii) (2^f=z(z^px); 

(iii) p{l-{-q^)^q{z-a); 

(iv) 1 ^p 2 P^'\-PsPi^+PiP 22 ^ ; 

(v) Pi^+zp2^+z^P3^^i^PiP2P:i- 

199. The relation between the integral and the differential 
equation admits of a geometrical interpretation. The first step in 
the process of solution is writing f for ii? + ay, which is equivalent 
to turning the axes in the plane of xy through an angle equal to 
tan”^ a and magnifying the coordinates in that plane in the ratio 

of (14- : 1. It is then assumed that ^ is a function of 

but is independent of the coordinate parallel to the new axis 
of y. Now 

represents a cylinder whose axis is parallel to the new axis of y ; 
and therefore the equation gives the cylinders satisfying this con¬ 
dition. But now, returning to our original axes, since a is an 
arbitrary constant, the axis of f is an arbitrary line in the plane, 
and therefore also is the line taken for the transformed axis of y. 
It thus follows that what we find by our process of integration will 
be all the cylindrical surfaces, which satisfy the given differential 
equation and have their axes in the plane of xy, 

200. Standard III. 

In attempting to reduce a given equation to the first standard, 
it may happen that z may be removed from explicit occurrence in 
the equation, while x and y remain, and that then the functions 
of p and X may be associated with one another, and likewise the 
functions of q and y ; the equation will thus take the form 
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We assume, as a trial solution, each of these equal quantities 
to be equal to an arbitrary constant a ; from the first of the two 
equations so obtained we have 

a), 

and from the second* 

q = 6^{y,a). 

Integrating both of these we find that, by the first, 

^ ==/i (a‘, a) 4- a quantity independent of ,r, 
and that, by the second, 

z—fz (y, a) + a quantity independent of y. 

These are evidently included in, and are equivalent to, the 
equation 

=/i («, a) +/2 (y, a) + h, 

where h is an arbitrary constant. This is a solution of the original 
equation; as it contains two arbitrary constants, it is the Complete 
Integral. 

The General Integral and the Singular Integral, if it exist, are 
to be deduced in the usual way. 

Ex, 1. Solve the equeation 

2)^-\rq’^^X+y. 

The equation, rearranged in the form 

comes under the staiidaid ; and we therefore write 

Hence p=,(x+a)i, 

and therefore 

^ 1 =^ (a;+a)i + § (y - a)i+6, 
which is the Complete Integral. 

The General Integral is given by the elimination of a between 

(a;+a)i+^(y-a)i+x(«)) ^ 
0=(a?+a)i-(y-a)i+x'(a) 

where x arbitrary function. There is no Singular Integral. 
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Ex, 2. Solve the equations: 

(i) 

(ii) q=xp+p^\ 

(iii) 

(iv) jDi + g'i=2a:; 

(v) pi^fq^x^^y\ 

Ex, 3. Shew that this method can be applied to the solution of equations 
of the form 

/i {Pu «i)+/2(;?2, a^)+/3(P3, a?3)=0. 

Thus solve fully the equation 

Pi^ +P^ = Xi^ +a;./+ Xs\ 

201. Standard IV. 

In this class are included those equations involving partial 
differential coefficients, which are analogous to the equations 
included under Clairaut’s form (§ 20) in ordinary differential 
equations. For two independent variables, they are represented by 
z-=px + qy^4>{p, q\ 
where <f> is a. definite function. 

A solution of the equation is 

z^ax-\-by + (f> (a, b), 

which admits of immediate verification. As it contains two arbitrary 
constants, it is the Complete Integral; the General Integral is to 
be obtained in the usual way; and there is a Singular Integral, 
unless <l> is linear in p and in q. 

Ex, Solve the equations: 

(i) z^px+qy+pq; 

(ii) 

(iii) z^px + qy’^{ap^+fiq^-^y)i; 

(iv) z^px+qy+3piqi; 

obtaining in each case the Singular Integral as well as the Complete Integral. 
Ex, 2. Solve the equations: 

(i) Z^piXi+p2X2^PzXz+/(pu P2, Pi) ; 

/t=i JL 

(h) {pip2...pn )^'^^; 

and obtain the Singular Integral in each case. 
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Principle of Duality. 


202. There exists in partial differential equations a remark¬ 
able duality, in virtue of which each equation is connected with 
some other equation of the same order by relations of a perfectly 
reciprocal character. We shall consider here only equations of 
the first order. 


Considering the case of two independent variables only, we 
write as our new dependent variable 


and therefore 


Z — px -{■ qy — z, 


dZ = xdp -f ydq. 

We take as our new independent variables p and g, which we write 
X and Y for symmetry, so that 

and then we have 


dZ dZ 

'^~'dp~dX 




then 


dZ dZ . 

^ dq~dY~^' 

z^PX + QY-Z, 


BO that the relations between the variables are, as stated above, 
reciprocal. 

If now we have an equation of the form 
f (®. y> P> ?) = 

the above relations transform it into 

‘^(P,Q,PX + QY-Z,X,Y) = 0. 

The integral of either of these being known, that of the other is 
deducible by a process of algebraical elimination. Thus let a solu¬ 
tion of the second be given, or be derivable, in the form 

4>(Z,X,Y)=^0. 


^dz^dx 


o = (2 


d4 >, d<f> 
dz^SY' 


Then we have 



416 


PRINCIPLE OF 


[chap, IX 


that; is, 


and 


s'S+Sf""’ 

d4> _ „d(f) y d<f> ,yS<})_ 

’^dz~^dz^^dx'^^ d'Y’ 


The elimination of X, F, Z, between these four equations will 
leave an equation in oj, y, 5 , which will be a solution of 

^ y, Ih q) = 0 . 

Ex, 1. The simplest example of an equation which Ccin bo treated by this 
method is that which comes under Standard IV. (Jj 201); the equation being 

z^px^qy+f{p, q\ 

the transformed equation is not differential, but algebraical, being in fact 

~z==/(a; r). 

Thus, in particular, consider 

z=^pX’\’qy-{-p^-^q^\ 

the transformed equation is 


Hence 

where 


i - 2X and y= — 2 T, 


dZ 


xfy +r IJ- - (X»+ n. 


Hence, eliminating the quantities X, F, Z, we have 
which is easily seen to be the Singular Integral of 

Ex, 2. Solve the equations: 

(i) {xp+yq){z-p«-qy)-\-pq-=0-, 

(ii) «+l-a:(a:+j»)-y(y+?)=0; 

(iii) p^ {x^ - a;)+ 2pqxy+q^{y ^—y) - ^pxz -^qyz^z^m^0\ 

(iv) {pX’irqy--z){pH-^q^y)l^pq, 

Ex, 3. Prove that the equations 

(i) xfi («-jtw-gy,i), q) +yfi{t-px~qy, p, q) =/*(* -pa-qy, p, q), 

(ii) F(z-px-qy,x,y)^0, 

are reducible, by the foregoing substitutions, to standard forms. 
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Ex> 4. Prove that the equation 

Z’^px) 

is reducible to Lagrange’s form by changing the variables, so that p and y are 
the new independent variables and z—px is the new dependent variable. 

Hence solve the equation 

S' (y “ W + —z^+xp^ (a? +1). 

Ex, 5. Solve {z —px - qy)^ = 14-p^ -f S^. 

203. The process of derivation of one differential equation from 
another as exhibited in the preceding article is really a trans¬ 
lation into analysis of the geometrical principle of duality between 
surfaces. When we take a fixed quadric, which we may denote by 
2, then with every surface S there is associated another surface 8\ 
called its polar reciprocal, which is the envelope of the polar planes 
with regard to 2 of points on the surface S ; and the surface 8 is 
the polar reciprocal of 8\ being the envelope of the polar planes 
with regard to 2 of points on 8\ 

The polar reciprocal of a surface depends on the subsidiary 
quadric, 2, and is different for different quadrics; the quadric 
most commonly chosen (on account of the geometrical simplicity) 
is a sphere with its centre at the origin of reciprocation. 

Let us select, as the subsidiary quadric, not a sphere but a 
paraboloid of revolution whose equation is 

^2 ^ ^ 

To the tangent plane at a point A on the surface 8 corresponds 
a point A' on the surface /S'; and to the point A corresponds the 
tangent plane at .A' to 8\ Let x, y, p, q, be the quantities 
associated with A ; and X, F, Z, P, Q, the corresponding quantities 
associated with A\ 

The tangent plane at x, y, z, to the given surface 8 is 

7 /, being current coordinates; the polar plane of X, F, Zy with 
regard to the quadric, is 

Xf+F 27 -.?-Z= 0 . 

But, because the two surfaces 8 and 8* are polar reciprocals, these 
two planes are the same; a comparison of their equations gives 

X = p; F«g; Z^px^-qy-z, 


FDR 


14 
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Similarly, taking a tangent plane at X, F, Z, to the surface S>\ 
and noting that it must be the polar plane of x, y, z, with regard 
to the quadric, we obtain the equations 

y=(2; 

These are the two sets of relations used in the preceding method. 

Other relations could be obtained by taking other subsidiary 
quadrics in reference to which reciprocation should take place; but 
the preceding seem the simplest that can be found. 

Note. The transformation of variables just outlined is originally 
due to Lagrange; often it is associated with the name of Legendre, 
because he developed its properties. But it is only an individual 
example of a general theory developed by Lie, which is usually 
called the theory of tangential transformations or contact trans¬ 
formations, when the number of independent variables is n and 
not merely two. 

All the contact transformations, in the case of two independent 
variables x and y, are given by the equations which make 
dZ—PdX — QdY = p (dz—pdx — qdy), 
where p is a non-vanishing quantity independent of differential 
elements. 

The elements of Lie^s theory ai*e expounded in vol. I. of my Theory of 
Differential Equations, chapter ix., where references are given; also in vol. v., 
chapter ix. The full exposition is contained (vol. ii.) in the great treatise 
Theorie der Transformationsgruppen by Lie and EngeL 

It is obvious geometrically that two surfaces, which touch one 
another, are reciprocated with respect to any quadric into two 
other surfaces which also touch one another. Thus the Lagrange- 
Legendre transformation is a contact transformation, 

204 The General Integral of a differential equation involves 
an arbitrary function. It may be necessary to obtain an integral 
Satisfying certain conditions; the latter will then be obtained if 
the arbitrary function be rightly determined. The process is 
equivalent to that which occurs in ordinary differential equations, 
where the arbitrary constants are determined by some particular 
relation or relations between special values of the variables. In 
every particular problem, the arbitrary function is determined by 
means of the specified conditions. 
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Ex, 1. The equation 

implies that the normal to the surface represented by the integral equation is 
perpendicular to a given line whose direction cosines are proportional to a, 1; 
this is the property of a cylindrical surface whose axis is parallel to that line. 
The integral obtained, either by Lagrange^s method or by the method applied 
to Standard I., is 

X'-az—^ {y-hz\ 

where (f) is arbitrary. Suppose that the equation of a cylinder, ha ving its axis 
parallel to the line (a, b, 1) and passing through the curve — in the 
plane of xy^ is desired. The section of the above surface by the plane of xy 
is obtained by writing z^O therein, and thus it is 

According to the assigned conditions, it should be 

x^^l+yK 

A comparison of those equations shews that 
and therefore also 

/«)={! + (;/- bzy}i. 

Hence the equation requii’ed is 

^—ae={1 + (y - hzy^} I , 

or, freed from radicals, is 

{x — az)^ - (y 1. 


Ex, 2. Provo that the equation 

p{x--a)-^q{y-h)=z-c 

represents a family of cones having the fixed point (a, 6, c) for vertex. Shew 
that the member of the family, which passes through the circle 

in the plane of xy^ has for its equation 

{az - cx)^ + {bz - cy)2=- c)®. 

Ex, 3. Obtain the integral of the equation 

p {7hy-mz)-\rq{lz — nx)^7iix-ly^ 

so that the section, by the plane of xy^ of the represented surface is a conic 
section of eccentricity e with its centre on the line 

+(1 - e ^) = 0 . 
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Charpit’s General Method of Solution. 

206. We now proceed to consider a more general method, due 
to Charpit*. It applies to the general equation, which may be 
denoted by 

F{x, y, jp, 3 ) = 0 ; 

and its success depends, as will be seen, upon the integration of 
some ordinary differential equations. 

If, in addition to the foregoing relation, we have another 
between the variables and the differential coefficients, the two can 
be considered as a pair of simultaneous equations which, when 
solved, will give p and q as explicit functions of x, y, and z. The 
values so derived, when substituted in the equation 

dz^pdx-^^qdy, 

will render it either immediately integrable or integrable on 
multiplication by some factor; and the integral will be a solution 
of the original equation, since the values of p and q derived from 
it have in the inverse process been obtained from that equation. 
Let then another relation between the quantities be denoted by 

^{x,y,z,p,q)=-0\ 


if we can find the form of <I>, we shall be in a position to use this 
method of solution. 

206. Now the integral of the equation gives z (and therefore 
also p and q) as functions of x and y ; whatever these functions 
may be, they will, if substituted in the equations 0 and ^ = 0, 
render them both identities. Let these values of z, p, q (as yet 
unknown) be supposed substituted; then the partial differential 

^ The method was contained in a memoir, presented 80 June, 1784, to the 
Acad^mie des Sciences, Paris. Charpit died soon afterwards, and his memoir was 
never printed; see Lacroix, Tmit€ du calcul diffirentiel et du ealcul integral, 
2*dd.(1814), t. II. p. 548. 
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coefficients of the left-hand members of both equations with regard 
to X and y vanish, and therefore 


dx dz ^ dp dx“^ dq dx * 

0 ^ 04 ^ 0<5 dp 04 > dq ^ 

dx dz^^ dp dx^ dq dx ’ 

dy dz ^ dp dy^ dqdy^ ' 

0^ 0*l> d^dp 
dy dz^^ dp dy ^ dqdy 


Eliminating 


0p 

dx 


between the first pair of these equations, we have 


/0 F ^ ^ dF fdF 0<I> dF 0^>\ dq fdF 0<I> dF 0<I>\ _ ^ 

\0a; dp dp dx)'^^\dz dp dp dzj'^dx^dq dp dp 0^/ * 


and eliminating between the second pair, we have 

\0y dq dq 0y/"*'^\0-s dq dq dz / ^ dy\dp dq dq dp) 


Now 


dq 

dx' 


d^^z 

dxdy 


dp 

d~y^ 


so that from the last two equations, when added together as they 
stand, the terms involving these quantities disappear; and the 
result may be rearranged and written in the form 


^dF dF\ 0^ (dF 

(dx dz) dp ^ V0y 


^ dF\d^^f 


d_F_ 

^ dp ® dq) dz 


\ dp) ax \ dq) dy ’ 


which we may look upon as a linear differential equation of the first 
order to determine <3&. The method applicable to this equation is 
therefore the one used in the case of Lagrange’s equation; we form 
the equations 193, 194) 


dp dq 

dx^^ds dy^^dz 


dz 




d^ 
0 ’ 
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and obtain integrals of these. Now, in order that these equations 
may hold, we must have 

or 


an arbitrary constant, which must be zero. If another integral can 
be obtained by equating any two of the first five fractions, it may 
be written in the form 

u^B. 

By the corollary in § 191, w = J? is a solution of the differential 
equation determining O. Now <I> = 0 is the relation we are seeking 
between oc, y, and the simpler this relation is, the easier 

will be the deduction of p and q from = 0 and 0 . We may 
therefore take as the relation required the equation 

u—B, 

that is, we may take any one integral whatever of the foregoing 
system of ordinary differential equations, provided either p or q or 
both occur in it; when this integral has been obtained, we combine 
it with F=0 and carry out the process indicated in the preceding 
article. 


207. The preceding result, which is of fundamental import¬ 
ance, may be obtained by another process of using the necessary 
analysis. 


The given differential equation to be integrated is the equation 
jr« 0 ; and we may assume that it has some integral equivalent, 
in the form of a relation between x, y, z. Suppose that the other 
equation <I> = 0 is also satisfied by this same unknown relation and 
by the values of p and q derived from it. Then the values of p 
and q, given in terms of (v, y^ z, hy F=0 and <I> = 0 as two 
simultaneous equations in p and 5 , must be such as to make the 
equation 

— dz -^pdx + qdy =« 0 


an exact equation. Consequently, the condition of integrability 
(§ 161) must be satisfied; that is, we must have 


^ dz dx dy 


0 . 
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an equation which was proved to be sufficient as well as necessary 
to secure the exactness of the equation — + «0. 

The values of p and q, given in terms of w, F=0 and <!> = 0 

as simultaneous equations, are such that 

dF dJFdp 

dp dx^ dqdx 

9<f> 9<l>8p ^ 

dx dp dx dq dx^ ' 

so that 

\0p dq dq dp) dx dx dp dp dx ’ 

Similarly 

\dp dq dq dpldy dy dq "^dqdy* 

/dFd^ ^dFd^\d^ _ dFd^ dJFd<S^ 

dq dq dp) dz dz dq"^ dq dz ' 

\9/? dq dq dp) dz dz dp dp dz' 


Now the equations F — 0 and <S> = 0 are regarded as determining 
p and q definitely, so that (§ 9) the quantity 

diy^^djFd^ 

dp dq dq dp 


does not vanish. Hence, when we insert in the condition of 
integrability these values condition takes 


the form 


^ 0 ^ _ 9 ^ 3 ^ _ dj^d^ 

dx dp dp dx dy dq dq dy 


/9F94> dF ^ 

dp dp dz) \9^ dq dq dz) * 


which is easily seen to be the same equation as in the preceding 
section (§ 206). 
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From this stage we proceed as before, constructing the equations 
subsidiary to the determination of 4> in the form 

dp dq dz _ d y 

dF . ^ ^ " H?’ 

dz dz ^ dp ^ dq dp dq 

One integral of these, distinct from F=0 and involving either 
p or 5 ^ or both, is to be obtained, say u = B; this, as before, can be 
taken for the equation 0 = 0. We resolve jP= 0 and u^B for 
p and q ; we substitute the deduced values of p and q in 

dz—pdx+ qdy\ 

and we integrate the latter which now is exact. The result is a 
complete primitive of the equation jP= 0. 

The subsidiary equations are often called Charpifs equations', 
and the method of integration is, as already stated, usually called 
Gharpit*s method, 

208. The following proposition is an immediate corollary from 
the process of the preceding articles, or it may be considered merely 
as a re-enunciation of the result there obtained: 

When two equations of the first order represented by 

y,z,p> ?) = 0 , 

<^ix,y,z,p, g)=0, 

are such that they satisfy identically the relation 

djd^ _ dFd^ 
dx dp dp dx dy dq dq dy 

^\dz dp dp dz) ^\dz dq dq dz)^ ’ 

and are considered as two simultaneous equations giving p and q 
as functions of x, y, and z, then the values of p and q, derived from 
them and substituted in the equation 

dz:=^pdx'\-qdy, 

render it (when multiplied, if necessary, by some factor) an exact 
differential. 
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Another form may be given to the relation. Let 
V 

^ a ~ "h P 


dx 
V 

" 9y 


dz’ 
dF 


and similarly for 4>; then the equation is easily transformed into 
dp dp dq dq 


Ex. 1. Solve the equation 

p2 ^ ^2 _ 2 jo.r— 2 qy +2a7y « 0 . 

Forming the subsidiary equations, we have (among others) 

dp ^ dq ^ dx _ dy 
2y - 2/? ~ 2 :f — 2^^ —2/>+^~ — 2g'Hr2y’ 

Hence dp-^dq^dx’^dy, 

so that p^x-\‘q-'y=^a. 

Combining this with the original equation, which may be written 

{p - xf +(j -yf = (x -yf, 

we find 2 (/) — ar)=o+{2 (j? —y)*—o*}i, 

Z{q-y)=a-{^{x-yf - a*}i. 

Hence dz^pdx'^qdy 

gives 2 fl? 2 ==( 2 a;+a) c?;p+(2y+a)c?y+(c^r- c?y) {2(;r-y)‘^-a2}i, 

the integral of which is 

20-6«a?*+ai?+y®+ay+^l^{2(^-y)^-a*}i 

log [si (.v-y)+{2(a:-y)*-a*}J]. 

This is the Complete Integral, The General Integral is deducible in the 
ordinary way. There is no Singular Integral. 

The above equation may, however, be solved without having recourse to 
this method; but some transformations and substitutions are necessary. 
Taking the equation in the form 

(p - »)*+(5' -y)*=(a—y)*, 
we write 2r*w«—- Jy*, 


14-5 
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, ^z 

80 that 

Let the independent variables be changed by the equations 

and 

«»" S-S+sf) 

and therefore 

The equation becomes 

and is thus of the form of Standard III. When the integral is obtained under 
the rule (§ 200), and the old variables are substituted for the new variables, 
it will be found to agree with the integral already obtained. 

Ex, 2. Solve the equations 

(i) p^-\‘q^--9,px-2qy-\‘\-0; 

(ii) 2 {pq'\-py-\rqx)^‘X^-\-y^^O\ 

by Charpit’s method. 

Also reduce both of them to one or other of the Standard forms and so 
integrate them, shewing that the integrals obtained by the two methods agrea 

209. In these particular examples, Charpit’s method is less 
laborious than the other; but this is by no means always the case. 
It often happens that an equation which furnishes an easy example 
of the general method is integrable still more easily because 
included in some one or other of the special Standard forms; and 
so the method is less used than would otherwise be the case. But 
it is more general than any of them; and equations, integrable by 
any of the special methods, are integrable by the general method. 
It is moreover important in the general theory, as indicating a 
process of obtaining a solution of the differential equation without 
any restrictions on its form. 

The limitations to success in practice are connected with the 
integration of the subsidiary equations. Now these particular 



METHOD OP SOLUTION 


427 


208 - 211 ] 

limitations are just such as give rise to the methods adopted for 
the different Standards and really indicate the classification therein 
adopted; in fact, all the Standards are included in Charpit*8 method^ 
and integration is possible by Charpiis method whenever it is possible 
by any of the special methods. 


210. Thus consider Lagrange s form, which is 

R-Pp--Qq=0, 

in which P, Q, R, are functions of os, y, z, and do not involve p or q. 
In this case 

P==i2--Pp-Q?, 


so that 


dp ’ dq 
dF dF T>^ n T> 


thus two of Charpit s equations are 


dx dy dz 


the equations on which the integration of Lagrange's form 
depends. 

But it should be noticed that this is not a proof of Lagrange's 
method for linear differential equations; the result has already 
been assumed in the derivation of Charpit's equations. Moreover, 
Lagrange's method is concerned with the construction of the 
general integral. If Charpit's method be adopted in detail, it 
would be necessary to include the other fractions in the subsidiary 
system, so as to obtain an integral of that system involving either 
jp or 5 or both p and q. 


211. Next, consider the typical equation of the First Standard, 
which is 

i/r(p,gr) = 0, 

80 that P (p, q), 

in which a;, y, z, do not explicitly occur; then 


dx 




dj[ 

dz 


0. 
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The subsidiary equations now are 

dp _^dq ^ dx _ 

dp 

so that we have jp=a and g=6, both arbitrary constants apparently. 
But, according to the rule, we must combine some one integral 
with the original equation, and so we have 

ir(a,q) = 0; 

and therefore, if j = 6, we have 

yjr (a, h) = 0. 

Then dz==pdx + qdy 

= adx-\-hdy, 

of which the integral is 

<sr = -f -f c, 

with the limitation between a and 6. 


212. Proceeding to the typical equation of the Second Standard, 
which is 

?) = 0 , 


an equation into which x and y do not explicitly enter, we have 

F^^{z,p, q\ 

and therefore 


dJF 

dx 


0 , 


dj^ 

dy 


= 0. 


The equation derived from the first pair of Charpit’s fractions 
gives 



and therefore q =« ap. Combining this with = 0, we can find 
both p and q in terms of z\ let the values be f{z) for p and 
therefore af{z) for q. Substituting in 

dz^pdx'\‘qdy, 
dz 
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or 


( dz „ 

J_ + C_, + „S,. 


which agrees with the former result. 

213. Passing now to the Third Standard, in which the 
equation is 

F=if>(ai,p)-ylr(7j,q) = 0, 


SO that 


dx dx ’ dp dp ^ 


dF d^Jr dF ^ dyir dF__ ^ ^ 
dy dy ^ dq dq^ dz ’ 

we have from the subsidiary equations 

dp _ dx 

dx dp 


or 


^^dp+^d..o, 


that is, <f)(x,p)^a; 

and therefore from the original equation, 

'/"(y. ?)=«• 

Solving these respectively for p and q, we have 
p = (x, a), q = 0^ (y, a ); 

dz = 6 1 {x, a) dx + 6^ (y, a) dy, 
the integral of which is 

• 0 * I (a?, a) da? + 1 d2(y, a) dy. 


hence 


z^ I 


Ex, 3. Derive by Charpit’s method the integral of the diifferential equation 
of the form analogous to Clairaut’s form for ordinary equations. 

Ex, 4. Obtain by Charpit^s method a solution of the equation 
px^rqy-^fi.p, q\ 

where/(p, q) is a homogeneous function of ^ and q of the degree n. 

Solve also -^yq^ *= 2pq, 
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Jacobi’s Method for the General Equation with any 
NUMBER of Independent Variables. 


214. It has been indicated, in §§ 193, 194, that the method 
used for the linear partial differential equation in Lagrange’s form 
can be applied to the case when the number of variables is n. We 
now proceed to indicate the method, due to Jacobi, of solving the 
general partial differential equation when there are n independent 
variables. This general equation may be represented by 

. yPnyCCuOi^y .. = 0 , 

where .> are the independent variables, and the ^’s 

are the partial differential coefficients of z with respect to the fl?’s. 


216. We will prove that, if the dependent variable explicitly 
occur in this equation (which will usually be the case since the 
equation is perfectly general), the equation <I> = 0 can be changed 
into another with a new dependent variable, in which that 
dependent variable does not explicitly occur and the number of 
independent variables is increased by unity. 


The differential equation 4> = 0 has some solution, 
represented by 

W ^ 2 > .> = 0, 

where /is as yet an unknown function; then we have 


du 

dccr 


, du 


Let it be 


for all values of the suffix from r = 1 to r = n. Let these values of 
p be substituted in the original equation, which therefore becomes 


3 > 


/ du 

du 

du 

\ 


dx^ 

dXn 

\ 

1 ’ 3m’ 

■■ 


..., Xn I 

\ de 

dz 

dz 

/ 


and may be written in the form 


du du 


du du' 
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We thus still have a partial differential equation of the first order; 
the dependent variable u does not explicitly occur, and there are 
w + l independent variables . . an* Hence the pro¬ 

position is proved. 

The integral of the modified equation leads to the integral of the 
original equation; it will be proved to be possible to obtain the 
integral of 0 in the form 

.> . > 

where aj, Oa,. iCbn> are arbitrary constants. 

When this integral of NP* = 0 is known, the complete integral of 
the equation <I> = 0 is given by 

y* (^1 > ^2> •••••• i ^ny ^y > ••••••> ~ 

in which z is now the dependent variable and there remain the 
original n independent variables. 

For w =/ is the integral of = 0 and “T* is a modified form of 
<1) sss 0, so that the latter is satisfied by xi =/, and therefore 




which is satisfied for all the suflBxes r from r = 1 to r = n; hence 
we obtain 

^ Ply Pay ., ^1, ^2,.. ^r.) 0, 

the original differential equation. 

216. It is thus theoretically sufficient to consider differential 
equations from which the dependent variable is explicitly absent. 
If the dependent variable explicitly occur in any given equation, it 
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can be removed in the manner indicated; and a transformed 
differential equation 0 can be obtained, the integral of which 
will lead to the required integral. We shall therefore write the 
general dififerential equation in the form 

i^2j. iPm ^\> ^2>.> ^n) ~ 

If, in addition to 0, we have other n — 1 equations of the 
form 

= . 9 . . ^ >k--i ~ i> 

where jPj, F^y .. are functions of pi^p^, ., jPn (or of 

some of them), and may be, and usually are, functions also 

of . yCCny and where ai, a,,.are arbitrary 

constants, then from these n equations we can obtain values 

ofpi^pzi . yPnt as functions of the ^*s and the as. Let these 

values be substituted in 

dz^Pidxi ...... ’\-pndxn\ 

if they be such as to render this an exact differential, its integral 
will be the complete integral of jPs= 0. For it will be an integral, 

since the values of pi, pa,.,pn> are derived from n equations, 

one of which is F = 0; and its expression will involve n arbitrary 

constants, viz. the constants Oi, ag,., an~i, and the constant of 

integration. Moreover, the integral is of the form 

^ “ X (^i> ....... dii tta,.. aTj-i) 4* (In , 

which gives the dependent variable explicitly, and therefore 
justifies the assumption made as to the form of the integral of 
^=* 0 . 

The n —1 functions F must be such that the values of the 
quantities p will render the foregoing an exact differential equa¬ 
tion. The necessary conditions, which are 

dXa dXr' 

for all values of r and 5, will serve to determine these functions. 

217. Suppose that the n equations 

0, = ttj, Fi~ ®a,.. F > 

are solved so as to give the values ofpi,p 2 ,.,Pn, as functions 

of the variables x ; these values will, when substituted, make each 
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equation an identity. When this substitution takes place in any 
two such equations as Fr = and Fg = a,, we have 


^dFr dFr dpi dFr dp., 
dxi dpi dxi ^ dpi dxi 
dFs dFs dpi dFg dp.^ 
^dxi dpi dxi dp2 dxi 

' dFr dFr dpi dFrdp 2 
dXi dpi dx2 ^ dp2 dx2 
‘^Is dFsdpi dJ\dp2 
^dx2 dp I dx2 dp2 9^2 


,^Fr^Pn_^ 

dp,,dx, 

1 ^Pn _ /) 

dpndx^ • 

dpn 9a?2 ' 

, dFg dpn _ Q 

dpn 9^2 ' 


giving altogether n pairs of equations; each pair is made up of 
the differential coefficients, with regard to the same independent 
variable, of Fr and Fg when in these the values of the p's are 

substituted. Between the first pair let the value of ^ bo elimi¬ 
nated ; the resulting equation is 



9n 

Similarly, the elimination of ^ from the second pair gives 

r^.i r^.l 3 £, . 

L P2 J IPi> J?2 J 9a;2 L P3» Pa J IPn, P 2 J 

and so on, each pair leading to an equation of this form. 

Now let all the left-hand members of these equations be added 
together. The coefficient of ^which is equal to will con¬ 
sist of the sum of two terms, viz. the term 
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from the r'*^ equation, and the term 

FrJV] 
py>pA 

from the s'*’’ equation; the sum of these two is zero, and thus the 
term in ^ disappears, whatever be the values of / and s'. The 
resulting equation is therefore 

r ^.1 .^ 

L^SjJPsJ 

Let the left-hand side be denoted by 

(Fr.Fs); 

then the equation is 

(Fr.F,)=^0; 

and this must be satisfied, whatever the suffixes r and s may be. 
Hence the aggregate of the equations which these functions must 
satisfy may be represented in the form 

0 = (Fu F) = (Fu F,) = (jP,, F,)^ . ^(Fu 

for all values of the index i from t =* 1 to i = n — 1. 

218. These conditions, which are necessary for the integrability 
of the equation dz — ^pdx, must now be proved sufficient; this 
will be established by shewing that, when the functions F satisfy 
the foregoing equations, we have 

for all values of r' and s\ 



The n equations derived from the n pairs of equations con¬ 
nected with any two given functions F^ and Fg still hold; when 
they are all added together, we have 






the double summation extending to all integral values of r' and 
s' from 1 to n, but not including pairs of equal values since for 
every such pair of values the term vanishes. But by the necessaiy 
conditions satisfied by the functions, we have 


{Fr.F,)=^0, 
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and therefore 22 F^—1 f= 0, 

iPr', Pi^] \dXff OX^J 

which holds for all the values of r and s given by the different 
functions; and every combination of the functions will give such 
an equation. The total number of these combinations is (n — l)j 
and therefore the number of such equations is ^n(n — 1). 

Now each equation is linear in the quantities 

^ _ dpf 

dx^ dXr' * 

which are in number —1) in all, that is, the same as the 
number of the equations. Since each right-hand side is zero it 
follows, either that each of these quantities 

^Pf' dps' 
dx/ dXr' 

is zero, or that the determinant formed by the coefficients of these 
quantities is zero. 

That the latter cannot be the case appears as follows. Let A 
denote the determinant 


dF 

dF 

dF 



••••’ dp„ 

dF, 

dF, 

dF, 

dp.’ 

w •• 

dpn 

dF ,,—1 

m-r 

dF„. 

~dp, ’ 

dp, • •' 

dpn 


then each of the expressions 

r^i 

is the complement of a second minor of A and there are in all 
—1)® of them; let ® denote the determinant formed by 
them, so that 0 is the determinant which is under consideration. 
Let 0' be the determinant formed by the complements in A 
of the constituents in 0; then we have, on multiplying 0 and 0' 
together, 







[chap. IX 


436 JACOBI’S METHOD 

Now 0' is not infinite; hence if 0 vanish, we must have 

A = 0. 

But this would imply that, among the n equations of the type 
jP= 0, the n quantitiescould be eliminated; that is, that these 
equations would not suffice to determine the quantities p as 
functions of the independent variables. This is contrary to what 
has been assumed as to the independence of the functions F\ 
hence © is not zero. 

It follows that each of the 1) quantities 

dx^ dXf^ 

is zero, and therefore that the assigned conditions are sufficient to 
ensure that 

dz = p^dxi +p^dx2'\‘ . -hpudoon 

is a perfect differential. 

219. We may therefore sum up our results, so far obtained, 
as follows: 

To obtain the Complete Integral of any given equation F^0,we 
first determine an integral Fi = aiof the equation 

{F,,F)^0; 

then we obtain a common integral F^ = of the equations 

(Fa, = = 

then a common integral Fz=^a^ of the equations 

(F3,F) = (F3,F,) = (F3,Fa) = 0; 

and so on, thus obtaining in all n — 1 new equations^ each con¬ 
taining an arbitrary constant. The n equations, which involve the 
n quantities p, are then solved so as to furnish the values of the p^s 
as functions of the independent variables and the arbitrary con¬ 
stants ; and these values are substituted in 

dz—pidxi-^p2dx2 + . ^pndxny 

This, when integrated, gives the Complete Integral of the equation 

F=0. 
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Each of the equations determining any one of the functions 
Fr is linear in the partial differential coefficients of Fr \ we have 
therefore to investigate a method of obtaining the common integral 
of a set of simultaneous linear partial differential equations. 

Ex. Prove that, if the equations 

El (^ 1 , i3?2> •••> P2i •••> 

F^l{Xiy ^25 •••> Pu P2) •••> 


^2> •••) ^nj •••> 

be solved so as to give Pi<t p^^ ., as functions of Xn, Zy the 

necessary and sufficient conditions in order that 

dz=^Pl dXi +P2dx2 +.+ PndXn 

should be an exact differential are, that the aggregate of equations 

fFi,Fy\ (F,,FA fFi,F2\ . fFuF,.y\ . fF,yF^{\ 

whe,. . 

\x,pj L^2,P2J L^».P.J 

/^k^l -« + 4.« ^‘1 

'^L . 

should be satisfied for all values of the index i from ^ = 2 to i=^n. 


220. It is convenient to prove here an important Lemma 
which will be of use when the integration of the simultaneous 
equations is being considered. 

If Ay By Cy be any three functions of 2n independent variables 
x^yX^y .. ccnyPu P 2 , . 7 Pn, and if the function (5, C) be de¬ 

noted by a, and the function (A, cc) by 

[Ay (By C)l 

then the equation 

[Ay (By G)] + [By (Gy A)] ^ [Gy (Ay B)] = 0 

is identically satisfied. 

Consider the left-hand member of this equation; it consists 
of the sum of a number of terms all of the same form, each of 
which is the product of two first differential coefficients of two of 
the quantities Ay By G, by one second differential coefficient of the 
third of them. It moreover is a cyclically symmetrical function 
oi Ay By and 0\ and therefore, if the terms involving the second 
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differential coefficient of any one function, such as (7, disappear, 
all the terms will disappear, and thus the equation will be 
satisfied. 

Let the quantit)^ 

dXr dpf dpr dXr 

be denoted by ArBO, so that A,, may be considered as a symbolical 
operator; we may write 

(5,C') = (A, + A, +.. + A,)J?a 

the operators being obviously subject to the distributive law 
(A, 4- A,) 5(7- A,5(7+ A,5(7. 

Then, in accordance with this notation, 

[u4, (5, (?)] = (Ai 4- A 2 4*.4“ An) A (Aj 4* Aa 4-.4- A,^) BC, 

and therefore [A, {B, (7)] is the sum of a series of pairs of terms 
A^ilA,B(74-A,ilA,.5(7 

for all the values of r and s from 1 to n inclusive; in the case 
when r and 5 have the same value, only a single term occurs for 
consideration. 

Expanding the functions thus symbolically represented, we 
find that the terms depending upon the second differential co¬ 
efficients of G are 

dA dB d^G dA dB d^G dA dB d^G dAdB d^G 

dXr dxg dprdps dXr dps dprdoOg dpr dxg dpadXr dpr dpa dXrdXg' 

from the first of the foregoing pair, and 

dAdB d^G dAdB d^O dAdB d^G dAdB d^G 

dxg dxr dprdps dXg dpr dpadXr dpa dXr dprdxg dpg dpr dc^g ' 

fi*om the second. 

Selecting in the same way from [5, ((7, A)] the corresponding 
pair of symbolical terms and considering in them the terms which 
involve second differential coefficients of C, we find them to be 
respectively 

dBdA d^G dBdA d^G dBdA d^G dB dA d^G 
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and 

dBdA d^G 


f)BdA d^G 


dBdA d^O dBdA d^G 


dXg dpr dpsdXr dXg dXr dprdpg dpg dpr dXrdXg dpn dxr dprdXg* 

The expression [G, (A, B)] does not contain any second dif¬ 
ferential coefficients of G. 

Hence, in 

[A, (5, G)] + [5, (0, A)] + [C, (A, B)l 

d^G 


the coefficient of the term which involves 


dprdp, 


is the sum of 


those in the foregoing, and is therefore zero; so also are the co¬ 
efficients of those which involve , a —F --. 

dpfdXg dpgOXf dXfdXg 

If r and s be the same, we need only to consider the first and 
third of the above lines of terms when in them we write 5 = r; it 

92(7 d^G d^O 


will be seen immediately that all the terms in 
vanish. 


9p/’ dprdxr* dx/* 


Since this is true whatever r and s may be, it follows that all 
the tenns involving second differential coefficients of G vanish; 
and therefore, by the symmetry, the whole expression vanishes. 


Solution of the Subsidiary Equations. 

221 . We now proceed to obtain the values of .. 

from the various differential equations which they must satisfy. 
To determine Fj we have 

or, what is the same thing, 

dJ[d^_djFdJ\ 

dxidpi dpi dxi dx2 9jt>2 dp^dx^ . dx^dpn dpndxn 

Since this is linear in the differential coefficients of JP,, we may 
obtain an integral of it by using as subsidiary equations (§ 194) 
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the generalised form of Lagrange's equations. Let any integral 
of the system 


d^~ . 

9pi 9pa ^Pn 


-|-| =. 

dxi 0a?2 dXn 

containing at least one of the variables be denoted by 

/l (^1, «2, ., plyPiy ., JPn) = »!, 

where is an arbitrary constant; then is an integral 

of the original equation F^ = 0. 

222. We have now to find a function jPq, which will satisfy 
the equations 

{FF,)=o; (J^„j;)=(/x,^;) = o. 

The former of these, being an equation to determine F^, is 
identical in form with that which determines Fi, and therefore 
we shall have the same subsidiary equations; let 

<t>{^ly^iy .. ^ny Ply P^y ., Pn) = COnstaut 

be an integral of the equations (A) different from /i = ai, and 
containing at least one of the variables p; then (F, </>) = 0. 

If (j> be such a function as to satisfy 
then we may take 

^ r= ^2 

as a common integral of the two equations which determine F^. 

If (f> do nob satisfy the equation, then we shall have 

the substitution of <f>i may be repeated and so on indefinitely, so 
that we shall have a series of functions given by 

^ . 9 (yi> l) ~ 
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Now all these functions ^ satisfy the equation 

(F,F,)==0 

when substituted for F^. In the identity 

[A, (B, G)] + [B. (0, A)] + [C, {A, B)] = 0. 
let F be substituted for A and fi for B; then 

[C, {A, B)] = \G, {F,f,)\ = {G, 0) = 0, 

and therefore 

[F.ifu C')] = [/x.(^,0)], 

whatever C may be. 

First, let G=^<f>; then this equation becomes 

[F. (A. <!>)] = [/,. (F. <f>)] = (/. 0) = 0; 

SO that 

(/i» — — 

is a solution of 


Next, let G = <f>i; then we have 


[F. (/i, 0i)] = [/, <!>.)] =(/i, 0)=0, 

so that 

(yi > ^i)=^2 ~ -^2 

is also a solution of 

(^,^ 2 ) = 0 ; 


and so on with the whole series of functions (f>, each of which is a 
solution of the first of the two equations'which determine F^^ and 
is therefore, when equated to a constant, also a solution of the 
subsidiary equations (A). 


Now these subsidiary equations have only 2n — 1 independent 
integrals at the utmost; the functions <f>i, which arise from the 
indefinitely repeated substitution in (fi, cannot all be in¬ 
dependent of one another; and therefore if the series of functions 
do not cease, we must ultimately come to some one which is 
expressible in terms of those already found. 
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There are thus three alternatives to be considered: 

(i) , some function (f>i of the series may be identically zero; 

(ii) , some function <f>i of the series is variable but expressible 
in terms of the preceding functions of the series; 

(iii) , some function of the series may be a determinate 
constant c. 

We will consider these in turn. 

223. Firstly, let =0; then will be the desired integral; 

for it is one of the series of functions and is therefore a solution 
of (-P, Fq) = 0; also 

(^i» i) — ~ 

and it is therefore a solution of (Fi, F 2 ) == 0. Hence it is a common 
integral of the two equations which determine F 2 , and it therefore 
gives the second of the equations desired, viz. 

224. Secondly, let be expressible in terms of the preceding 
functions of the series; suppose 

^i=0{F,fi, (f>y <j>i^ ^27 .> 

where ^ is a definite functional symbol. Proceeding now to form 
^<+11 we have 

~ (/l> 

-(/i. ^)^ + (/l./l)g^+(/i. + . 

when the value of (pi is substituted. But 

(/„^) = -(F,/,) = 0, 

since fi is a solution of the equations; and vanishes 

identically, so that this equation becomes 

.+^• 

But each of the differential coefficients of ^ is a function of the 
previously obtained quantities ^; hence (pi^i is so also. 

It follows therefore that (pi and all the functions ^ of the series 
afiber <pi are expressible in terms of those which precede tpi. 
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Let US then seek to obtain some function of these quantities 
which shall satisfy the equations 

{F, F,) = 0 and (F^, F^) = (/„ J?;) = 0; 
let it be given by 

Fi = -*^{F,fi, tf>, .. 

When this value is substituted, the former equation becomes 


o-w I + (F .«|| t. hf. . 

which is satisfied identically since every function is a solution of 

(^,^’2) = 0; 

and the second equation becomes, as before, 


0 - (/i,-f.) - <^1 ^ ^ + 


+ <f>i 




The last equation is thus the only one which must be satisfied 
by ^jr; and as no differential coefficients with regard to F or fi 
occur in it, we may consider them as replaced by their respective 
values 0 and ai. Any integral of the system 


d^i d(j)t2 d^i^i 

<f>i <j^2 ^3 

__ 

0 


of the form <I> = Og will be a solution of the equation in ; and 
therefore we may write 

2^2 ~ ^ ~ > 

and so we shall have the required common integral of the two 
equations which determine Fs^ 

225. Thirdly, let ((){ be some determinate constant c which 
will merely depend upon the coe65cients of the original differential 
equation; the series of functions thus terminates because there is 
no further function to substitute. We then proceed as in the last 
case to find some function of the preceding quantities <f> which 
will be a common solution of the two equations; let 

.» 
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When this is substituted in {F, F^) — 0 the equation is identically 
satisfied; when it is substituted in (/j, J’a) = 0, the resulting 
equation is, just as before, 


V — Y'l 




in which we may replace tpi by c. An integral of this is given by 


^ 01—2 _ 

^i-1 C 


which when integrated gives 


— 2c^t_a = constant; 

and therefore we may, as in the last case, write 

F2 ~ 04—1* ““ 2C04_2 ~ ^2 t 


as the common integral desired. 


This solution is satisfactory provided i > 1. 


Now i cannot be zero since 0 is determined as a function of 
the variables; the only exception therefore to be considered is the 
case i=l, when 




so that X IS independent of 0. Now 

= 0 )» 

and F and fi are replaceable by 0 and respectively; if then 
X be independent of 0, it ceases to be a function of the variables 
and there is thus no solution common to the two equations to be 
derived from these functions. 


Should this be the case, we return to the subsidiary equations 
(A) and determine a new integral distinct from those already 
obtained, which are 

Fy^ =5 , 0 =5 constant; 


let this be 


f ^n> Pi9 Pif 


, as constant 
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Next we perform with the function ^ all the operations which 
have been performed with the function <f>; then the desired 
common integral 

will be obtained, except in the single case when we have 

(/i, = 

where c is a determinate constant. 


From a combination of these respective exceptional cases, which 
are the only ones in each of which the common integral Fq has 
not been obtained, we can construct a common integral F^* For 
let 

be substituted in (F, jF 2 ) = 0 = (/j, Fg); then these equations 
become 

Now the former equation is satisfied identically since (f) and 
& are both integrals of the subsidiary equations (A); while since 

and ' (/i, = = 

the latter equation becomes 

This is satisfied by 
and therefore 

Fg = 0 (c'^ — = a.2, 

where 0 is an arbitrary functional symbol (which may at will be 
chosen of a simple form), is the desired integral. 

Hence in every case a common integral of the equations which 
determine Fa has been found; for convenience we may denote 
it by 
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226. We now proceed to obtain it must be a common 
integral of the equations 

To obtain one we find, by the preceding method, an integral 
common to the two equations 

{F,F,)^0^{f,,F,\ 

which is different from /a == ; this wc may denote by 

^ (^1 > ^^2 j ••••••> ) Jpi > 9 ••••••) ~ constant. 

We then form as before the series of functions 

.. = . 5 

then all the functions X of this series are common integrals of 
the first two of the equations which determine For, in the 
identity 

[A, (5, G)] + [B, ( 0 , A)] + [( 7 , {A, B)] = 0, 
let -4 = jP and B ; then since (F,/^) =« 0, wc have 

And, substituting in the same identity A^fi and B^fz, and 
remembering that (/i,^) = 0, we have 

[/i.(/a. Cr)] = [/a. iA.On 

These two equations are satisfied whatever G may be. Now let 
G^X; then 

[F,(/a,X)]-[/a, (F,X)], 
or (^, Xi) = (/a»0) = 0; 

^*^d \.fi9 (^j ^)]~[^> ^)]> 

or (yi, Xj) = (^, 0) = 0. 

Thus Xi is a common integral of the equations 

(^,F3) = 0 = (/„F3). 

Similarly the substitution of Xi for G would shew that Xa is a 
common integral of these equations; and so on, through all the 
series of functions. 

As in the former case, the number of common integrals being 
limited, we shall in the series come to some integral X^ which is 
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expressible, as well as those that follow it, in terms of those which 
precede it, viz., F, /u/a, W, .. The same three alter¬ 

natives arc presented and the value of the common integral in 
each, is determined as before. Either the single case of failure is 
avoided by the choice of a new integral different from or in 
the case of failure of the latter, these two cases of failure are 
combined so as to furnish a common integral. Thus we obtain 
our third common integral, which may be represented by 

227. The remaining functions F^y .. Fn^i, may be derived 

in the same way as the above; and thus, with jP= 0, we shall have 
n equations to determine the values of the p’s in terms of the 
independent variables and w — 1 arbitrary constants, which, when 
substituted in 

dz —pidxi + p^dxz 4-. +Pndxy^y 

will render it integrable; its integral is the complete integral 
of the original differential equation. 

The associated integrals are derivable from the results of 
§§ 182, 183. 

228 . The foregoing is an exposition of Jacobi’s method of integration in 
its simplest form; there are, however, developments and simplifications and, 
arising out of these, methods of avoiding the exceptional cases which cannot 
ho dealt with hero. For these, as well as for a fuller exposition of the whole 
theory of partial differential equations of the first order, reference may be 
made to the fifth volume of my Theory of Differential EquationSy particularly 
chapters ill., iv., v. so far as concerns the preceding subject-matter. Other 

^ methods are given in the later chapters of that volume, particularly Lie’s 
method based on the theory of groups and the method of characteristics. 
Full references to the original authorities are given there; so here it will be 
sufficient to refer to Jacobi, “Vorlesungon fiber Dynamik” (Ges, Werkoy 
SuppL Bd. pp. 248—269); Jaoobi, “Nova methodus...integrandi” {CrelUy 
t. LX. pp. 1—181); to a very valuable memoir by Imsohbnetsky, Orunert^s 
Archiv der Mathematik und Physihy t. L. pp. 278—474; and to a memoir by 
Graindorge, Mdmoires de la SocUti Royale des Sciences de LugCy ii"*® serie, 
t. V., as well as to the treatise by Mansion, Theori.e des dquations aux ddrivdes 
partvelUsy and the treatise by Goursat, Legons mr Vintegration des dquations 
aux ddrivdes partidles du premier ordre (Paris, Hermann, 1891). 

The equations (A) are, when each fraction is equated to dty of the form 

dxr _ dpr ^ dF 

dt ^ 0pr * * 
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these are the canonical equations of motion of a system of rigid bodies. 
A discussion of them will be found in the memoir by Imschenetsky, which 
has just been quoted, in Routh’s Rigid Dynamicsy and in chapter x. of the 
fifth volume of my Theory of Differential EqxLatiom^ quoted abova 

We now proceed to consider some examples of the foregoing theory. 

Ex, 1. To solve the equation 

where /does not explicitly involve the independent variables. We must first 
transform the equation so that the dependent variable does not explicitly 
occur; let the solution of the equation be 

«) = 0, 

where the form of ^ has yet to be determined. Denoting ^ by Fy. and 
^ by we have 

Pr+^,*iPr’=0; 

and thus the equation is 



in which the dependent variable yj/ does not occur. Hence we have for our 
general formula 



and the subsidiary equations give 

__dFn_dFn^i 
0 0 0 -1 ' 

From these, we have 

= .. 

which give n integrals, coexisting with one another and with /^=0. From 
the equation E=0, we have 



Solving this for we should have Pn+i—x W* where x involves the n 
constants a ; and therefoi'e 

dylr>^Fidxi + F2dx2 +.+ Fndxn+Fn+idz 

=‘aidXi’^a2dX2'^ . •]randXn'^x(f)dz, 

The integral of this is 

^4-a«aid?j+a2a?2+.+ an^n+/x(«)«fe» 
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where a is arbitrary and may be assumed to be absorbed in But the 
integral of the given differential equation is i//- == 0; hence the integral of 

. ,Pn) 

“1 + a 2'*'2 +.+ = Sx 

where Xt as a function of z, is given by the equation 



JSx, 2. The case, when jf is a homogeneous function of order /x in the 
is readily reduced to the form already considered in § 196. For we may change 
the dependent variable from z to f, where 


1^-1 



and the equation is then 

1. 

whore ^ • The integral of this equation is 


provided 





5 =® C + «! a?! + ^2^2 + 


fiPli ®2>. . ®») — !• 


+a„^n, 


Ex. 3. Solve 


(i) 

(ii) 2+2p3=(pi+^a)^; 

(iii) (/?i - z) (p 2 - z) (ps - ^PiPzPs- 
Ex. 4. Solve 

{X2P1 + Xip^ x^+ap^ (Pi - P2) -1 =® 0 . 

The subsidiary equations are 

- dxi __ —dx2 _ —dx^ ^ dpi _ dp2 _ d ps 

ap 2 ^ xiX 2 -ap 2 ^ a (pi- pz) ~ ^ 3^2 ~~ Xzpt^ Xipz ’ 

From the equality of the 1st, 2nd, 4th, and 5th, fractions, we have 

dxi+dxz dpi^ dp^ 

{xz + Xi) ^3 ** (pi +P2) Xs ’ 

which leads to 

(i>i+P2)(^’i+^2)=ai- 

We therefore (adopting the notation of the previous articles) take 
Fi*^(pi^P2){xi+X2); 


FD£ 


15 
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and we have to determine a solution of the subsidiary equations which 

shall satisfy 

(i^i, ^2)~0, 

From the equality of the 4th and 5th fractions, we have 

Pidpir=^p2dp2\ 

and therefore we have 


(f) =pj 2 constant. 

Now +^ 2 ) % + (jpi +P 2 ) (- 2f?2) 

= 20=<;()i; 

the continued substitution in the equation 

{^U = 

would thus not lead to a function such as is required. We therefore return 
to the original subsidiary equations to obtain an integral different from 
Fi^ai and constant. Such an one is derivable from the equality of the 
3rd, 4th, and 5th, fractions, which give 

dpi - dp2 _ dx^ 

^aiPi-Pi) ~ aiPi-Ps) ’ 

and therefore wo have 


ylr=a(pi -P 2 ) —=constant. 


Now (Fi ,>//■) = (pi +P 2 ) a+(pi +P 2 ) ( - a)=0, 

and so yjr satisfies the two equations; we thus have 
F2=a (pi-i?2)-i^’3^=a2. 

We now solve the equations 

^=0, Fi^ai, i^2=«2, 

to find the values of pi , p 2 , ps* These values are 


Pi^i 

Pn^i 


_fL_ + 5! . 1^.2 
Xi-hX 2 ^ 2a ^ 4a 

_ 5* _ J. a;,2 

X 1 +X 2 2a 4a ^ * 


. 1 / V 


hence 

(fa <» Joid log (* 1 +a:*)+^ {(oj+^^* 3 *) (dxi - ofa*)+( a-j - A 2 )a?s<fa;s}+ 
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80 that the complete integral of the differential equation ie 
z+A-iai\og(xi +Xi )+i (Xi-Xi) - Ja, log (.rs*+ 2 a 2 ) 

■ lAl. 


( 1 )' 


arc tan 


in which A, ai^ a^, are the arbitrary constants. 


\{2a2)i) ’ 

(Imschenetsky.) 


Ex, 5. Integrate the equations: 

(i) 

(ii) Xipi^+X2P2^+x^pi^=^pip2p3-, 

(iii) pi^-\‘P2^-{-p^^^Xi^+XiX2'^x./+XiX:i+X2Xi+X’i^ ; 

(iv) ^i + ip‘/4‘/?2^i^3+P3**?i^2=0; 

(v) ^i + J^ 2 ‘^ + J72PiP3 + ^3;’iP2 = 0; 

(vi) Pijt)2?J3=i?l^l+P2-*?2+P3-^3- 

It has already been indicated that several of the forms (in §§ 194—201) in 
two independent variables, which admit of immediate integration without the 
use of Charpit’s subsidiary equations, can be generalised so as to include the 
cases where the numl)er of independent variables is greater than two. 

Ex, 6. When a given differential equation can be written in the form 

fliXi^ X2y .. . Pu P2i .. Fr)“w^('^r + 1>.»^n»i^r+l).. i^n)» 

the complete integral is the common integral of the equations 

where a is arbitrary. For the subsidiary equations are 

dxj. ^ dpr __ dXj.+i dp 


dxi dpi 

ZW^W' 

dpi dxi 


from these, we have 


and therefore 


^Pift ^Xy '^Ptf ^ J ^X<f ^ J 

dr 4 . 4 -^^^ dT 4 .^'^* dn -0 

/l«« 

=/2 


by the given equation. 

As an example, we may take 

X2Pi’¥XxP2 + {pi-p^ (p3 + ^?4) (f>4 + ^ 3 )“!• 
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Here we may write 

(^3 + ^4)(P4 + ^3) = a, 

X 2 P 1 + « (Pl -P2)^h 

where a is an arbitrary constant. The integral of the former equation is 

where A and C are arbitrary constants. The integral of the latter is obtainable 
by Charpit’s rnethcxi; the subsidiary equations are 

•^dxi ~~dx2 dpi _ dp2 
^2+« ^1 —a jE>2 * 

From these, we have 


and therefore 


dpi+dp2 d xi+dv2 _Q 

Pl‘¥p2 ’ 


(Pi+^ 2 ) (-*^ 1 +^ 2)=1 +1. 


Ilenoe by combining with the equation the integral of which is sought, we 
have 


and these give 


(a?2+ a) Pi +P2 (/Tj - a) = 1, 

(.^1 - a) Pi +^2 (^ 2 +a) ==^^ 1 ; 

Pi {(:ri - o)2 - (xz +a)2 }=AI (.Vi - a) - +a), 

P’i {(^1 — “ (^ 2 +o)*"*} ~ ^1 — a — .Ai (:r2+a). 


dz =»pi dxi •\-p 2 dx 2 


=:= 1 fl? log {(:Fi - a)2 - (a? 2 + af) + J fl? log • 


and therefore 




The complete integral of the original equation is therefore 
s+XiXt^Axi+j Xi+Ai log{(ari-a)«+(x2+o)®}+5+i 
where A, i?, a, are arbitrary constants. 

Ex, 7. Integrate 

^ {X 2 P 1 +^ii>2) ^S+JOs (Pl -P 2 ) {P4’*-h(P64-iF4) (ps + iPe) 

(Imschenetsl^.) 
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Simultaneous Partial Differential Equations*. 

229. Instead of there being given only a single equation to 
determine the dependent variable, there may bo given a number 
of simultaneous equations. If the dependent variable explicitly 
occur in any of them they all can be transformed, as in § 215, 
so that it shall disappear. The equations may then be taken 
of the form 

FiijCiy it'a, ....... Xm pit P 29 . > P«)~0, 

^ 2(^19 ^29 .. P 19 P 29 .,p«) = 0, 

Fm ••••••> ^n> Pi9 P 29 JPn) ~ 0. 

If m be greater than n, the equations cannot be independent; for 
the first n of the equations may be resolved so as to give values 
of the^^s in terms of the variables w; and these values, when sub¬ 
stituted in the remaining m —w, must reduce them to identities, 
since there would otherwise be relations between the independent 
variables. Thus in effect there may be given at most n simul¬ 
taneous equations; and we may therefore take m either equal to 
n, or less than n. 

230. I. Let m = n. We have thus n equations giving the 
values of the n quantities p in terms of the variables; these values, 
substituted in the equation 

dz =pidxi + p 2 dx^ H-. +Pndocn9 

must make it a perfect differential if the given system have a 
common solution. The conditions for this are that 

dxg dx/ 

for all pairs of indices; and these, as in § 217, lead to equations of 
the form 

(Fr9F,)^0. 

Hence the given functions must satisfy all the equations for all 

* This theoiy if due imtially to Boor; see anthorities cited in § 228, p. 447* 
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possible combinations of the suffixes; and then the common 
complete integral is obtained by the integration of the equation 

dz = pidxi +p 2 dx 2 +. +Pndxn. 

It therefore contains one arbitrary constant. 

It may happen however that the functions F are not independ¬ 
ent of one another; then the determinant A, where 


dF, 

dF, 

dF, 

dp,’ 

dp.’ ■■■ 

dpn 


dFn 

dF^ 

dp, ’ 

dp.’ - 

. dpn 


is zero, and there will (§ 9) be an identical relation of the form 

^ If F2, . . Fuf Xif x^t ....... x>ii^ = 0 . 

But for the purposes of integration = .==i^n==0; and 

this therefore becomes 

^ ( 0 , 0 , ....... 0 , 4^1 , ••••••> (X^ri) “ 

If <I>=sO be not an identity, a relation is implied between the 
independent variables, which is of course impossible; it then 
follows that the given equations are inconsistent, and that there is 
no common integral. If ^ = 0 be an identity, the number of given 
equations independent of one another is less than the number of 
the quantities p, which therefore cannot be determined from the 
given equations alone; we must therefore have recourse to the 
method which applies when m is less than n. 

Thus, if there be four independent variables and if four equa¬ 
tions Fi^O^ F 2 — Fs = F^ be given, there can be no common 
integral in a case when there is a relation of the form 

F^ss — X 2 ) Fi^ (x^ x^ 1^2 “f" XiX2X2X ^; 

when there is a relation of the form 

* (^j — X^ i^8 "I" (^2 — ^s) -^1 “h (^8 — ^ 1 ) Fgf 

there are only three independent equations. 
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231. II. Let m be less than w. We may suppose the equations 
reduced to such a number m, that they are algebraically independent 
of one another, even though they were not so in the form in which 
they were first given. It will be assumed that there is a common 
integral, so far as the algebraic relations which give the dependent 
functions in terms of the others indicate; this will be the case if 
these relations become identically-null equations because of the 
equations -Fi = 0,.. = 0. 

First Gdse. The equations J^i = 0 =.= F^, may satisfy the 

relations 

{Fr,Fs)^0, 

for all values 1, 2,., of r and s; they are therefore simul¬ 

taneously integrable. To determine the values of the quantities 
p, other n — m equations must be obtained by Jacobi’s method; 
these will involve n — m arbitrary constants. From these equations 
and the given m equations, the values of p must be derived and be 
substituted in 

dz :=^p^dXi ^p^dx^ -f-. ’{’PndXn. 

The integral is the common complete integral qf the original 
equations, and it contains w — m +1 arbitrary constants. 

Seomd Case. It may happen that, for one or for several com¬ 
binations of the indices in the series 1, 2,.......m, we find {Fr^F^ 

a function of the independent variables only, or {Fry Fg) a de¬ 
terminate constant. In neither case can {Fry Fg) be zero; the 
conditions that the equations should be simultaneously integrable 
are not satisfied, and there is no common integral of the proposed 
equations. 

Third Case. It may happen that, for one or for several com¬ 


binations of the indices in the series 1, 2,.. m, we find results 

of the form 

{Fr9 F^^f{Xif Xg, •••••• fSl'nfPlfPay . 


where / does not become identically zero on combination with the 
given equations. Let there be I such combinations, so that m+l 
must not be greater than n; then, for combinations other than 
these I, the equations 


(J?V,F.) = 0 
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are satisfied. We now take 

0 ~ rn+i ^f\9 0 ^. 9 OT+/ ~fl\ 

and substitute in the functions 

(Fr,Fs), 

where either or s at least must be greater than m. 

If then these functions all vanish, we have m + l equations 
which are simultaneously integrable; and we determine, by Jacobi's 
method, the n-m'-l remaining equations necessary to give the 
complete integral, which will therefore contain n —m —Z + 1 
arbitrary constanta 

If for any combination (jPm-tj/b), or for any one combination 
the function be a determinate constant or a function of the 
independent variables only, the equations are not simultaneously 
integrable; and then there is no common integral. 

If for any combination or for any one combination 

(fufidy we obtain a function .. JPa, .. Pn) 

which does not vanish in virtue of the equations already obtained, 
we proceed with the functions ^ as we did before with the 
functions f. Ultimately, either we shall arrive at a finite number, 
not greater than n, of independent equations which are simul¬ 
taneously integrable, and then, in the ordinary way, obtain the 
common integral; or we shall obtain a result indicating im¬ 
possibility of simultaneous existence, in which case there will be 
no common integral. 

Ex. 1 . Obtain a common integral (if one exist) of the simultaneous 
equations 

Fi=-piP2-x^x^=-0'\ 

•^2 ~ j 

We have 

(Fi, i^2)==i?l^l+;?2^2-P3^3-JP4^4, 

where the right-hand side does not vanish in virtue of jPis=0s=/ 2 > we theire- 
fore write 

F2=^PlXi’\rp2X2-pzXz- Pi 3Ci =s 0. 

Then Fz)^0. 

{Fi, Fz)^ -2^j/?a+2^3^4“0, 

{Fz, Fz)^ %pzpi--2xixz^0i 


Also 
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the three equations are therefore compatible. Let be the other function 
required, so that it will be determined as a common integral of the equations 

{F,, F,)^0^{F,, F,)^{F,, F^), 

Considering it as an integral of 

(F,, 

we form the equations 

djci __ dx^ __ dx^ _ dx^ ^ dpi _ dp2 _ 

“ a:i ^2 *” ^3 "" ” Pi ~ ~ P3 P4 ‘ 


One integral is 


Pi=a^3> 


where a is arbitrary; we therefore tentatively take 


We then find 




{F,,F,)^0; 


On solving the equations 


p’j=0=/’2=-^3j Fi==ay 


we find 


and therefore 


Pi—ax2, P2=-^4> P4==;;^2» 

Uf fJU 


so that 

Hence a common solution is 


PlP4 = ^2^3, 

(F4,i^2)=0. 


jOi=CM73. 


To obtain a complete common integral, we have 

dz^^aix^dxi^xidx^-^^^ {x^dx2'\-x^dx^y 


so that the integral is 


a= CM7i J73+~ ar2^4+^> 


where a and h are arbitrary constants. 

Ex, 2. Obtain integrals of the preceding equations in the forms: 

(i) 3: = aXi5?4+-^2^3 + ^; 

a 

(ii) « = 2{J72^4(^1^8~^»)}^ + ^; * 

(iii) =2 {xix^ (XiXi —a)}i+ h. 
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Ex, 3. Obtain oomrnon complete integrals of the simultaneous equations: 
L Pi 4- /?4+ (^2 + ^4 - 3a7i) jt >3 = 0 

Pi + {Xi ^ 3^4 + X 2 -X 1 X 2 ) P 4 + (Xs X 4 - X 2 )Pi^O 

II. 2x6P4+Xi%-0 

x^Pi ~ 4 {x^x^ - 2 ;r 6 ) p^ - 2 xi 074^4 « 0 

(Imschenetsky and Graindorge.) 

Homogeneous Linear Systems. 

232. One of the simplest classes of systems of simultaneous 
partial differential equations is composed of those in which each 
equation is homogeneous and linear, as in § 194 . They are, of 
course, included in the systems which have just been discussed. 
But the theory can be set out differently; and the practical 
process of integration is arranged in a different form. 

We take the systems of equations 

ill = ( 5 ) = UiiPi 4 Gi2i>2 +... + O^mVn = 0, 

ila = A^'iz) = a^iPi 4 chsPi +... + a^uPn == 0, 

Ar = A r(z)= ClnPi 4 a«p 2 + • -• + = 0. 

These r equations, which occur initially, are linearly independent 
of one another; and the coefficients Oij of the derivatives are 
functions of the independent variables alone, so that they do not 
contain z. 

It is obvious that any function z of the independent variables, 
which satisfies all the equations of the system, must also satisfy all 
the equations 

Ai {Aj (z)} -Aj{Ai (^)} = 0, 

for all the combinations i ,^ 1,..., r. This last typical equation is 

2 \Ai (cijj) Aj (dig)] ps = 0. 

It is precisely the Jacobian condition of coexistence of the equa¬ 
tions Ai^ 0 and Aj « 0, expressed by the earlier relation 
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and we therefore shall use it in the new form which, as will be 
observed on the completion of the operations A, leads to an equation 
of the same character as each of the equations in the original system. 

As before, we have three alternatives. It may happen that 
the condition is satisfied identically, so that the relation 

Ai Aj = 0 

is satisfied for all values of s; no new equation arises. It 'may 
happen that the condition is satisfied, not identically, but only as 
a linear combination of the original equations; still, no new 
equation arises. It may happen that the condition is not satisfied, 
either identically or in virtue of the original equations; it must 
be satisfied and therefore, in this event, it is a new equation which 
must be associated with the original system. 

This result, in its alternative forms, holds for every combination 
h •••, T. Should any new equations thus arise, we may 

denote them by 

A r+i = 0, • • •, A'f^i — 0, 

Then each of these equations must satisfy the conditions of 
coexistence, alike with the original equations and with one another. 
These conditions may be satisfied either identically, or in virtue of 
the now augmented system, or they may produce new equations. 
In the last event, we associate them with the augmented system; 
and we proceed to consider the further conditions as before. 

Ultimately, we obtain a system, for which all the conditions of 
coexistence of its constituents are satisfied. It is then said to be 
complete) and every constituent is homogeneous and linear. When 
thus complete, we may denote it by 

Ai = 0, ..., Affi=^0y 

where (under the construction of the complete system) the m 
equations are linearly independent of one another. 

If m > w, or if m = n, the only possible inference from these 
linearly independent equations is 

;)i = 0, ...,p»==0; 


that is, 


z — constant. 
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The original equations then do not possess any effective common 
integral. 

We therefore need only consider the case when m < w, an 
assumption which accordingly will now be made. 

233. We can change the complete system, in any manner, by 
linear combinations which leave the equations linearly independent; 
we proceed to prove that the modified system still will be complete. 
For take such a modified system 

+ .. • + ~ • • • > 

where the determinant of the multipliers ji is different from zero; 
manifestly, our system is 

£i = 0, ...,£^ = 0. 

As regards the modified system, we must have 

for all the combinations r, = 1, ..., m, either identically, or in 
virtue of the equations of the system, if it is complete. But 

m m 

+ fixiA.jA.i fitj -A-iA-j ; 

the quantity Ai \Aj (z)] — Aj {Ai {z)] is a linear combination of the 
quantities Aj, ..., and so the right-hand side is a linear 
combination of these quantities A, It therefore is also a linear 
combination of the equivalent quantities B, and so it vanishes 
with these quantities; that is, the system of equations 

also is complete. 

Accordingly, we may resolve the original complete system 
ili = 0, ..., A„t = 0, so as to express m of the n derivatives p in 
terms of the remainder; let the result be 

Ci(^) = Pi + Cui>„+i+...+ Ci*i)«=»0, 

Ca(^)=P» 4- C2i/))n+i+ ••• + t^Pn = 0, 


Gm {z) ==Pto + CmiPnH-i + ... + =» 0, 
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where and the coefficients o are functions of the 

independent variables. In this form, the system of equations 
(7 = 0 is complete ; and so all the conditions of coexistence 

Cr{CM]-Gs[Cr{z)]^0, 

for the combinations r, 5 , == 1, , m must be satisfied. Now 

Cr [Cs{z)] - Cs {Cr(z)}^i^ M ~ C, (Crt)} 

The right-hand side is to vanish, and manifestly it does not vanish 
in virtue of the equations 

(7x = 0,...,0,^ = 0, 

for it does not involve pi, ..., it therefore must vanish 
identically, and so wo have 

Gr Gg (^ri) “ 

for all the combinations r, s = 1, ..., m, and for ^ = 1, — 

When expressed in this form, the system is often called a 
complete Jacobian system. There are various ways of constructing 
the integral; one of them is as follows*. 

234. We begin with the equation 

Pi Cii Pm-\-i "b •••"!" OiftPn “ 0/ 

where fi=^n-^m. The subsidiary equations (§ 194) are the set 

dcc2 dcCiffy doc<fjfij^i doc^i 

1 ~ 0 0 ^ Cn ~ ~ ’ 

Let the complete set of the integrals of these equations be 
denoted by 

••• t Vly ••• f y^- J 

the first — 1 of these obviously belong to the set, and the 
remaining are functionally independent of one another. More¬ 
over, each of the quantities y is such that 






* Others are expounded in chapter in. of the fifth volume of my Theory of 
Differential Equations. 
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that is, 


doOl dcOfn+i 


+ C; 




^ = 0 


dWn 


for fi. 

Having obtained these integrals of the system of equations 
subsidiary to the first equation, we change the independent vari¬ 
ables so as to make yi, take the place of ^n* The 

first equation becomes 


that is, 


|i+ i 



j 


and therefore 


3^1 tfssi 


13^1 


+ Scit 


^3y« ) ^ 

3^in4-tJ 


0 , 


— 

doOl 


= 0 , 


when jz is expressed in terms of Xi,W 2 , •••> y/n* Thus, in 

the changed form, jz will not explicitly involve 

Further, for the transformed expression of any of the later 
equations (say Cy = 0), we have 


that is, 


51+ i 

3^r ^=1 



?£.+ i A; — = 0 


where the actual value of krs is given by 


krs — S Cft 

t=l 


dys . 
3^w+« ’ 


and we suppose that all the coefiScients k are expressed in terms of 
the new set of variables Xi, X 2 , ..., x^n, yi, •••, yn.^ Thus the whole 
original system of equations, after the transformation of the 
variables, is 




dz 
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the system being still complete. Among the conditions for com¬ 
pleteness are those which bind the first equation with each of the 
remaining equations in turn; and these require that, for all values 
of s in the equation (7/ = 0, as well as for all the values of r, we 
must have 

da^ ^ 

In other words, no one of the coefficients kra involves explicitly the 
variable iVi; and so we now have the system of equations 

(7/ = 0, (r = 2, ..., m), 

which still is a complete system, the independent variables now 
being•••> •••> y/** Every integral of the original system 

is an integral of this later system; and it does not explicitly involve 
the variable ooi^ when yi, •••> yM> ^^e taken to be the 

independent variables. 

236. Accordingly, we take the complete system 
(^2 =* • •• > = 0 , 


involving n — 1 independent variables and containing m — 1 con¬ 
stituent equations. We proceed as before and attain a stage at 
which every integral is an integral of a new complete system 

involving n — 2 independent variables and containing m — 2 con¬ 
stituent equations. 


And so on, from stage to stage. 


equation 




+ 



At the end, we have a single 


in /A -I-1 independent variables. Every integral of the original 
system is an integral of this equation. We know (§ 194) that this 
equation has /x, ( = n — m), independent integrals, and also that, if 
these be ^ 1 , every integral of this last equation is given by 

where (j) is an arbitrary function. We therefore infer the theorem:— 

When a complete Jacobian system of homogeneous linear partial 
differential equations of the first order involves n independent 
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variables and contains m linearly independent constituents, it 
sesses n — m functionally independent integrals; and, if these he 
denoted by Zi, every integral of the system is inclusihle in 

the equation 

Z^ <f> (^Zi 9 • • •, 

for some form (f> of that otherwise arbitrary function. 

Moreover, after the preceding analysis, a process of constructing 
the most general integral (if any) of a given initial homogeneous 
linear system is obviously as follows:— 

(i) we make the system complete, and resolve it for a number 

of the derivatives pi, pyn> each in terms of 

• • • > > 

(ii) we obtain all the independent integrals, the simpler the 

better, of the first equation, and use these as inde¬ 
pendent variables to transform the original system, 
which then involves one variable fewer and contains 
one constituent fewer; 

(iii) we proceed from stage to stage as in (ii), until there is 

only a single equation which is homogeneous and 
linear; and then 

(iv) the most general integral of the last and single equation 

is the completely comprehensive integral of the 
original system. 


Ex, 1. Integrate the system 


A -n ^+^4^ n 

Ai^pi -—P2-P3~0, 




We have 




1 / P2 


(-?■)• 


which must be zero; it manifestly does not vanish in virtue of Ai^O and 
Aim’O, 80 that it is a new equation. Hence we have 

Thus 
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■di(^3)~'d3(d.i)=0, ^ 12 ( 43 ) — ^! (2l2)=0; 
that is, the system is complete. An equivalent complete system is 

P2=0. 

Pi-Ps^O, 

The first equation is satisfied by making z any function of Xi^ x^^ x^^ x^. 

The second equation is then satisfied by making z any function of ^4, x^ 
and where 

^=^1 + ^3. 


The third equation is then satisfied by making z any function of f and 17, 
where 17 is an integral of the equation 


dxs dx4 



that is, by taking 


1 

ljf£6 


Consequently the most general integral of the original system is 


V) 

-4. 

where (f) is an arbitrary function. 


Kv. 2. Shew that the system 

(1 +^ 42 ) Pi+XiXsP5-^'3A'iP3-^3Pl==^0, 

is complete as expressed; and prove that its most general integral has the 
form 

Z^<l>(Xi+XsXij a?2+^S^6» ^3H^3W + ^3®^6^)» 
where ^ is an arbitrary function of its three arguments. 


Ex, 3 . Shew that the system 

Pi-Ps^O^ 

y>2-l>i+(«4-.»3)i>s-2 jV4-0, 

has no integral involving xs, X4, or x^. 
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Ex. 4. Obtain the most general integrals (if anj) of the respective 
systems: 

(i) iV4P4 + (l+*6)f>8'=01 

l+«4 


(ii) 


(iii) 


Pi- 


Pl -> 2 -P 3=0 

(1 +^4) Pi+^iPt =0 j 
■^4 ^ , ^'4 ^ rt I 


^ 4 j 04 -^ 6 ?>S =0 
X^Xl,p^Pi+X^XiPlp.^+Xf,XlPlPi■¥X^XiPil>^ 

+ (^1+.®2+^3+^4 + ^6) Ps — ^ J 

(iv) i’fi+PP 4 = 

Pl-pPi + {Xi-pXt)ps 

where, in the last system, 

p (1 +x^=XiXi+i{\ +x^-^Xi^)i. 


4=01 

s=or 


MISCELLANEOUS EXAMPLES. 

1 . Integrate the equations: 

(i) {m{a!’\-y)--n{x+z)}p-\-{n{y’\-z)-‘l{y-\'X)}q^l{z+x)-m{z’{-y)\ 

(ii) jt? (2;+e®)+2'(2+e*')=52_ga;+y. 

(iii) x^{jy — £)p'Vlp‘ {z — x)qssz^{x^y)n 

2 . Form the difierential equation whose complete integral is 

^ +2^ == 2(u;++ 2y2, 

where a being a given constant, and a, /3, y, otherwise arbitrary. 

From the differential equation, deduce the singular integral. 

Illustrate the connection of the complete, general, and singular integrals 
by a geometrical interpretation. 

3. Integrate 

and find the equation of the cone of the second degree, which satisfies this 
equation and passes through the point (1, 2, 3). 

4. Obtain the primitive of the equation 

p(-^+y+^+2')=i; 
and discuss the nature of the integral 
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6 . Integrate the equation 


where A', F, are the same quadratic functions of a?, resi)eotivel7. 

Integrate it also, (i), when they are quartic functions; (ii) when they are 
sextic functions. 

(Richelot.) 

6 . Prove that, if 

zi =exp A . exp 

then ^=4X^2 ^ ^ 2X*w, 

oA ck ’ 

and hence that 

Show also that 

(* Si!) • (i^) ■ 

Similarly prove that 




_ Ina 

a+4M)t 


7 . Integrate the equation 

{Xi-xi Zg) pi + (A 2 - xz A's) ;?2=^ 

where A'^^=a^,ia7i+a^ 2-^2+<*^,3, 

(Hesse;) 

and the equation 

«! + (^sPl ~<a?lP3)® + a3 {^lP2- 

(ScblaflL) 

8 . Solve the equations: 

(i) 

(ii) pq^px-itqy; 

(iii) pq^py-¥qx\ 

(iv) piP^P^'^XiX^Xz {XiPi +^2it?2+^8P8)“^2^aP2P3 + ^3^l/?3Pl+^1^2/>lJP2- 

9 . Find the equation of a surface which belongs at once to surfaces of 

revolution defined by the equation and to conical surfaces defined 

by the equation joo?+gy «= z. 
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10 . If f{Xy y) denote any solution of the equation 

jo* — 4* *3Lpqz =c® (1+ 2*)^, 

the curves represented by the equation 

are an orthogonal system such that the product of the curvatures at any 
point is constant. 

If f{x, y) do not contain y^ the form of the function is determined by 
f{x) = (2 +tan2 B) \ tan 

where E (2i sin J ^) — 2i jP (2 i sin ^ B\ 

J^and JS'being the first and second elliptic integrals, of modulus 2 ” i. 

11 . Find the surface cutting at right angles all the spheres, which pass 
through a given point and have their centres on a given lino passing through 
that point. 

12 . Find the surface in which the C(X)rdinates of the point, where the 
normal meets the plane of xy^ are proportional to the corresponding coordi¬ 
nates of the surface. 

13 . Find the system of surfaces orthogonal to the curves 

cosh X ; coshy :cosh2=a :h:c. 


14 . Prove that a solution of the difterential equation 

du 

dx^ oy 0-5 ~ 


is 

<j}g , 

®t= , 

W= 


'f'K ft 

V'.. V'* 

'I'x, 'I'V 


where <f> and are arbitrary functions of x^ y, and z. 


Prove also that this is the general solution. 


15. Shew that, if the simultaneous equations 

Cx oy oz 


have a solution different from u *« constant, then 

( rZ '- Y'Z)dx^(ZX'--Z'X)dy^(Xr^X'Y)dz^O 


is reducible to an exact equation, from the integral of which such common 
solution may be derived. 
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Have the equations 

iu .0a 0M „ 

a common solution other than w=constant ? 


16 . Solve by Jacobi’s method the equation 

^>1+(Sarj+2a?3) p2+( 4^2 +6*3) ps + {xt + (jOa - .?^)} Ps+^ =0- 

Pi 

(Imschenctsky.) 

Shew that, by generalisation of the formulae which in the case of two 
independent variables are the analytical expression of the principle of duality, 
this equation can be transformed into one which is linear in the partial 
differential coefficients of the new variable; and hence integrate the above 
equation. 


17 . Solve by Jacobi’s method the equation 

~ 2^1 ^ log p2 +26 log Xi =a, 

(Ampere, and Graindorge ^ 

also the equation 

zxi=^pi ipi^P2)+^lP2{Pii+^3P2)- 

(Imschenetsky.) 

18 . Obtain the complete common integral of the simultaneous equations: 


2Xi2X^^Pi + .^32^4^4 - 0732=O'! 

2a?2jP2 - ^aP^ --1=0 > • 

x^xl^pz+Xx X-^XaPa ~ xi x .^=0 J 

19 . Obtain the complete common integral of the equations 

{x ^- x^^)Pi - (xiX 3 --X 2 Xa)p 3 +(x 2 X 3 -a:ia; 4 )^ 4 =0 
(Xa^-X^) P2 + (X 2 X 3 -XiXa) P 3 + {XiX 3 -X 2 Xa) Pa = 0 

and that of the equations 

^iPl - ^2P2 +*3^3 - ^4^4 » 0 

^3 Pi + ^iP2 - ^lP3 - ^2Pa = 0 j 


(Collet.) 


(Collet.) 



CHAPTER X 


PARTIAL DIFFERENTIAL EQUATIONS OF THE SEQOND 
AND HIGHER ORDERS 

236. It will be assumed through practically the whole of this 
chapter that there are only two independent variables. The nota¬ 
tion already used for the partial differential coefficients of the first 
order will be retained; and it will be convenient to introduce 
similar symbols r, s, t, to represent those of the second order, 
which are thus defined: 

— f — 

^ ^ dxdy * dy^ * 

An equation is said to be of the second order*, when it includes 
one at least of these differential coefficients r, s, t, but none of 
a higher order; the quantities p and q may also enter into the 
equation, the general form of which will therefore be 

F{a),y,z,p,q,r,s,t)=^0. 

The complete integral of the equation is the most general 
relation possible between w, y, z, such that, when the value of z 
derived from it and the associated differential coefficients thence 
formed are substituted in the differential equation, the latter 
becomes an identity. No condition is annexed to the definition 
in regard to the form of the complete integral, which may involve 
in its expression either arbitrary constants or arbitrary functions 
or both. 

* For the whole theory of partial differential equations of the second order, 
reference may be made to the sixth volume of my Thecrry of Differential Equations^ 
and to the treatise by Goursat, Legons aur VintSgration dea dquationa mix d4rivSea 
pairtiellea du aecond ordre a deux variahUa indipendantea, (Paris, Hermann; 1.1., 
1896 , t. n., 1898 ). 
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An intermediate integral is a relation in the form of a partial 
differential equation of the first order such that the given differ¬ 
ential equation can be deduced from it. It does not necessarily 
exist as one distinct from, and derivable immediately by mere 
differentiation of, the complete integral; when such an integral, 
however, has been obtained, the application of the method of the 
preceding chapter will give an integral which may actually be, or 
may only be a particular case of, the complete integral. 

A question naturally arises as to the most general form of an 
intermediate integral and also as to the form, which may or must 
be possessed by an equation of the second order having an inter¬ 
mediate integral The obvious elements of generality in any 
equation are arbitrary functions and arbitrary constants. 

When an intermediate integral is general, through the occur¬ 
rence of an arbitrary function, it can contain only a single 
arbitrary function. As will be seen in § 289, when such an 
equation has the form 

u =/(w), 

where fh an arbitrary function, while u and v are specific functions 
of Xt y, Zf p, q, the equivalent equation has the form 

Rr-hSs+Tt+U (rt — = F, 

where iJ, 8, T, U, F, do not involve derivatives of the second 
order. 


When an intermediate integral is general, through the occur¬ 
rence of arbitrary constants which are not coefficients in an 
arbitrary function, it cannot contain more than two independent 
arbitrary constants. If it has a form 

</>(^, y> z,p, q, au = 


we construct the derived equations 


#_n ^ 

dx ’ dy 


0 ; 


among these three equations we usually could eliminate two (but 
not more than two) constants a. There is no limitation upon the 
form of the deduced equation of the second order, corresponding 
. to the limitation in the preceding case. 
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237. Hitherto, it has been possible only in particular cases to 
integrate the general equation. The most important of these cases 
is that in which the differential coefficients of the second order 
occur only in the first degree, so that the equation is linear; its 
most general form is then 

Rr Ssi- Tt= V, 

in which JZ, JS, T, F, are functions of y, p, and q. This 
equation will now be discussed; but before giving the methods 
which have been used for its integration, it is desirable to consider 
some special forms which are simple and can be solved immediately; 
it will then be possible to exclude these cases afterwards from the 
general discussion. 

One of the simplest cases is 

so that = + 

where <f> is an arbitrary function; another integration gives 


' = JJ /(«) dai‘ + a!(f>(y) + f (y). 


where both <f> and are arbitrary. 
Similarly, the integral of the equation 

5 = 0 


where <f> and yfr are arbitrary functions. 

Similarly, we may integrate the equation 

r = Mp = iV', 

where if and i\r are functions of a: and of y respectively; it may 


be written 




y being constant for purposes of differentiation and integration 
with regard to x. Thus 

jp BE g-s^dx + ^ 
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where ^ is an arbitrary function; and therefore 

A = JcZa; jglMOx + (y)J + (y), 

being an arbitrary function. 

Integrate 

(i) s+Mpss^; (ii) ; 

where i/ is a function of a; only and JV of ^ only. 


After these simple examples, we proceed to the integration of 
those equations of the second order which possess an intermediate 
integral. We shall begin with an exposition of the customary 
method, originally devised by Monge ; it proves effective for some 
equations of the form 

Rr + Ss-^ Tt 4 - — s®) = F, 

whether U be zero or not. 

Later, in §§ 251, 262, we shall give a quite different method, 
which proves effective for all equations (whether of this form or 
not) possessing intermediate integrals, and which also enables us to 
decide in the case of any given equation whether it does or does 
not possess an intermediate integral. 


Monge’s Method of Integration of the Equation 

238. Monge’s method consists in a certain process for the 
discovery of either one or two intermediate integrals of the form 

u ^f(v\ 

where u and v are functions of a?, y, z, p, q, and f is some arbitrary 
functional symbol; there is thus implied in the method a tacit 
assumption that the diffeijential equation admits of such an 
integral. It is therefore in the first place proper to enquire 
whether this assumption is justifiable in the general case and, if 
it should prove not to be so, to indicate how the general equation 
must be limited so that the assumption may be fairly made. For 
this purpose, it will be sufficient to proceed from the supposed 
intermediate integral and obtain the corresponding differential 
equation. 
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289. Since u = /(»), and u and v are functions of x, y, z, p, q, 
we have 

du du Bu du df/dv . , Bv Bv\ 

Bx ^^Bz Bp^ ^ Bq~ dv \dx ^^Bz ^ Bp * B^ ’ 

Bu Bu . Bu 


. vM» vw ,Bu df /Bv 

and + 2 jrr + «^ ^ = "J7. (' 


Bp 

Bv 


Bv 

By ' '^Bz Bp^ "Bq dv \By^^Bz^^Bp^"Bq 


Bq) 

dv ,.9v\ 

a?/’ 


Eliminating the quantity ^ between these two equations we find, 

as the equivalent differential equation freed from the arbitrary 
function, 

rRi + sSi + tTi+Ui(rt-s^)’=Vi .( 1 ), 

where i2„ 8i, Ti, Ui, Vi, are given by the relations 

\p> yJ \p, e) 

\p, qj 

yr fu, v\ (U, V\ fu, V\ 

r 1 /w, v\ j . ’ 1 dv du dv 

the symbols (— .. denoting, as usual, ;^r— ;r~^>. 

•' \os, yj^ dx dy dy dx 

If this differential equation of the second order be the same as 
the original equation, we must have 

and 

R~8~T~V’ 


which are four equations in all. Now when 

.Brf Ss + 2Y = F..(2) 

is looked upon as the equation to be solved, these four equations 
just obtained will be equations satisfied by the quantities u and v 
from which the intermediate integral of (2) may be constructed. 
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But only two equations are necessary to determine the dependent 
variables u and v as functions of their independent variables; they 
may be therefore considered as given by any two of the equations 
though, in practice, these might prove too difficult to solve. When 
these values are substituted in the remaining two equations, the 
latter must become identities; and they will in this state involve 
the functions R, S, T, and F, of the original differential equation. 
There will thus be two relations among these functions of a?, y, Zyp^ q, 
which must be identically satisfied in order that the differential 
equation (2) may have an intermediate integral of the form 

U=f(v). 

240. There is an important deduction from this result to be 
noted, though not affecting our present aim: it would be useless 
to seek an integral of the assumed intermediate form for any 
differential equation which is not of the form 

Rr + Ss-^Tt+ U {rt — = V, 

Just as in the particular case when J7= 0, which has been already 
considered, it may be proved that a differential equation of this 
form can have an intermediate integral of the proposed type only 
when two identical relations among the coefficients i2, 8, T, U, V 
are satisfied. 


Ex. When there are three independent variables, these may be con¬ 
veniently denoted by Xi,X2y Xu, and the corresponding differential coefficients 
of « by jpi, Prove that, if every first minor of the determinant 

d(l> d(f) 

0yi’ ^ 2 ’ Wz 
^^|r dyjr 

opi 0p2* ^^3 

hL h. be. 

dpi ’ dp2 ’ ops 

X being functions of z, Xi, X2, ^s, pi, P2> Pa) vanish, then the equation 

where E is an arbitrary function, will lead to a differential equation of the 
second order of the form 
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where jRj, ••• > ^ 3 i» are functions of the variables and the first differen¬ 
tial coefficients of z only, and that the coefficients R satisfy the relation 

/?i +^2 ^31H Rx i - 4 R 1 R 2 R 3 - Ri 2 Rfsz Rzi =0. 

Information on this class of equations will be found in Euler, ImL Calc, 
Int.^ t. III. p. 448, and Legendre, Menioircz de VAcademic dea Sciences^ 1787, 
p. 323. 

241. It therefore follows that we may consider 
Rr Ss’\-Tt-^U {rt — 5 ^) -- jr 

as the most general equation having an intermediate integral of 
the specified type. The linear equation of § 238 is included in this 
form, being given by the particular case when t/’= 0 . 

We now assume that the relations between the quantities R, 8, T, 
Uy and Vy necessary for the possession of an intermediate integral 
of the assumed form, are satisfied ; and we proceed to deduce this 
integral. We have always 

dp = rdx -h sdy, 
dq = sdx -f tdy; 

when we substitute in the above general equation the values of r 
and t derived from these equations, it takes the form 

Rdpdy + Tdqdx + Udpdq— Vdxdy 

= 8 {Rdy^ — Sdxdy + Tdaf^ + Udpdx + Udqdy), 
Now let w = a and v — h 

(where a and h are arbitrary constants) be two integrals of the 
equations 

Rdpdy -f- Tdqdx + Udpdq — Vdxdy = 0 , 

Rdy^ + Tda^ + Udpdx + Udqdy « Sdxdy y 
dz ^ pdx qdy, 

u and V being therefore functions of x, y, z, py and q. 

Hence we have 
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which must be equivalent to the equation of which u — a and 
i; = 6 are the integrals. Now solving these for dp, and dq^ and 
using the symbols of § 239, we find 


— Uidp ~ Tidx + 

— Uidq^ Ridy 
and therefore 
— Uidpdx— Uidqdy 






= Tidaf^ + Ridy^ — S^dxdy ; 
and similarly we obtain 

( Uidp + Tidx) (Uidq + Ridy) = ( f/iFi + -K] Ti) dxdy, 
or Ridpdy + Tidqdx + Uidpdq — Vidxdy = 0. 

These being identical with the former equations, we have 




and therefore the equation to be solved becomes 

jBir + SiS + 4* Ui (rt - s^) = Vi, 

But we already know the solution of this equation because it was 
derived from an intermediate integral; and this integral is 

w=/('y), 

which is therefore an intermediate integral as required, 

Wc thus derive the integral by making one of the functions 
deduced from the two subsidiary equations an arbitrary function of 
the other. 


242. Let us consider in particular the case of the linear 
equation when = 0 ; the subsidiary equations are now 

Rdy^ + Tdx^--Sdxdy^Oy 

Rdpdy -f Tdqdx « Vdxdy. 
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The former of these is of the second degree; it can, in general, be 
resolved into two distinct equations of the first degree. 

Since the necessary conditions for the existence of an inter¬ 
mediate integral are supposed to be satisfied, it follows that one 
at least of the equations of the first degree will, when combined 
with 

Rdpdy + Tdqdx=^ Vdxdy^ 

and with dz^pdx + qdy if necessary, lead to an integral system 
which determines u and v; and there will thus be obtained an 
intermediate integral of the form 

u=f(v). 

It may happen that each of the two equations of the first degree, 
similarly treated, will lead to integral systems of the desired form: 
and there will then be obtained two intermediate integrals 

If S^^4!RT, there will be only a single equation of the first 
degree equivalent to 

Rdy^ + Tdw^ — Sdxdy = 0 ; 

since the necessary conditions are satisfied, this single equation will 
lead, by a similar process, to an intermediate integral. 

243. Passing now to the more general case in which U is not 
zero, we may similarly prove that one intermediate integral will, 
and two intermediate integrals may, be derivable from the sub¬ 
sidiary equations, provided the conditions necessary for the existence 
of an intermediate integral are satisfied. Let the subsidiary 
equation which involves V be multiplied by a quantity X, as yet 
indeterminate, and added to the other; the result is 

Rdy^ 4* Tdaf^ — (S + XF) dxdy + 4 Udqdy 

4 XRdpdy 4 \Tdqdx + \Udpdq^O. 

Now this can be resolved into two linear factors so as to be 
equivalent to 

{Rdy 4 kTdx 4 dp) ^y 4 dx 4 ~ d^ = 0, 

provided the quantities ifc, w, X, be such as to make the coefficients 
of the several terms in the expanded product the same as before. 
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Applying this condition, we find that the relations to be satisfied 
by these quantities are 

kT+'^R - {8 + XV), 

kT-^XT, mU=XR, 
these are all satisfied by 

provided \ be determined by the equation 

V uv) -h \us + = 0. 

Let the two values of X furnished by this equation be Xi and Xa, 
which will be unequal except when 

S^^^(RT+ UV). 

The two subsidiary equations may be replaced by the two 
equations each resoluble into linear factors when the values of 
k, m, X, are therein substituted, which two equations, after a slight 
reduction, may be written: 

(Udy -f XiTdx 4* Xi Z7 dp) (CTrfa? + XiRdy + Xi CT dq) = 0, 

{Udy4 * XgTda;4- X2Udp){Udx 4- X2Rdy + X2Udq) = 0. 

To obtain the functions u and v, from which an intermediate 
integral may be constructed, we must combine in pairs a factor 
from the first with a factor from the second. But of the four 
possible combinations two must be excluded, viz., that obtained by 
combining the first factors in these equations, for it would lead to 
a result 

Udy^O, 

which obviously would not furnish any solution: and that obtained 
by combining the second factors in these equations, for it would 
lead to a result 

Udx^O, 

which obviously also would furnish no solution. Hence the equa¬ 
tions may again be replaced by the two pairs of equations 

Udy+ Xi Tdx 4- Xi ?7dp = 0] 

Udx-\-7s^Rdy + X^Udq^0) 



480 


monoe’s 


[chap. X 


and Udx + X^Rdy -^Xjldq = 01 

Vdy -\-\ 2 Tdx'\-\JJdp^ 0) 

From one of the pairs we shall have two integrals of the form 
u —a and v^h\ and therefore also through that pair we obtain an 
intermediate integral. 

And it may happen, as in the simpler case of § 242, that we 
can obtain an intermediate integral through each of the pairs of 
equations of the first degree. 

These two integrals, which may be denoted as before by 

are intermediate integrals of the original differential equation, and 
are distinct except when 

>Sf^ = 4(J2'r+CrF), 

when only a single intermediate integral is obtainable. 

244 . We may now proceed further in the integration for 
either the linear equation of § 242 or the more general form of 
§ 243. Taking the intermediate integral obtained if there be only 
one, or either of the intermediate integrals if there be two, we 
have a differential equation of the first order; the complete 
integral (and the associated integrals) of this can be obtained by 
the methods of Chap. IX. This integral will be the final integral 
of the original equation. 

245 . In the case when there are two intermediate integrals, 
we may apply an important proposition (now to be proved) which 
will considerably shorten the further labour of deriving this final 
integral. This proposition may be enunciated as follows: 

When we have obtained two intermediate integrals of the form 

and we consider them as simultaneous equations to determine p and 
q as functions of y, and z, the values of p and q given by these 
equations will he such as to render 

dz^^pda-^qdy 

integrable. 
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Assuming this proposition established, we have therefore merely 
to solve the two intermediate integrals as simultaneous equations 
in p and q, to substitute the values of p and q thence derived in 

dz—pdx + qdy^ 

and to integrate. The result will be the final integral. 

246. We now proceed to establish the proposition enunciated 
in §245. Let jP = 0 and = 0 respectively denote these integrals, 
so that ^ ^ (^^ 2 ); and, first, let be a 

solution of the equation 

Rr + Ss^Tt^h U (rt — s^) = F. 

We have only the single equation 0, which is not sufficient 
to enable us to express r, 5 , and t, each as functions of x, y, z, p, 
and q ; we can express any two of them in terms of the third and 
of quantities explicitly independent of them. When these values 
are substituted in the differential equation, the latter will conttain 
one set of terms involving this second differential coefficient of 
the dependent variable and another set not involving it; and the 
equation is to be satisfied identically without regard to this differ¬ 
ential coefficient. Now since i^ = 0, we have 


dF dF dF dF ^ 
dx"^ dz^ dp^ ^ dq^ ’ 
dF dF dF dF^ . 

dF dF dF dF 

when for brevity we replace ^ ^ 

these equations give 

dF dF 
dq^- dp^ 

Let these values of r and t be substituted in the differential 
equation; it becomes 

JfF TF 4- F ^ Tjp p 
IlF,_^TFy^^V ^y^--UF,Fy 




„„ dF 3^ 




FDS 
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This must be satisfied identically without regard to s; and 
therefore the coefficient of $, and the term independent of s, must 
both vanish. If this were not so, the equation would determine s 
(and therefore also r and t) as functions of a:, y, z, p, and q. 
This result, as we know, cannot be deduced from the single 
equation F^O. 

Hence we have 


F\^ „dFdF . m/dFy dF „„ dF 


The same equations will be satisfied when we replace by <1>; 
and we may therefore consider F and as the solutions of the 
equations 


\dqj dp oq \dpj 




247. We must now consider two cases. 


(i) The linear equation, when IT’ = 0. 

Let and be the roots of 

so that the second equation becomes 

/3@ . d@\ /a® . a0\ . 

We may therefore write 


dq dp 


0 . 


dq ^^dp ~ 
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But and the last may therefore be written 


Similarly 




From the last two equations we have 

^“dp ^*ajp ^^dq' 

and therefore 



- ai* _ 0^ .dF - 


which is the condition (§ 208) to be satisfied by the two functions 
F and 4> in order that the values of p and q, derived from F = 0 = <E> 
as simultaneous equations, should render 


dz = pdx-^ qdy 

integrable. This proves the proposition for the case of J7 = 0* 

(ii) The general form, when U is not zero. 

We now proceed as in §243; the first equation in 0 is 
multiplied by a quantity \, given by 

\^(RT+UV)^\US+ 

and is added to the second; the resulting equation is resolved 
into factors for each of the values of and the linear fixctors are 
combined as before, giving two pairs that may be retained. These 
are, if Xj and \a be the two roots, 
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dq ^ dp] 


From the first and third of these equations, we have 

^’‘dp 'K2dp^ \dqdp’ 
and from the second and fourth, 

„ 0«^_ dF _. 1 

^ dq *' dq Xa dp dq \i dq dp ’ 

and therefore 




A SJ" „ 


This shews that, for the more general form of the equation, 
when .F = 0 = 3> are treated as simultaneous equations, the values 
of p and q thence derived are such as to render 

dz=ipdx + qdy 

integrable. 

Hence the proposition is proved in general. When these 
values of p and q are substituted, the integral of the resulting 
equation is the final integral of the proposed differential equation; 
it will involve in its expression either implicitly or explicitly 
the two arbitrary functions which occur in the two intermediate 
integrals. 


248. The statement of the method of solution, as derived 
from the preceding investigation, is contained in the following 
Rules. 


Rule I. When the equation 

Mr + Ss + Tt^ V 

is integrable by this rule, we transform it by the equations 

dp^rdx‘\-8dy^ 

dq^sdx'^tdy^ 
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into 

Rdpdy+Tdqdx-- Vdxdy^8{Rdy^--Sdxdy-\‘Tdoif)\ 

we resolve the equation 

Rdy^ — Sdxdy + Tdaf^ = 0 
into the two equations 

= 0, dy — ^^dx = 0. 

From one of these linear equations and from the equation 

Rdpdy Tdqdx— Vdxdy = 0, 

combined if necessary with dz=pdx-^qdy, we may be able to 
obtain two integrals Wi =ai, Vi^hi; then 

where fi is an arbitrary ftinction, is an intermediate integral. 
From the other linear equation, combined with the same equations, 
we may be able to obtain another pair of integrals = agj ^^2 == 
in that case, — /a (v^) is another intermediate integral, being 
arbitrary. 

To deduce the final integral, we integrate the intermediate 
integral, if only one has been obtainable, by the methods which 
apply to differential equations of the first order. If there be two 
intermediate integrals, we resolve them as equations givingp and q, 
and we substitute in 

dz—pdx '\-qdy\ 

when this is integrated, it gives the complete integral. 

Rule II. When the equation 

i2r + & + 4“ iT" (r^ — «*) = F 

is integrable by this rule, we either may be able to obtain two 
integrals and = bi of the equations 

Udy + \ Tdx + XiUdp = 01 
Udx-{-Ti^Rdy + \Udq ^ 0) * 

or may be able to obtain two integrals — and ~ 6a of 

Udx-\-\iRdy-{^y^Udq^0) 

Udy^\zTdx^\JJdp«^w* 
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where \i and X 3 are the roots of 

X^(RT+ UV) + XUS+ 

or we may^ be able to obtain both sets of integrals. 

Then and where /j and /a are arbitrary, 

are intermediate integrals in the respective cases. We proceed 
from these exactly as in Rule I. 

249. It may, however, prove not to be possible to obtain, from 
the two intermediate integrals, values of p and q suitable for 
insertion in 

d2!=pdiC’^qdy; 

and in that case we may proceed to obtain the final integral by 
integrating one of the intermediate integrals, adopting for this 
purpose Charpit’s method as indicated in § 206. But without 
actually going through the work necessary in that method to 
derive the additional relation between p, q, and the variables, it 
will be sufficient to take, as this additional relation, any particular 
first integral of the general system other than that which is being 
directly integrated; thus we may take 

= a, 

where a is an arbitrary constant. Since an arbitrary constant is 
a particular case of an arbitrary function, the values of p and q 
derived from these equations will be such as to render 

dz^pdx-\-qdy 

integrable; and the integral will involve one arbitrary function / 
and two arbitrary constants, viz., a and the constant of integration. 
This result constitutes the complete integral of the intermediate 
integral; the general integral may be derived by Lagrange's rule 
(§ 183), by converting one of the arbitrary constants into an 
arbitrary function of the other and eliminating this remaining 
constant between the equation so transformed and that deduced 
fn>m it by differentiation with respect to that constant, 

250 . This process ceases to be effective in the case in which 
the roots of the quadratic in X are equal; there is then only one 
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system of integrals given hy a and Vi = 6, and so there is 
only one intermediate integral given by 

and this must be integrated. Just as before, we may avoid the use 
of the general method for the integration of an equation of the 
first order by combining the general and particular first integrals 

yn. =/(^i), = &• 

The values of p and q hence derived will evidently satisfy the 
condition of § 208, and therefore, when substituted in the equation 

dz=^pdx-^qdy, 

will give another integral of the form 

If p and q occur in they may be eliminated by means of the 
former equations and Ui = f{h)\ so that 

is a complete integral of the equation, since it involves two 
arbitrary constants h and c. To obtain the general integral, we 
must make c an arbitrary function of 6, and then must eliminate 
h between the resulting equation and that derived from it by 
differentiation with respect to 6. 

Thus in the cases, when the roots of the quadratic are unequal 
and when they are equal, we are led to a general integral, into the 
expression of which two arbitrary functions enter. 

It may be noticed that the foregoing reasoning would apply 
equally if there had been taken, instead of the particular integral 

some other particular integral such as 

a, 

k and I being disposable constants. This particular integral may, 
in fact, be taken so as to render the subsequent integration as 
easy as possible. 

Some examples will now be given. 
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Ex, 1. Solve T^c^t, 

Substituting for r and t in terms of s, we have 

dpdy — a^dxdq^a {dy^ - a^doF)^ 
so that the subsidiary equations are 

dy^—a^dx^^O^ 
dpdy — a^dxdq =0. 

The former can be resolved into the two equations 
dy^adx=^0y <fy+a(fa?=0, 
the respective integrals of which are 

y — ax=^A^ y+ax=^B, 

Taking the first of these and combining it with the second of the subsidiaiy 
equations, we find that the latter becomes 

dp--adq=s0^ 

which, when integrated, gives 

p—aq=^A\ 

Hence one intermediate integral is 

p-aq^<l>i (y-ax). 

Taking the second equation y+ax^^sB, and proceeding in the same way, 
we find 

dp+adq=0, 

which leads to 

p+aq^B'; 

and therefore a second intermediate integral is 

We now, in accordance with our rule, treat these as simultaneous equations 
giving the values ofp and q; and we find 

dz^idx{(l) 2 {y+cuc)+<l>i{y--ax)}+^dy{(l)^{y+ax)---^^ {y-ax)} 

{dy + a dx) (y "H ^ (dy — a dx) <f>i{y—ax) 

** 2a 2a ’ 

which can be integrated. Let 

then the integral is 

z^<f)(y+ax)+ylr(y-ax). 

The arbitrary constant of integration may be considered as absorbed in 
either of the functions ^ and Since and <p 2 ftre arbitrary, 0 and ^ are 
also arbitraiy. 
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(6+c 2^) (a4-cp)«+(a4’C^)2|J=0. 

Transforming this by the relations of § 248 wo find that the subsidiary 
equations are 

(b+cqYdy^-\-2{h-^cq) {a+cp) dxdy ’^‘{a+cp)^ 

{b + cq)^ dpdy •^(a-\‘Cp)^ dqdx^O, 

The former of these gives only a single equation 
(6 i-cq) dy+(a’^cp) dx=0, 

so that only a single intermediate integral can be obtained for the equation, 
if it be integrable by the method. When this equation is combined with 

dz=pdx+qdyy 

it gives adx+bdy-{-cdz^O, 

so that one integral of the subsidiary equations is 

ax+by-^cz=^A, 

Eliminating the ratio dy : dx between the’ second subsidiary equation and 
the modified form of the first, we have 

(6+eg) =(a+ cp) dq^ 

the integral of which is 

B being an arbitrary constant. Hence the intermediate integral is 
a+cjo = (6 + eg) (aa?+ 6 y 4 -C 2 :). 

This must now be integrated ; Lagrange^s process for linear equations 
may be adopted. Denoting (aar+ 6 y+c 2 ) by we have as the auxiliary 
equations 

dx dy _ dz 
c — b<f) — a 

From these we have 

adx+bdyA-cdz^Oj 
so that , flw;+6y4-ca:=(7, 

and ^ ^ (ax ■{-hy-^oz)^<j> (C) is a constant. 

Hence, for a second integral, 

dy+dx<t> (U)*» 0 , 
y+x<f>(C)*^C\ 


that is, 
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The final integral of the differential equation is therefore 

where <(> and ^ are arbitrary functions 
It may also be exhibited in the form 

z=^x$ (cw7+6y-f c«)+^X 

where 3 and x are arbitrary functions, 

Bx. 3. Integrate 

(i) r+ka^t^2as, 

(1) when k is not unity, (2) when k is unity; 

(ii) x^r+2x^8+^'^t^0; 

(iii) qh’ ~ 2pq8 4*^® ^=0; 

(iv) x^r-yH^0\ 

(v) r—aH’\‘2ah{p+aq)^0, 

Ex, 4, Integrate the equation 

ar+b8‘j-ct+e(rf — 8^)=sAy 
a, b, c, e, A, being constants. ^ 

The equation in X is 

(ac + eh) + \eb + 

or, if we write XwH-e=0, the equation which determines m is 

- &?»+ac-f-eA =» 0; 

let mi and mz be its roots. The firat system of integrals is 
cdx4redp — midy^^ 
ady 4-edq'-mzdx^^ 
so that one intermediate integral is 

c^p+~ wii y » F (ay+eg - m 2 ^). 

The second system of integrals is 

ady-\‘edq^midx^(S 
cdx^^edp-^mzdy^O) ^ 

and therefore a second intermediate integral is 
ca? 4-^— m^y^^ («y+^2' “ 

If it were possible to resolve these intermediate equations so as to expi*essy) 
and q in terms of x and y, the final integral would be at once derivable; but, 
as this is not the case, we combine any particular integral of the second with 
the general integral of the first system. Thus we may take 

ca?4-^—»i2y«a, 
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and then F 

so that, if be the inverse function of F and therefore an arbitrary function, 
we have 

ay+eg ~ +'F {(m 2 - mj) +a}. 

Thus 

edz^ aydy (m 2 y ’^a)dx+ [m 2 ^+^{(m 2 —wii)y+a}]c?y, 

the integral of which is 

€z+\cx^^\ay^==m2xy’\‘ax^e{{m2--mi)y-{‘a^-^^, 

where © is an arbitrary function (since it is given by 

(m 2 —mi) 0 ( 0 )=J 'P {£) dz, 

and ^ is arbitrary) and fi is an arbitrary constant. 

This is the Complete Integral; to obtain the General Integral we eliminate 
a between the equations 

cr+J (c:p2^.^^2)-:^2^^-ba^+e{(m2-mi)y+a}-f X W' 

S^{(m2-mi)y+a}+x'(a) 

m 2 “• j 

X denoting an arbitrary function. 

Ex, 5. Solve 

(i) 

(ii) gr4-(io+.r)«+y^=’“g+y(«^—r^); 

(iii) 2pqyr + {p^y + qx) B’Vxpt =p^q (rt —«*)+ xy. 

Ex, 6. Solve 

z (1 +g*) r - 2pqzs+z (1 +p^) g-z^ (s^-r^) +1 
The equation which determines m is 

m2 + 2f>g2m+y>^g^2^“*0, 

so that the two values of m are equal, the common value being — pqz; and 
the system of integrals reduces to one given by 

z (1 +jt?2) dx+z^dp+pqzcfy=Of 

z (1+g^) dy-\-z^dp-\rpqzdx^i^O, 

The former by means of 

dz^pdx+qdy 

gives, after division by 

dx’\rpdz^zdp^(^^ 

the integral of which is 


X'Vpz^a^ 
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the second similarly leads to 
the integral of which is 
so that the intermediate integral is 
where F is arbitrary. 

Proceeding as indicated in § 250, we have 

x+pz^a^ 

y-^qz^h\ 

and therefore zdz^pzdx-\-qzdy 

=^{a-^x)dx+{h—y)dy 

the integral of which is 

(x - a)2 -I- (y — 5)2+^2—^2. 

A general integral is found, as there explained, by eliminating c between 
the eqiiations 

{a? - 0 (c)}2+{y -(c)}2+^2 == c2, 
and («?)} 0'(c)+{y-i/^(c)} (c)+c«0, 

^ and (ft being arbitrary functions. 

Ex, 7. Solve 

(i) xqT’-^rypt+xy {s^~~rt)=pq ; 

(ii) q^r+Apqat +jp2^2 —^2. 

(iii) (1+g*) r- 2 jo2^«+(1 -^-p^) i=(s^-ri) (1 i - (1 

Ex. 8. Prove the converse of the general result of § 250, viz., let the 
equation of a surface be 

a, b, c)«0, 

where a, 5, c, are connected by any two conditions of the form 
X(a, b, c)=0=Vr(a, b,c); 

shew that the equation of its envelope will satisfy a partial differential 
equation of the form 

/ir-^Ss+ Tt’\‘XJ{pt- «2)*s F, 
the ooetheients of which satisfy the relation 

^2=^4(/?3r+i7F). 
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General Method of Constructing an Intermediate 
Integral if it exists. 


261. We now come to a more general method (mentioned at 
the end of § 237) for determining an intermediate integral of an 
algebraic equation 

polynomial in r, s, ty if any such integral exists. 

Suppose that, if possible, this equation possesses an inter¬ 
mediate integral 

n{x,yy 5 ) = 0 , 

where we are not concerned, at the moment, with the form of the 
equation = 0, nor with the kind of arbitrary element—whether 
of function or of constant—^which this equation may contain. The 
significance of the intermediate integnil lies iii the property that 
the equation of the second order is satisfied in virtue of the integral 
and of its two first derivatives. The equation of the second order 
may not be the only deduced equation which is thus satisfied; but, 
under the hypothesis, it is satisfied in this way. It follows, then, 
that the possession, by the equation y*=:0, of an intermediate inte¬ 
gral w = 0 implies that the equation/ = 0 is satisfied unconditionally 
in virtue of the equations 


du 

dx 

du 

dy 


du , du du ^ du , . ^ 


du , du , du , .du , . . 


: 0 . 


Consequently, when we use the last two equations to express t 
and r in terms of s and of the other quantities, and when we 
substitute these values of t and r in the equation / = 0, this last 
equation (under the hypothesis) must be satisfied unconditionally. 
It then is not an independent equation, and so it cannot determine 
s; that is, the coefficients of the various powers of s in the 
modified equation, integral in s, must vanish. We thus obtain a 
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set of equations, involving derivatives of u and also the quantities 
(D, y, Zj p, q\ and as the relations, which lead to the change in the 
form of/ = 0, are 


Ux Uq , Uy Up 

r = ^ =- 

Up Up Uq Uq 

each of the equations in the deduced set involves only ratios of the 
first derivatives of u. 


But there are only four such ratios; consequently the deduced 
set of equations may not contain more than four members. There 
always will be two at least, for otherwise all the coefficients of 
powers of s, from the first power upwards, in the modified form of 
the equation / = 0 would vanish identically. But the members 
may be not independent of one another; so we can say that usually 
there will be not fewer than two independent equations, and that 
there cannot be more than four independent equations, in the set 
thus deduced. 

We thus have algebraical equations, either two or three or four 
in number when the process is possible, involving the ratios 
UxiUyiUziUpiUq. The first step is to resolve the algebraical equa¬ 
tions so as to express two of these ratios in terms of the others; 
and the result is to give a number of differential equations, two or 
three or four in number, which are homogeneous of zero order in 
the derivatives of u. The efiective cases in the simplest form occur 
when these equations are rational in the derivatives of w; we then 
can express each equation as an equation, linear and homogeneous 
in the derivatives of u, the derivatives of u being taken with respect 
to X, y, Zy jp, 5 , and the coeflScients of the derivatives of u being 
functions of the fiive quantities x, y, z, p, q. 

We thus have a simultaneous system of equations satisfied by 
the quantity u, when it exists. So we proceed as in §§ 232—234. 
The first stage is to make the linear simultaneous system a 
complete Jacobian system. When this stage is finished, we proceed 
to construct the most general integral u of that S 3 ^tem, if any such 
integral exists. When that integral u (if any) has been obtained, 
the corresponding intermediate integral of the original equation 
/«0 is given by 
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If the complete Jacobian system contains fewer than five members, 
it does possess some common integral. If it contains more than 
four members, it does not possess any integral other than 
u = constant, which has no significance for the present purpose. 

252. We now proceed to give some examples in detailed 
illustration of the method. As it is always possible to settle 
whether a given simultaneous system of linear and homogeneous 
partial differential equations does or does not possess a common 
integral, the method enables us to settle whether a given equation 
of the second order, algebraic in r, t, does or does not possess an 
intermediate integral. Further, subject solely to difficulties of 
mere quadrature, the method leads in practice to the most general 
form of that intermediate integral, if it exists. 

1. Does the equation 

S'(14-2') r-(1(1+/>) ^=0 
possess an intermediate integral ? 

Denoting the possible intermediate integral by u y, p, 2 ^) 8=0, we are to 
have the original equation satisfied unconditionally in virtue of the equations 

4- rWpH- «t4g=0, Uy-^sUp+tUq^O, 

Adopting the process in the text so as to eliminate r and we have 

^ +i’) (“ + * =0- 

We then make this equation in s evanescent as regards so that 
? (14- 2 ) V + (I d-;? -I- 2 4- 2p2) «p 4-i? (14-^?) V “ 0, 
q (14-2) (14-/)) UyUp^^, 

which are two equations satisfied by u. 

The former equation is 

{pt^4-(l4-2)wj {(l4-p)tfp+2*«J“0, 

so that either 

pWp4-(l+2) Wg*®0, 
or {l-\'p)UpJtqUq^O, 

When the former is used, the second equation gives 
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that is, 

dx S' 

and when the latter is used, it gives 

l+q 

t^y - - 

that is, 


du 1 +p du 




du l-\‘qdu ^__Q 

dy p dx dz 

Consequently, the function u satisfies one of the systems 


du , . .du _ 

^ ^ 14 -;? 9 ?^ _ ^ __Q 
dx qdydz'~~ 


9m n 

9m l-^qdu 9?4_ 
dy p dx dz^ , 


The condition of coexistence of the two equations in the first of the 
systems is 

l+^o+y 

9y”^» 

which is not satisfied in virtue of either equation in the system ; it is a new 
equation which must be satisfied, and so the system is 

du ^du 
dx dz " 

9m 

W 

This system is easily seen to bo complete; so (§ 235) it possesses two inde¬ 
pendent integrals which, by the process given for complete Jacobian systems, 
are easily found to be 

14? 


=0 

-=0 


JP 


x^z. 


x+z 




The most general integral of the system is 

\ p 

where is an arbitrary function of its arguments. Now the intermediate 
integral is m** 0, that is, 

*0“?’ ^+*)=0: 

and this relation can be expressed in the form 

.A4?\ 


- __ 
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where f is an arbitrary function of its argument. This equation accordingly 
provides an intermediate integral of the original equation. 

We proceed similarly for the alternative system; and we obtain a relation 

where g is an arbitrary function of its argument. (In this special case, the 
new relation can be deduced from the former relation by interchanging x and 
y, p and and by taking another arbitrary function g instead of /.) This 
equation accordingly provides another intermediate integral of the original 
equation, which thus possesses two indejxjtident intermediate integrals. 

If we are to proceed to a primitive, we have to settle whether these 
intermediate integrals coexist. The form of the original equation is the same 
as that of § 239; and therefore we can apply the theorem of § 245, that is, the 
intermediate integrals do coexist. But it is possible that, for another equation 
not of the particular form, two intermediate integrals might be found; it then 
would be necessary to apply the Jacobian condition of coexistence 
of § 208. The condition is satisfied in the present instance. 


Consequently, to obtain the 2 )rimitivo, we use the two simultaneous 
equations 


so that 

then, as 
we have 
that is, 

and therefore 





l±£^v 

p 

? ’ 

p _ ^ 

.. . S’ ... 

1+p+q 1+m’ 

i+p+g 


dz=^pdx-\-qdyy 

{\-\‘P’{-q)dz^p{dx^dz)’^q{dy’{‘dz\ 




2=5(w) + 5(«), 

whese 6 and S are arbitrary functions, because /and g are arbitrary. But 

*+*■=/(«). 

and therefore we have the primitive of the original equation in the form 

«=^’(a?+a)+(? (y+*), 

vrhere F and O are arbitrary functions of their respective arguments. 
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Ex, 2. Shew that^ when the method is applied to the equation 
r^—F, 
it leads to the two systems 

Tup-Tup- 

Uy — (TUp - RUf^ =S 0 J 7ly - pUp - RUf^ = 0 j 

where p and tr are the roots of the equation 

RT"^ F=Oj 

unless p*=or, when it leads to only one system. 

Ex, 3. Deduce the conditions that the equation in Ex. 2 should possess 
(i) a single intermediate integral, (ii) a couple of intermediate integrals, each 
involving an arbitrary function. 

Ex. 4. Apply the method to the equation 
Rr’\‘2Ss’\‘Tt— 

so as to obtain the results corresponding to those in Ex. 2 and Ex. 3. 

Ex. 6. Integrate the equation 

{rt 2 pq 8 +(1H-^®) +1 +jp2 4. ^2 - q. 

Using the equations 



to substitute for r and ty and making the resulting equation evanescent as an 
equation in a, wo have the two relations 



These are uniquely equivalent to the set 


zUy - (1 +g*) Uq-pqUpy 

which (in this instance) is the only set of equations determining an inter¬ 
mediate integral t4=0, if any such integral exists. These equations are 




0W 


du 

' dz ^ dx^ * 
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The condition of coexistence (§ 232) is 


that is, 


du du du du 
^ dp ^ By By”" 


0 , 




and therefore it is satisfied. The two equations JSi=0, JESj^O, are a complete 
Jacobian system as they stand; and therefore (§ 235), as they involve five 
variables y, p^ y, they possess three independent integrals. 


To obtain these integrals, we adopt the regular process. The equations 
subsidiary to the integration of are 

dp ^ _ dz ^dx _^dy 
\+p^'~'pq'^ —pz'^ — 0 * 

A complete set of independent integrals of these equations is 
where 

$^x+pz, ii\^q\ f«(l+yW; 

and therefore the equation -£^*=0 will bo satisfied by making u any function 

of f- 


We therefore now make y, f, the independent variables; and we 
transform the other equation so as to have derivatives with respect to 

these variables. It is easily found that (after removal of a factor z) the 
modified form of the equation is 

B »7 By j\ Bf“ 

(The property that the system and E 2 — O is complete secures, after 

§ 234, that all the coefficients in E^^Q are expressible in terms of y, f, t;, f.) 
The equations, subsidiary to the integration of E^^O, are 

d^ dr} dy d( 

V 


A complete set of independent integrals of these equations is 
f“«u >7+y"®s* 7*(l+0=‘'3- 


If then 


i3«y-i-y2, 7««’*(l+pHy*), 


u can be any function of a, ft y; and so the most general solution of the 
complete Jacobian system is given by 

u=F{a, ft y), 
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where F is an entirely arbitrary function of its arguments. But the inter¬ 
mediate integral, if any, of the original equation is m= 0 : that is, the most 
general intermediate integral is given by 

F(a, /3, y)=0, 

which is an equation of the first order. 

To complete the integration, this equation of the first order must be 
integrated; for the purpose, Charpit’s method will, be used. The subsidiary 
equations are 

dp dq _dx dy dz 

where, if Fu F 29 ^ 3 , denote dF/da, dFjd^y ^Fjdy^ respectively, 

P^Fi^p {pFi + qF2 +(1 + jt>2+^2) 2 ^ 

Q^F^^q {pFi-^qF2+(l+jf^+q^)2zF^}, 

Ar= - zFi - 2z‘^pF^y 
r= --zF2-2z^qF^; 

and one integral is required. We have, with these values, 

da!+pdz-h^dp==0^ 
so that an integral is given by 


a=x+pz=ay 

where a is a constant. This equation has to be taken simultaneously with 
F^Oj so that the values of p and q which they determine may be sub¬ 
stituted in 

dz^pdX’\‘qdy, 

The remaining analysis may be set out otherwise. Because 


it follows that 
and therefore 


- a )2 OB function of y only; 


g'iisss function of y only, 
that is, is a function of y alone. But 

A 

a is equal to a, and is a function of y alone, and therefore y is a function of 
y alone. Now 

ys=2!2(l4.p2^.g,2) 

so that 

^dy^zdz “ (a - ^) -y) {dfi - dy) 
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Also 

and therefore 


dz^pdx-k-qdy 

=i {(a - a:) +(jS -y) dy}. 

z 


g|'+2(^-y)|’=o. 


Eliminating /9, y, p, q, between this equation and the equations 


^(a, A r)“0, 

we have the primitive of the equation. 

Ex, 6. Shew how the preceding primitive must be modified, so that it 
may include the primitive of the same equation given in Ex. 6 of § 250. 

Ex, 7. Shew that the equation 

X 

has no intermediate integral. 

Ex, 8. Obtain an intermediate integral (if any) of the equation 
q^rs ^pq {rt + 8^) — qxr - {px + qy) s — pyt+pq =0. 

Proceeding as usual from the equations 

Up Up Uq Uq " 

we find that u must satisfy the three equations 






From the first of these we have 


F=pUp-qUq^0. 

The second of them is satisfied identically in virtue of F—0, The third is 

G>>^pqUpUg-^qxUxUq+pyUyUp+pqUacUy^O, 
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The Jacobian oondition of coexistence of these equations, being the 
relation (Fy 0)^0 of § 208, leads to 



so that, if we write Xy y, «, p, <?, ^4» denote the derivatives 

of %c by jOj, jt) 2 , pzi p^y Pby the three equations are 

;?3=0, ^4i>4-^6P6“0, 

The first of them is satisfied if u does not explicitly involve x^y that is, z. 

The second of them then is satisfied if u is any function of xi, x^y and x^y 

3?^ 

where Xq^x^x^, Write Pq for ^, so that 


i?4=A'6i>6, P6=^4^o; 

then the third equation is 


XePe^ + a!ipipQ + a^2P2P6 +P 1 P 2 = 0 , 


on the removal of a factor Xq, We need the integral of this equation of the 
first order; to obtain it, we adopt the Jacobian process of § 219, and we 


find that 


14s=«> 


V X2-\-a ) * 


where ^ is any arbitrary function, is the most general integral of the system. 
But the intermediate integral is ^4=0, that is. 



or, as is an arbitrary fimction, it is 


XQ-{-axt_ 

X2+a ~ ’ 

where b is an arbitrary constant. We thus obtain the intermediate integral 
in the form 

pg+ax-^-bp+ab^^Oy 
where a and b are arbitrary constants. 

Ex, 9. Prove that the equation 

z (rt — « 2 ) 2 + (rt-^8^) pq - rsq^ - {rt - «*) {p^t - 2pq8 + q^r) 

possesses an intermediate integral 

z-t^p^bq+abssOy ■ 
where a and b are arbitrary constants. 
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Ex, 10. Obtain the most general intermediate integral of the equation 
{(1+^®)/*- 2^g«+(l +^3^) (1 ; 

and prove that the only real surfaces, which satisfy the equation, are spheres. 

Ex, 11. Integrate, by the foregoing method, the equations in Ex. 3 and 
Ex. 7 of § 250. 

Note, Further discussion of equations of the second order having an 
intermediate integral will be found in the author^s Tke^yry of Differential 
EquationSi vol. Vi., ch. xvi. 


Principle op Duality. 


263. This principle, which was shewn (§ 202) to be effective 
in deducing from the solution of one equation of the first order 
that of another associated with the former by relations of a perfectly 
reciprocal character, may be applied to equations of the second 
order. The analytical connection consisted in taking new variables 
defined by the equations 

X = Y=q, Z^px-¥qy-z, 
from which there were derived the reciprocal equations 
a, = P, y = Q, z = PX^QY-Z. 

From these we have 


da;^dP = BdX + 8dY, 
dy = dQ = 8dX + TdY\ 

so that 

Tdx — 8dy 

Ri-a’ ’ 

—8dai Rdy 
® RT-8^ * 


But rdm + sdy = dp = dX, 

sdx + tdy ^dq^ dY ; 
we therefore obtain, by equating coefficients, 


T 

^~R!t-8»’ 


-8 

RT-8^’ 


R 

'RT-8^' 


8 
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and also 

Let these substitutions be applied to any equation of the form 
Xr -f 4* cr (r^ — s®) = 0, 

in which X, ytt, r, a, are functions of a?, y, z, jp, g. Let their values 
after the transformations have taken place be denoted by 
respectively; then the result of the substitution gives 

If then the solution of the former equation be known, that of the 
latter can be obtained; and vice versa. 

Thus, in particular, the solutions of the two equations 

'^<f> (p> q) + q) + ix (p> q) = 

and rx (oc, y) - (a?, y) + {x, y) = 0, 

are derivable from one another. 

Ex. 1. From the solution of 
derive that of 

q^r — ^pqs-^pH « 0. 

Ex. 2. Integrate the equations: 

(i) px+qy-sxy=z; 

(ii) z (rt - s^) = — ; 

(iii) q^(g--px-qy)^(p^-qs)xz; 

(iv) p^r-h 2pq8 +<= {xp + yq) {rt - 8 ^); 

(v) (1 +pq) (p2 - q^)8’^p^t - q^r. 


Laplace's Method foe the Tbansformation of the 
Linear Equation. 

264* The linear equation 

Rr-\’8s + Tt’}‘Pp’\‘Qq + Zz=^ Z7, 

in which R, S, T, P, Q, Z, U, are functions of x and y only, can be 
reduced to simpler forms. The process consists in changing the 
variables. 
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Let the independent variables w and y be changed to f and tj, 

as yet undetermined; then, whenp', o', ... denote Ig, ^, ... the 

dg drf 

equation becomes 


1®(: 


■?iv 

dx) 






+ s'l2iZ + iS ^ ^^ + 22’ 

I dxdx \ 3 ic 3 y dydx) dydy] 


3 £c 3 y 


9 y» 


+ 2’^, + P^' + (2 


3 ^p 


+ Zz=^U. 


Let m and n be the roots of the quadratic equation in k 

RJc^ + Sk-hT^O. 


First, suppose that these roots are unequal; then choose f and rj 
so that 


dx 



dx 3 y ’ 

which determine f and 77. The terms involving / and t' now 
disappear; and the coefficient of s\ being 


djdjn 

dydy 



does not vanish since the roots of the quadratic are unequal. Let 
the equation be divided throughout by this coefficient; then it 
takes the form 


3 ^ig 

d^drj 
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266. In two cases, the integral of this equation can be obtained 
without further transformation. We may write it in the form 


SO that, if the condition 


N-LM-^^O 

Sf 

be satisfied, the equation becomes 

^ + Mu==V, 

where u replaces ^ + Lz. A general value of u can be obtained, 
and thence a general value of z. 

We may write the equation also in the form 






SO that, if the condition 


N^LM^ 


be satisfied, the equation becomes 


0^ » 

where v replaces ^ + Mz. From this, through v, a general value 
of z can be obtained. 


266. If however neither of the conditions in § 255 between the 
coefficients in the transformed equation be satisfied, it can still be 
transformed by changing the dependent variable. Thus when we 
write 


+ Lz=‘^, 


we have 
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Denoting LM + ^ — JV by we may write 


K’ 


and therefore 


^ FI 

^~Kd^'^K^ K '^driXKd^'^ K^~Kj’ 

which is equivalent to 


+ X'~+Jf'--+ N't = V' 
d^dv dv ^ ’ 


where 


i' = X- 


M'^M, 


Kdf) ’ 




SO that the same form is reproduced but with altered coefficients. 
The equation in its new form can be integrated, if the analogous 
relations between the new coefficients be satisfied. From the 
values of i', M\ N\ we have 

L'M'-N'>=K-^ 

07 } 

rr dW 


^K- 


so that, as £* is not zero (by hypothesis), the relation 

Z'3f' + ^'-iV' = 0 

07 } 

is not satisfied. The other condition, being that the equation 

1 Q 




should be satisfied, is when expressed in terms of the original 
coefficients 

dL 1 0*iSr 1 

^ 0f "" 017 Kd7}di^K^ 017 af ~ 
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If this be not satisfied, nor the corresponding relation derived 
by the consideration of the other expression 

-,, dM ,j. 

the process of transformation may be repeated indefinitely. If, at 
any step of the process, the requisite condition should be satisfied, 
the solution may then be found. 

JKr. 1. Prove that for any substitution of the form 

where is to be the new dependent variable and X is a function of ( and 17, 
ZM-2V+^ and 

are absolute invariants, and that therefom such a transformation is ineffective 
for the purpose of solution. 


Ex, 2. Provo that, if 

Kr--Nr-LrMr- 


J KT T M 


being the functions of the coefficients after r transformations, then 

•^r+l* Ay. 

Hence solve the equation 

(Imschenetsky.) 

Note, A full discussion of these equations, subjected to Laplace trans¬ 
formations, will be found in the author^s Theory of Differential EquatioTis^ 
vol. VI., chapters xiii. and xiv. 

267. Next, consider the case when the roots of the quadratic 
are equal, so that 

/S^-.4i2r«0. 

The two equations determining f and a; now coincide, so that 
from them only one of these quantities can be obtained; let it be 

given by 

dtc dy’ 
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and suppose f and y to be the new independent variables; then 
we may write 17 = y. In the transformed equation the coeflScient 
of r now is zero, that of i! is T, and that of s is 



so that the coefficient of 5 ' is 



which is zero. Hence the transformed equation, on division 
throughout by T, becomes 


dy^ 



Oy 


The case suitable for treatment by this method is that in 
which L is zero; the equation may then be looked upon as an 
ordinary equation in y, the variable x being considered parametric; 
the arbitrary constants of integration should be replaced by arbi¬ 
trary functions of x. 


Poisson's Method. 

258. Poisson has shewn how to deduce a particular integral 
of any partial differential equation which is of the form 

where P is a function of jf), gr, r, «, and t, homogeneous with respect 
to the last three quantities, and Q is any function of the variables 
X, y, and the differential coefficients of which remains finite 
when —^* = 0 . 

He assumes 

?=^ (p). 

and therefore 

8 = r^' (j>), t = 84/ip) •‘r { 4 >' ip)y. 
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These values make 

and reduce the differential equation to 

P = 0. 

Now P being homogeneous with respect to r, s, and i, there 
will, when the foregoing values are substituted, occur a common 
factor throughout, being some power of r ; this may be rejected 
and the remaining equation will involve only (f> (p) and <f>' (p) 
which when integrated will determine the value of <f> (p) and so 
will lead to an integral of the original equation. This integral, 
being of the form 

q=<l>(p). 

can always be further integrated. 

It may be noticed that Poisson’s process is equivalent to 
obtaining the developable surfaces which are included under 
the given differential equation, for 

q = <p(p) 

is the differential equation of developable surfaces. 

Ex, 1, Solve 

Proceeding as above we find 

1-{<#»'(p)P=o, 

so that, retaining only the real values, wo have 

0'(p)«±l, 

whence 2'=<#>(p)=a^±p, ^ 

where a is an arbitrary constant. The complete integral of this, considered as 
a partial differential equation of the first order, is 

z^ay^\{x±y) + v, 

where X and v are arbitrary constants; the general integral is 

where is an arbitrary function. 

Ex, 2. Solve 

(i) 

(ii) 
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Linear Equations with Constant Coefficients, 


259. We now proceed to consider equations which are linear 
not merely with regard to the diflferential coefficients of highest 
order but also with regard to the dependent variable and all 
its differential coefficients, and in which the various terms are 
multiplied by constants only. Such an equation is 


< 1 > 






where <I> is a rational integral algebraical function all the coefficients 
of which are constant; V may be any function of the independent 
variables. 


As in the case of ordinary differential equations the complete 
integral consists of the sum of two parts: 

first, the most general integral of 



second, any particular solution of 




\3/i! ’ dyj 


dy 


These will be obtained separately. For convenience, let ^ and 
be respectively denoted by D and 2)'. 


260. The simplest case of the general equation is that in which 
only differential coefficients of the nth order occur, so that it may 
be written 

(jD*+ AiD^^iy + AaD^iy* + .+ AnJy”) z=v. 

Let «i, «a>.. «n. be the n roots of 

+ + . + A^^^ + A„=0; 

then the equation may be transformed into 

(D - ttiD') (D - 0,1/) .(/> - Only) z = 
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To find the complementary function, we write F == 0; then a 
solution of 

(jD — arD') 0 = 0 

will be a term in the complementary function; and as there are 
n such factors there will be n such terms. 

Now the solution of 

(2) — X) = 0, 
where X is independent of x, is given by 

G being also independent of x. The quantity G may therefore, in 
the solution of 

(D — ai)') z = 0, 

be made an arbitrary function of y, and we then have 

-3^ = (f) (y) 

^<t>{y + ax). 

There is one such solution for every value of a ; and the sum 
of these different solutions is also a solution, so that the com¬ 
plementary function is 

^ == (y + «i^) + ^2 (y + «2^) +.-f <^n(y + 

where all the functions <t>u <f) 2 , .. are arbitrary. 

In the case, however, in which two roots a are equal, this value 
ceases to be general, as the sum of two arbitrary functions of the 
same argument is merely an arbitrary function of that argument; 
the corresponding terms are then obtained as follows. 

The solution of 

is ^ (-d + Bx), 

where A and B are independent of x; hence the integral of 

{D-ojyfz^Q 

d 

, dx — 

18 z==e 

^ (y + OBc) + (y + oa?), 
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where both and yfr are arbitrary; the sum of these two terms 
replaces the sum of the two terms, which had coalesced into one, 
and the general character of the solution is restored. Similarly, 
when any number of the roots a are equal, the corresponding 
terms of the complementary function, which coalesce into one, 
are replaced by a series of terms derived in the same manner as 
the above. 


261. To obtain the particular integral, we may represent it 
symbolically by 

^ F 


■ (D - a^Jy) 

1 1 _ 

Viy" “v "• lir " “"j 


F. 


To evaluate this, we resolve the second symbolical fraction into 
the sum of n symbolical partial fractions, into the denominator 
of each of which only one of the quantities DIU — a enters. 
Thus, if 

1 Nr 


we have 


(f — tti) (f 0^2) • 

1 Nr 

jy '■ 


1 r=»» 

^ 2 


Nr 




D'^-^rZlD-OrD’ 

Nr being a constant and depending only upon the constants a. 
Let 

then, since 


we have 


B d 

(D- a2)')-> = 


B B 

1 F=f(f, y) 


jD — «jD' 


J 


■| di^i^.y + euB-tt^; 


FOB 


*7 
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hence the particular integral of the equation is 

^ = {f. y + ar{x-m- 

This is the value in the most general case possible; in particular 
cases, the actual evaluation becomes much more easy. Thus, if V 
be a function of a? only, we may consider {4> (jD, as expanded 
in a series of ascending powers of JD'; every term may then be 
neglected (so far as the particular integral is concerned) except 
that which does not contain D'. Corresponding simplifications 
arise in other examples. 


1. Solve 




(See Ex. 1, § 250 .) 

For the Complementary Function, we have 


and therefore 




u=e 

=<#) (y^ (y “ 
^ and yfr denoting arbitrary functions. 

For the Particular Integral, we have 


^ "b® jyo + • 


Hence the Complete Integral is 

Ex. Z. Obtain a solution of the equation 


such thatj when «=0, y=‘F{x) and ^ = F{x) and /(«) being known 


functions of 



WITH CONSTANT COEFPIGIENBS 
Ex. 3 , Solve the equations; 

... 0** 9*2 

0*2 9*2 


(«i) ^-2a 


02;? 


+“*gp“/(y+«^); 


' 


(iv) 




3 ^ _ 3 3 

0** 9y* ^ ’ 


(v) (■O-aZ)')*2=0(A-)4-f(y)+x(^+9y); 

(vi) (2)-2)')*2-jr+0(a,+y). 

4 . Solve the equation 

0 ^M , 03w 03^ 


0^3 ^ dxdydz 


- = Jj3^2/34.^3 _ 3^^^^ 


For the Complementary Function, we have 

Gi + I + I) (i+“9|+“’|) (^+“\^+“8l)«=0. 

tt> being a cube root of unity. The solution of 

i05+^0y+'*9^j“=O 

=*<^(y-X;r, Z’-fAx); 

hence the Complementary Function is 

where 0i, <^2> <^3i ai'© arbitrary functions. 

The part of the Particular Integral corresponding to .ir 3 is 


IS 




4 . 6 . 6 ’ 
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W) 

and so for the other terms; the full value is 
>®+y®4*2« 

4 : 6 : 6 

The Complete Integral is the sum of the Complementary Function and 
the Particular Integral 
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Ex. 6. Solve 

... d^u 0 ®m 

dx^^dxdz 0^® 

r-\ 0-^ ^ d^u o g 0 

0j?20y*“ dxdy^ dx^dz dxdz^ dy^dz dydz^'^ dxdydz 

262. Passing now to the general equation, we proceed to find 
the solution of 



where 4> is of the form 

i \ 4 3 " , 3 »‘ 

® dx^'^ ^ dx^-^dy * dx^-%^ . 

0n-i 0n-i 

aar«-i + dx''-^dy . 

+ ...... 

. 

We assume as a trial solution 

z = 

where h and k are constants yet to be determined. With this 
value, we have 

dz L dz j 

a-’"- 

and therefore 

^(hy k)zsszO, 

which will be satisfied, if h and k be determined so as to satisfy 

^(h,k)=^0. 

This obviously makes one of the constants to depend on the 
other. Let the equation be resolved to determine k, so that we 
obtain results of the form 

k^0{h\ 

n in number. Taking one of them, as k — di{h), we have the 
solution in the form 
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for all values of A and A. The sum of any number of solutions is 
also a solution; hence another is given by 

where 2 implies summation for all values of h ; and 4, an arbitrary 
constant, may be looked upon as an arbitrary function of h which 
may vary from term to term of the series. 

Similarly another value of such as 6^ (]i\ will lead to another 
solution which may be represented by 

z = ^; 

and, as each value of k will lead to a corresponding series, the 
general solution may be represented as the sum of n series in the 
form 

^ = 2 + 2 j -f. 

the summation in each series extending to terms arising from all 
possible values of the constants h. 

The fact, that the coeflScient belonging to any term may be 
considered as an arbitrary function of the constant which occurs 
in that term, shews that each series may be regarded as having 
in its expression one general arbitrary function. Thus, in the 
Complementary Function, we should expect n arbitrary functions. 

263. This general result, in the form of the sum of n series 
each containing arbitrary elements, may appear to be of slight 
value. Sometimes, however, by the form of the differential equation, 
a simplification is introduced such as that indicated in the next 
paragraph. Sometimes, by conditions imposed on the dependent 
variable other than the satisfaction of the differential equation, the 
number of terms of the series is limited to those which contain 
particular values of the parametric constant. 

For example, whenever a solution of the equation which de¬ 
termines k is of the form 

k ■“ oth -I- 

where ct and yS are determinate constants, the corresponding series 
may be expressed in a finite form. The solution is 
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that is (save as to the factor outside S), it is the sum of any 
number of arbitrary powers of each multiplied by an arbitrary 
constant; such a sum is an arbitrary function of or, what is 
the equivalent, an arbitrary function of a? + ay; and the series may 
therefore be replaced by 

e^y^ix -h ay), 

where is arbitrary. Corresponding to the conditions which in 
any particular case limit the number of terms included in the 
series, there will be analogous conditions which determine the form 
of the arbitrary function. 

Ex. Piove that, if the root 

occur r-hl times, the corresponding part of the Complementary Function is 

eft* i<fx,(.X+a)/)+i/<l)i{x+ay)+ . +2/''<t>r 

where .. denote arbitrary functions. 


264. To obtain the Particular Integral, we may represent 
it by 

1 


the evaluation of this expression will depend upon the form of F. 
Thus if 


F = 


we should have 


1 

<p(a,b) 


as the value of z required. If F were a polynomial function of 
a: and y, then it would be possible to evaluate the expression 
by expanding the inverse operator in a series of ascending powers 
of both D and If, if permissible, or in powers of either of 
them. The methods, applied to the particular forms considered 
in §46 in the case of ordinary differential equations, indicate 
the corresponding methods to be adopted for some of the varying 
forms of F. 
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0*3 0*3 , „ 03 . . 

First, for the Complementaiy Function, we must solve 

Let 


be substituted. Then 

(A-i:)(4+^-3)=0, 

so that ^=4, /Er==3~A, 

are the relations between h and k. Hence 

=2 ^ J')+2 (* *■ *') 


= <#> (^ +y) (a? - y\ 

where </> and y/r are both arbitrary. 

The part of the Particular Integral corresponding to is 

' 1 


(2)-/)')(/>+/>'-3) 

1 




= e* 

se*+ 2 » 


1 


e2y 


(l-i>'-2) (/>' + 2-2) 


.1 


= + ___. 1 




The result indicates that a term of the form will arise in the Com¬ 
plementary Function, as is obvious from the identity 


The part of the Particular Integral corresponding to the term a:y is 


\D-D')(P+D'-3)^ 






(^)} 


xy 




- -^(ay+i«+iy+S+i**+i^) 

as — (J +J ^ 
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the expansions in each case being taken no further than is necessary to 
furnish non-evanescent terms. 

The Complete Integral is, as usual, the sum of the foregoing three parts. 
J^ofe. It might happen that, by a different method of procedure such as 
expanding in powers of ^, a particular integral of apparently different form 

would be obtained; it would however be found that the two could be trans¬ 
formed into each other by means of the Complementary Function. 


266. Any equation, such that the coefficient of a differential 
coefficient of any order is a constant multiple of the variables of 
the same degree, may be reduced to an equation of the foregoing 
form. Such an equation will be of the form 

^ 

We may either change the independent variables to u and v, where 

B d 

a? = and y = e^; or we may represent by and y by 
and then we have 

af ^ -1) (^ - 2)... - r +1) 

In either case, the equation is reduced to the form already con¬ 
sidered. 

Ex, 1. Solve the equation 

02 ^ 202 ^ 


We have, on assuming w=log47 and v=logy, 

{vu+k) 


The integral of this is 

z^e^Fi (v («?— u)+ 








where / and F are arbitrary. 
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Ex, 2. Solve the equations: 


(0 

( 11 ) 


dx' 


Ex. 3. Solve the equations: 

(i) ^ ^ P+««=« +y I) i 

(ii) ^5+2^^+y*p-(*“+y*)^; 

Ex. 4. Solve 


=2* (1 - a:*) +(a;+y - 2a:2y) ^. 

Ex. 6. Solve the equations; 

« Ir^-1>2a6|+2«*6|=0; 

(»)(S+p)-0^+”‘"(”S" "• I) 

=cos (m.r+ ny) + cos (Jcx + ly ); 

(111) ag^+ 2 Agj^+ 6 g-,+ 25 rg-+ 2 /^+c*- 0 . 


Ex.Q. Solve f{'iiT)z^IIni 

0 0 0 

where or denotes the operator ^i0^+^2 0j" + *-*+^w0j-> / is a polynomial 

function of or, and is a homogeneous function of n dimensions of the 
quantities Xi, X 2 y «..| 


Miscellaneous Methods. 

266. There are several partial dififerential equations which 
are of frequent occurrence in physical investigations. Solutions 
of these have frequently been obtained by methods, the appli¬ 
cation of most of which to equations other than those connected 
with their discovery is very limited. The two chief methods 
are integration by means of definite integrals and integration 


17-5 



MISCELLANEOUS 


[chap. X 


in series; but as each method is of special application only, 
and as the variations which arise owe their origin to the con¬ 
ditions imposed upon the function whose value is sought and not 
to any variety in the differential equations to which it can be 
applied, it is not possible to give here a full discussion. The 
discussion will, accordingly, be limited to a few examples; for 
fuller investigations, recourse must be had to the treatises on 
those branches of mathematical physics in which the differential 
equations occur. 

267. Consider first an equation which can be integrated by 
both methods. 

Such an equation is 

du __ 


which arises in investigations connected with the conduction of 
heat. It is not without interest to indicate some of the different 
methods which may be applied to obtain a solution. 

By the method of § 260, we may write 


u=se 






where <f> (x) is arbitrary; expanding the differential operator, we 
obtain 




d^<f> 

da^ 


d^ aH^ d% 

2 ! dx^ ^ 3 ! + • • • • 


This solution contains one arbitrary function. 

We may proceed otherwise thus: the solution of the equation 


dH 

da^ 




is + 

where A and B are independent of a?; so that we may express the 
solution of the equation 

d^u _ 1 du 
dofi ^ a^dt 

in the form 

u as ® (t), 
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where tlr Md x are arbitraiy functions. In order to free the result 
from symbolical operations, which would require interpretation if 
they remained, we change the arbitrary fimctions to y and S’, where 

/( i ) = ‘^(0 + x ( 0 > 




then, since yfr and % are arbitrary, both / and F will be arbitrary, 
whatever interpretation be assigned to When the sym¬ 

bolical operators in the fii‘st form of solution involving yjr and x 
are expanded, and the terms of the same order in diflferentiation 
are gathered together, the solution becomes 


2la'^dt 41a* dt^ 




“h .... 


This solution contains two arbitrary functions. 


268. It may at first sight seem paradoxical that two perfectly 
general solutions of the same differential equation can be obtained 
of apparently so different a character. The difficulty will dis¬ 
appear if it be noticed that the equation is only of the first order 
in t while it is of the second order in w; the former solution 
contains only a single arbitrary function of which is all that 
can be expected in the case of an equation of the first order; the 
second solution contains two arbitrary functions of t, which is the 
number of arbitrary functions to be expected in the case of an 
equation of the second order. 

If we assume that all the arbitrary functions can be expanded 
in positive integral powers of their arguments, we are able to 
transform one of these solutions into the other. For let 





where the coefficients An are arbitrary; and let this value be 
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substituted in the first solution. Then the terra independent of 
X is 


-do + ^ ^ -f 


which is a series with arbitrary coefficients and so may be denoted 

© 2 J 

W\ 




that is, ; and so for the other even powers of x. Thus the part 


dt 

of the solution depending upon the even powers of x is 

„ . (x^ df d^f 

^ 4]¥‘dF 


Similarly collecting the terms which depend upon the odd 
powers of x, and writing 

F (t) = J-i + A^it + 2"| +.. 

which is another arbitrary function, we should obtain the second 
part of the second solution. It thus appears that the two algebraical 
expressions are equivalent, independently of the fact that they are 
both solutions of the differential equation. 


Solution by Definite Integrals. 

269. Now let the method of §262 be applied. We substitute 

u = 

the necessary relation between the constants a and ^ is 

/3 = aW, 

so that U * 

for all values of A and a, would be a solution. Instead of a write 
ai, so that solutions are given by 

and therefore by 


(a?—A) (a^—A) i 
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where X is any constant, and A and JB are arbitrary functions of X. 
These solutions may be replaced by 

a (a; — X), sin a (/r — X), 

where A' and JB' are arbitrary functions of X. 

Further, the sum of any number of solutions is also a solution. 
Consider the solution obtained by summing any number of terms of 
the first form for all values of X and a, and by assuming that, while 
A^ is an arbitrary function of X, the /arm of the arbitrary function is 
the same for different values of X. (The corresponding terms which 
would arise from the second maybe deemed included in this because, 
so far as the variable part is concerned, we need only to change X 

into X — ^ to obtain the first.) 


Let then J.' = (a) dX, 

and suppose summation to take place for all values of X between 
— 00 and + oo; the corresponding solution is 



cos a (ir — X) (X) dX, 


This again may be multiplied by any function of a and the 
summation taken for all values of a; as it stands, the function is 
an even one of a; and so, if the factor be taken as da, it will suffice 
to take 0 and oo as the limits of a. Consequently, we have as the 
solution 

/•oo /•oo 

u=: da I cos a (a? — X) (X) dX, 

Jo J ~oo 


The solution in this form is specially suitable for the case in which is to 
satisfy some condition, for instance that 

u=f{x) 

when t is zero; we then are to have 



co8a(j?-X)^(X)(fX. 


But, by Fourier’s theorem, the value of the right-hand side is vyjr so that 
^ is a determinate function; thus 



c ®^*®cosa(^-X)/(X)rfX. 


(Riemann.) 
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Ex, Obtain a solution of the equation 

0^’ 

which is such that 

«=/(«). and /’(«), 

when 

The result is 

l C x-^-at 

u-=^i{f(x+at)+f(x'^at)}+~ ^^F{\)d\, 

(Riemann.) 


270. We may again solve the equation by a method, due 
originally to Laplace and extended by Poisson. 

We have 

f TT^; 

J —oo 

hence, writing u-’l for u, where I is independent of ti, 

rCO 

I e^’^^du = TT^ 

J —00 

When I is any differential operation to be performed, this 
relation indicates that the symbolical operation can be expressed 
provided can be expressed. 

This method may be applied to the equation 


du 


8 <"“ at" 

(‘‘ 4 )’ 


for we have 


u^e 


f(p)> 


•where /(«) is an arbitrary function independent of t. The fore¬ 
going formula in equivalent operators may be applied, if ^ be 
d 

replaced by and thus we have 


u 


J -OP 

f * 

= 7r~i| e‘^f{x-\-2m^)du. 

J —w 



269 - 270 ] 


DEFINITE INTEGRALS 


627 


Another form may be given to this result by substituting \ for 
X + 2uat^, Then u becomes 


1 /•* ix-Kf 


Now /(X) is an arbitrary function; if we choose to assume its 
value to be zero everywhere except when X = r, and then write 
/(\) d\ = if, we have 

ff Jlzrl" 

U= -re“ 4 mH , 

2 a (7rt)i 

Ex. 1. Prove that, if u satisfy the conditions 


(i) u^f{x) when ^=0, 

(ii) u=^<f){t) when :r=0, 


then its value is 


1 /* * (x—Kf (jg+Ay 

-- j {e"* 4 a‘^ — e 

(■irt)iJo 


2a{jrt)i 


f. 




Ex. 2. Obtain a solution of the equation 




in the form 


jjf{x+2utbij ^'^2vtbi)ain{u^’^i^)dudv 

+ j j y+2vtbi)coa(u^+v^)dudv. 


Ex. 3. Verify that 


f^^dd) f ^ t/(x-hat Bin ^ coa at sin ^aiiKf), z+at coa 6) ain^d^ 

Jo Jo 

f^^dd) \ tF{x^\-at sin Bcoa <!>, at sin Sain (f), z-{‘at ooa 6) sin BdO 

^vdtjo Jo 


satisfies the differential equation 

d^U 0®24\ 

ba 

and is such that «=/’(«?, y, z) and y> when f«0. 



528 


SOLUTION 


[chap. X 


Ex. 4. Obtain the value of the integral 


// 




taken over the surface of a sphere whose centre is the origin and radius i?, in 
the form 

4rr ~ sinh 

where 

Hence shew that over the surface of any sphere the mean value of a 
function, which satisfies the equation 

d^u d^u 


and which, for all points within the sphere, is expressible by a converging 
series, is equal to the value of the fimction at the centre of the sphere. 

Further information on this part of the subject and, in particular, on the 
applications in physical investigations, will be found in H. Weber’s edition of 
Hiemann’s Die partielle Dijferentialgleichungen der mathematiachen Phyaih 


Solution in Sekies. 


271. Consider now a case of integration by means of series. 

The most important equation, to which this method is applied, 
is the equation 

d^u d^u d^u __ ^ 

which continually occurs in physical investigations. To solve it by 
the method under consideration, we change the independent vari¬ 
ables from £c, y, z, to r, 0, <f), given by the relations 


a? = rsin 5cos^, y = rsin ^sin^, z^r cos 0, 

which will in effect be changing from the Cartesian to the polar 
coordinates of a point in space. The equation becomes 


9r* ^ sin 


1 9 / • 1 


3’w 

i=0; 


and, if another change be made by writing ft instead of cos d, the 
resulting form is 


r 


0 ’(rM) 



1 0»w 


0 . 
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272. First, let a solution be desired which is to be a function 

of r only, that is, of {a? + z^)^, so that it will be a specially 

symmetrical solution; the equation then reduces to 


and therefore 

W = 


In a similar way, a solution which would be a function of 0 
alone, and one which would be a function of (f> alone, may be 
deduced ; but they are not so useful as that just obtained. 

Next, suppose that solutions which are not functions of r alone 
may be expanded in a series of integral powers of r; and in u let 
there be a term 

r^Un, 


where Un is independent of r but may be a function of 0 and <f>, 
the form of which is still to be determined. Then, when the 
value of u is substituted, the tcnn on the left-hand side of the 
differential equation corresponding to this particular term of u is 


ipii 



gv 3^71 1 (PUn 


and the sum of all these terms is to be zero for all values of the 
independent variables. The foregoing is the only term which 
involves the power of r; in order to have the equation satisfied, 
the coefficient^ of the term must vanish for every value of n. 
Hence Un is determined by 




+ 


1—^2 g ^2 


and therefore is a solution of the original differential equation. 
The coefficients of the terms involving the differential coefficients 
of Un do not depend upon n ; and the coefficient of Un is unaltered 
if for n there be substituted — (w + l); hence is another 

solution of the original equation. These two solutions just obtained 
may be combined into one, so as to give a solution 

Bn 
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An and J?n being arbitrary constants. Thus the general value 
of u is 

M = 00 / /? \ 

“ “ Jo 

provided u„ be determined by the equation 

9 f/i ,s . 1 n 


273. The general solution of this equation would give as a 
function of 0 and <f >; consider the case in which Un is a function 
of 0 only. The value is then determined by 

the independent particular integrals of which (§§90, 91) areP„(/i) 
and Qn (ji) \ the corresponding terms in u are 

P- w + (^.' >* + ^) 0. w- 

In most physical investigations, the term dependent upon Qn {fi) 
has to be rejected; and then the general value of u, expressed as 
a function of r and 0, that is, of z and + is 

in which the A*8 and J5's are arbitrary constants. It will be 
noticed that the solution formerly obtained, viz., 



is the particular case obtained, by making all these arbitrary 
constants zero except Aq and j?o, and by remembering that Po 
is a constant. 


274. Consider now the general case in which Un is a function 
of 0 and <f>; it may be expanded in a series of trigonometrical 
functions of multiples of the coefficients of which are functions 
of fz. Any terra of the series for Vn may be denoted by 

Vn^^"^ cos cr<f)^ 
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where v is a function of jm only; and, just as in the case of the 
separate terms in u considered as involving different powers of r 
when each such term was a solution of the equation, this will be a 
solution of the equation giving Substituting and dividing out 
by cos a(f>, we find that is determined by the equation 


d 

dfjL 






Vn 


(<r)^ 


This equation would also have been obtained by the substitution 
of sin a<]> in the equation for and therefore the solution of 
the equation in Un is 


S {Etr sin 0 *^ + cos a<f)] 

cr~l 

the value u* = 0 not being here included, since it gives terms 
independent of ^ which have already been found. 

Now, by Ex. 12, Chap. V., p. 202, the solution of the equation 
giving is 

1 d^Vn 

where yn is a solution of the equation when <r is zero and thus 
may be either P„ or Hence the corresponding term in Un is 

d'^P 

{Eg sin + F„ cos <t^) (1 — 

+ {E'„ sin a-fp +P'. cos tT<f>) (1 - ypp" • 

The term involving Q» often has to be rejected in physical 
investigations; the suitable value of «» then is 

*^2* (1 - {E„ sin + Pr cos <r^) , 

it being obviously useless to include values of <r higher than n. 
The sum of any number of solutions of the original equation is 
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a solution; and therefore the most general value of u expressed in 
a series is 


A. •\— 
r 


+ (u4"«r»+^”)cos<r<^|j. 

We have omitted from the foregoing general value, (i) the 
terms which would arise from the part of u independent of r and 
which can easily be proved to be 

(ii) the term dependent upon ^ alone which obviously is 
and (iii) the terms usually rejected as unsuitable in physical 
investigations. 

Any further investigations on the solution of the equation are 
connected either with other equivalent forms of solution or with 
the particular solutions obtained by a determination of the con¬ 
stants in accordance with imposed conditions. For them, recourse 
should be had to the authorities on the severarsubjects in applied 
mathematics in which this equation arises; in particular, those 
quoted on p. 187 will be found of great value. 


ttssoo rcr=« _ W<rp / 


Ex, 1. Solve the equation 


0*M 02^5^ 


in series, by transforming the polar coordinates. 
Ex, 2. Prove that the equation 

0*« , 02w\ 

has a solution of the form 



AMPtBE’S METHOD 


533 


274 - 276 ] 

where 


/ . (»-l)w(«+l)(»+2) . (n-^)...{n+Z) . 

•/“W 2* 2747P ■'■~2':4,0^ ■*■••• 

, 1.2.3...2n 


2 . 4 . 6 ... 274 . 


Obtain a more general solution which is not independent of the spherical 
coordinate <^. 

(Stokes.) 

Ex, 3, Shew that the general solution of the equation 


2 


dt^' 


or, by transformation to plane polar coordinates, its equivalent 




1 0W 1 02?^\ 0*^M 

dr^ r dr r^ d^j 


A d'^u 


can be expressed in terms of BessoFs functions as the sum of two terms of the 
form 


u^ao^aht 2 {{AJn(J(^)+BY^{}cr)}co»nB-{‘{A'Jn{kr)‘\‘B'Y^{kr)}%\nnB\ 
n=0 


Amp4;re’s Method for Equations of the Second Order. 

276. The methods, given in §§ 238—252 for the construction of 
a primitive of a given equation of the second order, have proceeded 
upon the supposition that an intermediate integral exists; and 
they have been directed towards the construction of that inter¬ 
mediate integral. Usually, however, the supposition is not justified: 
that is to say, an equation must satisfy conditions in order that an 
intermediate integral may exist. Thus the coefficients i?, S, T, U, 
V, in the equation 

Rr + 2Ss + T’f -h Z7 (r^ — 5®) = V, 

must (§ 239) satisfy two conditions in order that an intermediate 
integral may exist. An equation of the second order, which is not 
of this form, may or may not possess an intermediate integral; at 
present, the discrimination can be made only by the process of 
^ 261, 252, or by some similar process. In every case where there 
is no intermediate integral, the various methods are ineflTective. 
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Other methods suggested are somewhat of a tentative charac¬ 
ter; the most general, in its bearing, is the method associated with 
the name of Ampere. We proceed to give a brief outline of it^ in 
its application to equations, which possess a primitive of a specified 
type of a fairly general character. 

276. In the various examples which have been considered, we 
have seen that the primitive involves two arbitrary functions in 
its expression. This character is not restricted to equations which 
have an intermediate integral; thus it is easy to prove that the 
equation 

r — t= 2n ^, 


where n. is a positive integer, possesses no intermediate integral, 
and to verify that its primitive is 

(n\ 

n OW \fm j 

\m) 


where and denote arbitrary functions of their arguments. 
Moreover, it is a consequence of Cauchy’s general theorem f as to 
the existence of an integral of a partial equation of any order, 
that the number of independent arbitrary functions involved in the 
primitive is equal to the order of the equation; so that, for our 
case in general, the primitive will contain two arbitrary functions. 

Accordingly, we consider equations which have a primitive 
involving explicitly two arbitrary functions, free from all operations 
of quadrature; and we shall allow the primitive to contain deriva¬ 
tives of these up to any finite oi*der. Thus the preceding equation 


r — ^ = 271 - 

X 


would be admitted; but we should exclude the equation 


0 , 

x-\-y 


* For a fuller account, see the author’s Theory of Differential Equations, vol. vi., 
oh. XVII. Ample’s two fundamental memoirs are contained in the Journal de 
VJ&cole Polytechnique, Cah. xvn. (1815), pp. 549—611, Cah. xviii. (1819), pp. 1—188. 
t See the author’s Theory of Differential Equations, voL vt., § 184. 
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because its primitive, which can be expressed either by 

M 2,y 

(a? + y) ^ F{x + y)-\^ I V( 2 y -a)dy = 0 , 

(where, after integration, a? + y is to be substituted for a), or by 
2y 

z+e^+y G(a?+y)==y(y--ic)+(«4-y)y'(y*“«'*)+(®+2/)Y'(y--^)+..., 

is not of the specified form. 

Each of the arbitrary functions in the primitive has its argu¬ 
ment; the two arguments may be the same or may be differ-ent, 
according to the equation. Let a denote the sole argument when 
there is only one, and one of the arguments when they differ. 


277. Now change the independent variables, choosing a as one 
of them and temporarily keeping co as the other*; and denote the 

g g 

changed partial derivation with respect to oo and “ ^7 g^ ^.nd g-. For 

any function u, we have 

Bu j Bu j , 

^ ^- aa = du 

00 ) oa 


so that 


.8“ *,+11(1' 

OX oy \ox oa / 

Bu _ du du By Su _ du Sy 
Bx dx ^ dy Bx* Ba dy Bet ‘ 


Bu 


Denoting g- by u', for all functions u, when a is the other inde¬ 
pendent variable, we have 

, , Bz By 

, , Bp By 

J.=r+^, 


q'-s + ty', 


Ba 


t 


§y 


* If the subsequently obtained subsidiary equations prove inconsistent with one 
another, then we should take a and f/ as the temporary set of independent variables* 
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and therefore, when we retain the relation 

h-iM 

ha ha 

as defining t, we have 

8 = q'~ty', 

^rtijK 

Let these values of r and s be substituted in the equation 
f{x,y,Zyp,q,r,s,t)^0, 

which will be assumed to be polynomial in the derivatives r,s,t\ 
and denote the result of the substitution in this equation by 

where the quantities /o,/i,/ 2 , involve x, y, j), q, y\p\ g', 

together with / as given by 

z'^p^qy'. 

In the primitive of the equation, the number of derivatives of 
the arbitrary function of a is finite; let the number be m. Then 
the number of derivatives of that arbitrary function, which occur 
in jp or in g or in both, is m -f 1. 


When X and a are made the independent variables, so that we 
take a as non-varying when we form jp' and g', these quantities p^ 
and g' still will involve derivatives of the arbitrary function of 

g 

order no higher than m +1. But the operation g- does affect 


those derivatives; and therefore ^ will contain the derivative of 


the arbitrary function, which is of order m -h 2; that is, the 
quantity t will involve this derivative of the arbitrary function, of 
order higher than the derivatives which can occur in /o,/i, 


The differential equation, in any form, and therefore in the 
form 

yi4-^14- 4- ... 4“ 


has to be satisfied in connection with the primitive; and t contains 
a derivative of the arbitrary function of order higher than any 
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which occurs in the primitive or in/o,/,Hence the coeffi¬ 
cient of the highest power of t must vanish; and so on, in the 
complete succession of the decreasing powers of t. Thus we 
have 

fn ~ 0 ) fn—\ ^0 = 0 . 

These equations involve z, p, gr, x, y, y',p', q\ there is also the 
equation 

and there is no derivative with respect to a. Consequently, these 
deduced equations are formally a system of ordinary equations for 
the determination of z, p, g, y, in terms of x, the arbitrary elements 
in their set of integrals being functions of a, as arbitrary as we 
please. As we have a permanent equation / + qy\ which 

must be associated with every equation to be solved, it follows 
that we cannot have more than three algebraically independent 
equations equivalent to the set 

yjj ss 0, fn^i = 0, ..., ^ = 0, /o = 0. 

278. Accordingly, we resolve these equations, so as to have 
their simplest equivalents. If there is only one resulting set, we 
associate it with the argument a which temporarily is non-varying. 
If there are two resulting distinct sets, we associate them with 
arguments a and ^ respectively. If there are more than two 
resulting sets, we infer that the propounded equation of the second 
order does not possess a primitive of the specified type. 

When there is one set of equations, we require integrals of the 
set. The arbitrary element in one such integral can, without loss 
of generality, be made equal to a; and then the arbitrary elements 
in other integrals are made arbitrary functions of a. 

When there are two sets of equations, it is desirable to have 
at least one integral of each set. For an integral of the one set, 
we make the arbitrary element equal to a; for an integral of the 
other set, we make it equal to We then make a and /8 to be the 
independent variables for the whole of the two sets of equations; 
the modified equations are to be treated as a system of equations, 
expressing y, r, p, j, in terms of a and yS. The equations, which 
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express w, y, in terms of a and ^8, constitute (either explicitly or 
implicitly) the primitive of the differential equation. 

Some examples will illustrate the detailed process of the 
method. 

Ex, 1. Required a primitive of the equation 

Following the process in the text, we take 

5=2^ - , r - qy + ; 

and we make the resulting equation evanescent as an equation in t. Thus 
we find 

xq'*=0, 

y - 

-y+A’(y+yy)2=o. 

Consequently, we have 

y=o, 

a single system of two not inconsistent equations. 

As y=0, that is, ^=0, we have 


q^&ny function of a alone =*0' (a), 
where is an arbitrary function. Also (p. 535) 

|+yg=(.«y)g.4^-o; 

and therefore, by the equation we have 




an equation of the first order for jp. Its complete integral is 

^ (f/ (a), 

where k and I are arbitrary constants; and so 

y^xp"^^k\ 

whence 

where B is an arbitrary constant, that is, a is an arbitrary function ofy-ifc*^;. 
Further, 
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on substitution; hence 


METHOD 


539 


z^lx + f ^+ o (a) 

hxi +^ (y— Jc^x\ 

where F is an arbitrary function, while h and I are arbitrary constants. 

We have taken the complete integral of 

g+.(|)V”W.o. 

Wlien we take its general integral, the second arbitrary function arises for 
occurrence in the final primitive. 

Ex, 2. Required a primitive of the equation 

(l+3'2)r-2p^«+(l4-^2)^^0. 

(It is the equation of minimal surfaces ; and it expresses the property that 
the principal radii of curvature are equal and opposite.) 

Using the equations 

«-f tl/\ 

as before, we find 

(1+2'‘^)y^+2pg/+1+^p2=*0, 

(1 (y -yy) - 

together with 

«'-p-?y=o. 

Let w denote (1+^4-2'^)^ ; the first of these equations gives 
We thus have two sets of equations, viz. 


=oj 

I ^+7+^" 


[. 


I .0^ 


For the first set, we denote the non-varying argument by a ; for the second, 
we denote it by ^; while y=when a is constant, y' * ^ when /3 is constant, 
and so fory, y, a',y', 

The second equation in the first set of ordinary equations may be written 



540 AMPiSBE’S [CHAP. X 

It is easily seen to be a Clairaut equation of the first order; and its 
primitive is 

pq-\^iw . . 

1 .—M- “ constant. 

After the explanations in the text, we can take 

pq-{-iw 
-n-==ci. 

Similarly, an integral of the second set is given by 

1+y P- 

We now proceed to make a and ^ the independent variables. In the first 
set of equations, y is a function of and a; thus it comes to bo a function of 
jS and a, through the expression of .a? in terms of jS and a, and therefore 

j 

Similarly, in the second set, y is a function of ^ and J3; thus it comes to be a 
function of a and ^3, through the expression of a; in terms of /H and a, and 
therefore 

,, 0.2? 

Consequently 

da \ dj^) dadp 0/3 \ 0a/ 

and therefore 

dadff 

so that 

where <f> and yjr are arbitrary functions. Then 

hence 

y=</. (o)-a^'(a)+f (/3)-/9^'03). 

Finally, we have 

« {p^ag)<l>"{a)daMp-Pq)VW^^* 

But 
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i J(] + a*)i<^"(a)rfa+f j’(l+/9*)^" O) rf/3. 


The three expressions for 4 ;, y, when combined, constitute the primitive of 
the equation as constructed by Ampere and Legendre. 

When (as is permissible, without loss of generality) we change the variables 
a and ^ to v and «, by the equations 

a = -r, p=—t „-r, 


f(l+a2)i = 


2v 
1 — 




and we change the arbitrary functions by the relations 
<Ji'(a)==(l-t;2) F'+2i;P-2F, 

1 /,' (/ 3)=(1 - vP) [;"^2u 

where U and V are arbitrary functions of u and of v respectively, we find 

y=t{(l+t;2) r'-h2vF+2F}-.i{(l+M2)£7"-2wt^'+2£^} ■ . 
:g*2t;7"-2F'+2tt£r"-2ir' 

These equations, expressing .r, y, in terms of two parameters % and v, and 
of two Arbitrary U and F functions of those parameters respectively, constitute 
a primitive of the equation. The primitive, in this form, is Weierstrass’s set 
of equations for a minimal surface. 

Note, For the developed inferences from this equation as made by 
Weierstrass, Schwarz, and others, reference may be made to the author^s 
Lectwree on Differential Geometryy chapter viii. Above all, as regards these 
inferences, Darboux^s Theorie genirdie dee mrfacee^ vol. i., book in., should be 
consulted. 


Ex, 3. Obtain the primitive of the equation 

ir'^pt)^^q^Tt 

in the form 

a 

y„aV''03)-a»f(a)+2«4"'(a) - 2<#."(a), 

* - J (2/5 - o») 03) -1 ^ 03)+(a) - (a) + 12a* </>" (a) - Z4a^' (a) 

+24^ (a). 

Me. 4. Shew that, when the equation in Ex. 3 is resolved into two equa¬ 
tions which are linear in r and t, each of these equations has an intermediate 
int^ral; and obtain these integrals. 
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5 . Shew that the primitive of the equation 
^ 4 - -p) s-upt^O 

can be represented in the form 

a?-0'(a)+Vr'(.) 
y as a<l>' (a) - <#» (a)+ {z) - ^ (z) 

Ex. 6 . Integrate the equations : 

(i) {q’¥yt){r+l)^ 8 {ys-p’-x); 

(ii) ^pqyr+{^y -{-qx) axpt ^'j^q ixt - &^) + xy ; 

(iii) {pqo^ 4 (1 + 5 ^) r+{(1+ f) ^ - (1 + x^} s 

- {P2f + (1+-P^) ^ 

Imschenetsky’s Generalisation of a Limited Primitive. 

279. It may be added that, when an equation (such as 
Br 4 2Ss 4 4 U(rt - 5^) = F 

or any other equation) possesses an intermediate integral, the 
analysis connected with Ampfere's method is somewhat simplified. 
In actual practice, difficulty may arise in developing the method 
beyond the stage of constructing an intermediate integral or two 
independent intermediate integrals. 

In that case, we proceed as before from the single intermediate 
integral (by Charpit's method) or from the combination of the two 
intermediate integrals (as in § 245) to the general integral of the 
equation; and this integral will usually involve either two arbitrary 
functions or three arbitrary constants. But it is not the most 
general integral possible. For if we had an original integral equa¬ 
tion of the form 

<l> {Z, X, y, ttj, Oa, Ua, a4, Ua)*: 0, 

and obtained thence five other equations giving the values of 

g, r, s, t, Ave could between the six resulting equations eliminate 
the five constants a and have a differential equation of the second 
order; and, according to the form of (f>, the degree of this equation 
would vary. Conversely, in the integral, which is most general so 
far as the number of arbitrary constants that enter is concerned, 
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we might expect more than three constants. But ^ = 0 will not 
necessarily be the most general integral; the only inference to be 
made is that the equation containing three arbitrary constants is 
not the most general integral. 

The integral can be replaced however by one which is more 
general; the method of obtaining this, due to Imschenetsky, is 
similar to that employed by Lagrange for partial differential 
equations of the first order—viz., variation of the constants. The 
method will be sufficiently illustrated by considering an integral 
of the equation 

Hr + 288 Tt + U {rt — 8^) = V. 


280. Let the integral obtained by any of the foregoing methods 
be represented by 

c). 

To obtain the general integral, we shall suppose c to be changed 
into a function of a and h the value of which is, as yet, undeter¬ 
mined ; and we then consider a and b to be functions of x and y 
such that p and q preserve the same forms as when a, 6, c, are 
constants. Denoting 

da'^ic^ db'^dcdb 
respectively by ^ and Ave have 

dadx dbdx^ 
dz ^ dfda dfdh^ 
dy ^ ^ dady^ dh dy ^ 

and therefore, since we have 

dadx dbdx ’ 
dady * 


which will be satisfied if we write 


da dh’ 
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The second differential coefficients are 
_ dp da dp db , , 

-^1. _ , J. 4. # ^ = <, 4.^i 4. = « + fc • 

dx^ ^dady^ dbdy ^dadx dbdx ’ 

d^z .,dqda dqdb_ j 
dady^ dbdy 


But since ^ is identically zero when we suppose a and b 
replaced by their values in terms of x and y, we have 

A (§f\ 4- 4. ^ = 0 • 

dx \da J da? dx dadb dx ^ 

d /df\ _ d /df\ _ dp 
dx \da) "" da \dx/ da * 

^ = 0. 

da da? dx ^ da db dx 

dq.d^fd^ d^f ^ 
da rfa® dy dadb dy ’ 

db dadbdx^ db^dx ’ 

^2 4 . 4. n 

(i6 dad6 0y db? dy 

These equations satisfy the condition 

h jL^?k 9a (jqdb ^ 

dady db dy ** da dx db dx ’ 

and from them there can be obtained the expressions 



= <P/ (dpdq dqdp\ ^fi^dq 

" da* db db dadb \dadb dadb) ^ db* dada' 


and 
so that 
Similarly 
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where 



But with the modified forms of a, 6, c, the equation 
is still to provide a solution of the equation 


d^z jd^zd^z (d^z y) 


\dxdyj ] 

The coefficients of the second differential coefficients are unaltered 
in form, since we have retained the forms of the first differential 
coefficients; and therefore R, S, T, U, V, remain unmodified. 

d^z d^z d^z 

Substituting now in this equation the values of ^ 

and remembering that the differential equation is satisfied when 
h, k, ly are zero, we find that it takes the form 


(R^ Z70A + 2(/Sf- + Z7r)Z+ U(lh^k^)^0y 

where the quantities r, s, t, which explicitly occur, and the quantities 
p, q, Zy which implicitly occur, are to be replaced by their respective 
values derived from the integral 


y. o). 


in which a, b, c, are considered constants. We must now substitute 
the expressions found for h, k, I; then the equation, after some 
reductions, is found to be of the form 


7? 9,Sf 4- T 


r^, 


where 


!ri)(|)‘+ 2(S- m) +(r+ 
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In* all these coefficients, the quantities z, 5 , r, s, t, are to be 
replaced by their values in terms of cd and y as derived from the 
given integral equation. 

This differential equation is linear in the second differential 
coefficients of / with regard to a and h ; it is, moreover, the equa¬ 
tion which is to determine the value of c as a function of a and 6 , 
Now 

da da'^dcda' 


^4.0 9 ? . W?V . ^ ^ 

da^ 3 a* 3a3c da 3c* V3a/ ^ 3c 3a*' 

and also for the other coefficients; when these are substituted for 
dY d^f d‘^f 

resulting equation is linear in the second 

differential coefficients of c with regard to a and b, and the 

3c 3c 

quantities multiplying these are functions of w, y, a, b, 0 ,^, 

But we also have 

da~ db' 


from which the values of x and y can be found as functions of 
9c 9c 

a, 6 , c, ^; and these, when substituted, will make the equation 


one which involves only the quantities a, 6 , c, and the differential 
coefficients of c. This equation is found to be of the form 




where A, B, C, F, are functions of a, b, c, 


3a' W 


Now it may not be possible to integrate directly the original 
differential equation, while it may be possible to obtain, almost by 
inspection, a particular solution which involves three arbitrary 
constants; or it may be possible to derive such an integral not 
obtainable merely by inspection. In either case, such particular 
integral can be generalised prbvided the solution of the new equa¬ 
tion satisfied by c can be obtained; and if this solution be repre¬ 
sented by 

d(a, 6 ,c)«« 0 . 
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then the new integral of the original equation is obtained from 


=/(®. y, 

a, b, c) 

— 6 (a, b, 

0 ) 

_dfde_ 

■ 

da do 

do da 

d/30 

dfd0 

”06 00 

■0c 06 

y 


by eliminating a, b, c, between them. 

Ex, 1. Integrate the equation 

Here jK=1, S=q-x^ T=i{q'-x)\ ^7=0, V=iq \ thus (7—0, and the equa¬ 
tions determining W are only a single pair, viz. 

We proceed as in §§ 232—235. We denote the equations by 
0=Fi=Q-{q-x)P, 

0=F2=‘X+(q—x)T+(p+q*—qx)Z+gP. 

As a condition that these equations may coexist, we must have 
0=(i^x, ^ 2 )^ ’^qZ— T, 

0^F,^-qZ^r; 

(i^2, ^3)=0; (F,,F2)^Z; 

O^Fi^Z, 

OMFu F,)^.,MF2, F,), 

Hence r«0=Z; X^qP^O; (s'-a?) P-0; substituting in 
QsssPdp'^Qdq-^XdX’^Zdz'i- Xdy^ 

wo obtain 

0^P{dp- qdx + qdq^xdq\ 
and therefore we may write as the intermediate integral 
W—- arg+a—0. 


Hence we write 
then 

and so we take 
and then 
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To obtain the complete integral of this equation, we apply Charpit’s 
method; we must obtain an integral of 

dx dy ^ ^ dq 

-1 -g"" 

One is given by ; and therefore 

These values, substituted in 

dz^pdx-^-qdyj 

lead to the integral 

which contains three arbitrary constants. 

To obtain the modified integral (§ 280), we write this 

considering c as a function of a and Then we have 
r. df dc 

^~di~ da ’ 

?=^; .= 0 =«; ^= 0 =|^; 

do de^ dado d^do' df'^~ da' 'da~^' 

Hence i2i«0; 7i-»l; JSi^O; Fi«0 ; and the equation in/is 


d0^ 


. 0 , 


or, on substitution in terms of c. 


or finally 


d^c ^ 

-*-p=o, 

d^c do 

But, by § 270, an integral of this equation is 

c-/ ^«-*7(/3+2Xai)dX; 

and therefore an integral of the original equation is given by the elimination 
of a and between 

j c-^*/(j3+2Xoi)(fX, 

0m,xai+j X«-*7'03+2XoJ)dX, 

0—y+i**-/5te -J «-*’/'(/8+2XoJ)cJX. 
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When the definite integral is integrated by parts, the second of these 
equations may be replaced by 

0=x-j «-*•/" (/34- 2Xai) cfX. 

Ex, 2. Integrate the equations: 

(.) — 

(ii) 

(iii) (^+2')*r+2(.r+^)(y+jp)« + (y-fi?)^^+2(:r+2')(y+jp)=0; 

(iv) a^r+^8 +^=2-s; 

(v) r+22'«4-(5f^“^)^=»?; 

(vi) 

(vii) r-\-^q8-^<^t^hH\ 

(viii) 2jD«+i-/)=0. 

(Ampere and Imschenetsky.) 

A fuller discussion is contained in the valuable memoir by Imschenetsky, 
Orunerf8 Archiv der Mathematih und Physik^ t. Liv. 


MISCELLANEOUS EXAMPLES. 


1. Prove that the integral of the equation 

(^+y) (r~0+4p=O, 
as given by Monge’s method, is 


2y 2y r 

{X4’y)z+(^^y F{x-\-y)^e^-^y je^ <^f{^y- a) dy^ 


where yis to be substituted for a after integration, and / and F denote 
arbitrary functions. 

Hence solve the equation 

{p4-q) (r-t)=4x(rt-^). 


2. Solve by Monge’s method the equations: 

(i) q(l-^q)r+(p+q'{’2pq)8-^p(l+p)t<^0; 

(ii) (1 -hpq+q^) r+a (f -jt?*) - (1 +p^) /=0; 

(iii) (r--f)xy^s(a^'^y^«^qx-py; 

(iv) a^r-y^t*>^ap^yq; 
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(v) 

(vi) 

(vii) 

(viii) (r - +(a - 0 S' “i^“0; 

(ix) ipr+(y--^)a-y^=»g“p. 

3. Solve the equation r+^«*2«; and determine the arbitrary functions by 
the conditions, that hz^y^ when ^*=0 and az^x^ when y=0. 

4. Integrate the equation 

y^* 

and obtain a first integral of the equation 

5« Investigate a solution of the equation 

subject to the condition (1 +p^), in the form 

=ay+(«^—+a log ^^^ ~ . 

X 

6. Integrate the equation 

(1 t - 2/7g'«+(1 + 2 - 2 ) r=0, 

having given thatjcy—^a;a=0; and shew that a particular solution is 

+y ®)^=c cosh ^, 

7. Solve the equations: 

(i) (ii) qys^pyt^rpq\ 

(iii) ar-faytf+ygssO; (iv) aT+2y«+p«:4iP; 

(v) 2^-2<+3p=0; (vi) ^(r-a2^)=a2p. 

8. Prove that the only real solution of the simultaneous equations 

0224 02^ ^ 

0a;2“^0y*“^ 

is ^«a7C0sa+ysma+/2. 
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9. Prove that the only real solutions which simultaneously satisfy the 
equations 

r+t—%a\ 

are comprised in 

2 ? =* J (tt + c cos a) + ca^ sin a +Jy ^ (a-c cos a)+/3a?+yy + 5, 
where c®**a2-f 62^ and a, ft y, S, are arbitrary parameters. 

10. Obtain an intermediate integral of 

pqr:=-8{l+p^)l 

and shew that its general integral is obtained by eliminating a between the 
equations 

2 (a) - aa? - (1 

^'(a)+ar+a(l+a2)”i/(y)=oJ * 
where and/denote arbitrary functions. 

(Serret, and Graindorge.) 

11. Integrate the equations: 

(i) 

(ii) {xp-\‘yq) {rt-8^)‘\-q^r--^pq8+p^t=^0 ; 

(iii) {x^ -y2) (^ - r)+4 {px +^y - «) ==0. 

Also solve, by changing the independent variables to f and ?/, where 
anda:y=5, 

— 2a?y« +y^^+ ^yq^O ; 

and, by changing the independent variables to § and where and 

{xp - yq)f{xy). 


12. Integrate the equations: 


... 02 ^ 2 dz „d^z .... d^z 2 ^ 2 \ 


a** a*as« 

.. a«^ . 1 / 

axay'*’«+y\ 


, a»* 2 a*« 

^dxdy’ 


1 _ 
+y \0a7’*"0y/ 


(^+y)* 


(Gregory.) 


13. Find the surface whose equation satisfies the equation 

Zxdy * 

and whose trace on the plane of xy is the hyperbola 
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14« Integrate the simultaneous equations 
du dv 


(i) 


da; dy 
dv du 


\ 

.... 0 /0a , 

/d^a 0®a\^ 



3 

li 


0 /0a 0/3^ 

/02/9^02/S\ 

> 

^ 0y \0a? ^ 0y> 



] 5. Shew that the simultaneous equations 

r^ 4 -c(r+i)-» 0 , pq+cf {py-qa;)-0^ 

represent a series of ooaxal paraboloids; and that they cut any fixed plane, 
perpendicular to the axis, in a series of similar conics the ratio of whose 
axes is 

(c'-o)J: (<!'+c)i. 

16. Shew that the equation 

6*^5 4 * 0 , 

in which iT, are functions of y^ Zy and q^ has an intermediate inte¬ 
gral, if 

and obtain the integral. 

Hence obtain the integral of the equation 

{{x^yz) s-ypq} (ar+y)« (1 ~ z) 

in the form 

f ydy _ ^ f ydy 


z^e 


I (»+y)^(y) 




(x+vH (3>) 1 

(Imschenetsky, and Graindorge.) 


17. Obtain a solution of the equation 




(Lagrange.) 


in a series of ascending powers of x. 

Solve the equation 

d^U , gyj ^ * 02^ 02^ 02j^ 02^ 

^dxdy ^ dxdz"^ 0y* "^dydz * 

where the ooefi&cients are constants; and discuss the case in which the dis¬ 
criminant of the left-hand side is zero. 

18. Verify that the partial differential eqiiation 

is integrable in finite terms, if 5(2t±l)»2t, where <is a positive integer. 
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Solve also 


d^u 




u. 


(Legendre.) 


19. Shew that the complete integral of 

JL _L 2 w(71+1)m 

dt^ ar2 dr ^ 

(n being an integer) may bo exhibited in the form 

u=i* (I IV <l>(r+<^)+^(r-at ) 

\r dr) r ’ 

where ^ and yjr are arbitrary functions; and obtain, in the form of a definite 
integral, the complete solution of 

1 d^u d^u 

dt^ "" 0r* r dr' 

20. Obtain as a definite integral the solution of 

^agF_ 1 /ar dv\ 

dxdy x^y \a:r dy) * 

21. Obtain a solution of the equation 

0 < ““ 

in the form 

/ « r 00 

J e'"^*~^<f>(x+2iauviii)dudv, 

22. Change the dependent variable from to y in the equation 
J (1+y) r - (jD+ 2 ^+2p^)«(l+jt)) r=0; 
and hence obtain the solution of the equation in the form 
x+/(z)^F(x-1ry"i‘z). 

23. Shew that, if there be five functions Zi, « 2 > ^sj ^ 4 ? ^6> ©ach of which 
satisfies the equations 

r =»«!«+ 02 ?++«4*) 

^ = 6l» + ^2 p + 08 2^ + 64«j 

where the o’s and 6’s are functions of x and y alone, then between them there 
is a linear relation with constant coefficients of the form 

{?!«! + C2S2 + ^3^+^4*4+ 


18.5 
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If, in addition, any four of them «t, a 2 « ht > 4 > ^ Buch as to satisfy iden* 
tically the equation 


^1* ^29 ^9 *4 

P29 Pa, Pi 

2u 229 2a, 2i 

* 1 > *3> ^4 


« 0 , 


then there is also a relation of the form 


Cl Zi + C2Z2 + C^fhi + 0 , 


(AppelL) 


24. Shew that the function F {a, A y, A y), given by the series 
n(/3 + m~l)n(y+n-l)n(<9-l)n(c->l) 
n(a-i)n(m)n(w) n(^+m-i)n(€+n-i)no-i)n(y-i) ^ * 

the summation extending for all integral values of m and n from zero to 
infinity, satisfies the two equations 

(a? - r - +{d - (a+/3 +1) JE) -- 0/3^ =a 0, 

^-^y«+{« -(a+y+l)y} 3 '-y.arjt)*-ay^r= 0 . 

Hence shew that 4 ^( 0 , 8 +c, — c, d, c, a?, y) is a solution of 
(^-a?2)r-.2ay«+(y-y2)^4-{d-(a+d-|-l).r}jt?+{€-(a+fi+l)y}g-a5a:«0, 
c being an arbitrary constant. 

(AppelL) 

26. If there be three functions «!, Z 2 , satisfying the equations 
r—aip+a2q-¥(Hz^ 
sssahi p+62j4*&s^» 
t^Cip+C2q’¥c^z^ 

{P2 - gs) 4-«2 (f?3- ?l) (Pl - 92 ) 

where the a% b\ and c\ are functions of x and y, then there exists between 
the functions ^ 1 , 3^29 ^ 3 , a linear relation with constant coefficients* 

(Appell.) 

26. Shew that the integral of the equation 

may, by differentiation, be connected with that of 
«4-^yiP+(^+«)y««0, 
h being a constant and n being an integer. 

Hence solve the former equation in the case when £ is a ne^tive integer. 
Obtain the solution when ^ is a positive integer. 


(Tanner.) 
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27. Obtain the solution of 
in the form 

where and yjr are arbitrary functions. 

Hence integrate s—zp. 

Integrate also 

*=«#>(«) 

in the form 

Jin^ 6{x)x{y ) 

sin* »(/’+/)’ 


(Liouville.) 

(Tanner.) 


where n is a constant, F {x)=<f){x)B {x)y and /' (y)(y)» ^ and x 

denote arbitrary functions. 

(R. Russell.) 

28. Integrate by Ampere’s method the equations: 


(0 «+^a<+JP?=0; 

CLX^ hv^ 

(ii) -pr r+ -p- t+{lx+my-¥m) 

.(&+»,,+«) {s + (^-f-I)}; 


(iii) qr+{^+x)s+yt+y(rt-»^)+q^O. 


(Imscbenetsky.) 




GENEEAL EXAMPLES 

OF 

DIFFERENTIAL EQUATIONS 
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GENERAL EXAMPLES. 

1. Obtain the complete primitives and (where they exist) the singular 
solutions of the equations : 


(i) 


(ii) 


(iii) 

p{ny-px)’-‘C-, 

(iv) 

y (1 +^>*) - 2»/) (1 +/>)=2 (1 ~p) 

W 

ySjjS- 2a;y^-4;“+2y*+a*=0; 

(vi) 


(vii) 

xi^—^yp+Za=0', 

(viii) 


(be) 

y* - +(a;* - ay) jD*=0 

« 

^(y+ay)+c=0; 

(xi) 

{xp (2y - xp ); 

(Mi) 

(xp-y)*^x-yi 

(xiii) 


(xiv) 

(ay-y)(r'-yV)=cp; 

(xv) 

jj*a;«+yy(2ar-y)+y2=0; 

(xvi) 

/)* a:* - 4yt!y—^a:+4y*+8y=0; 

(xTii) 

(«*+y*) (l+y*)=o*(^-y)*; 

(xviii) 

y*=2y*a^y+4y®«*; 

(xix) 

y=ay*+y*; 

(xx) 

y{l+I^=^2xpi 

(xxi) 

ar* +1)=c (a?+yy)®; 

(xxii) 

(»*+y*J>*) (y-ay)=ay; 

(xxiii) 

(a!*-aiy)p+2**+3aiy-yS=0; 

(xxiv) 

y=ar(y+y*); 

(xxv) 

X (V {2af-y*); 

(xxvi) 

#*y*(y-a3»)*=y*5 

(xxvii) 

7)=2«+**y-ay*; 

(xxviii) 

(l-a»)y-ay-y*; 
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(xxix) 

(xxx) 

(xxxi) ;r*(p+/)+a2«0; 

(xxxii) ay-y*)+2+a^*0; 

(xxxiii) x^{x^ 2y) p +2ar^; 

(xxxiv) (1+Jt?) = 2^(l -p); 

(xxxv) (xy +4j?) = 2 ^ 2 +2^+2y; 

(xxxvi) p +a®)+2;«y=0; 

(xxxvii) 3 ^= 0 ; 

(xxxviii) _ Qpjj3 + 4 j. 2 ^ -- Q. 

(xxxix) ^♦); 32 - 2 ^ 3 (P+^ 2 -.q. 

(xl) y^p^+2xypa-h(l-a) (y‘-^--b‘-^)+aa:^m^0; 

(xli) (ax+dy) (1 +y^)i = (ay + bx)(l +x^)ip; 

(xlii) y^ (p^ + 1) — 4ayp — 4a(x — a)=0; 

(xliii) y(x-y-- xpf - p (x^ - 2xy) (x -y ~ xp)+yp^r^0; 

(xliv) (y --px) (py-Vy-px)^p ; 

(xlv) (x-k-y) p^4r^px^y; 

(xlvi) 2y«^(l+p2); 

(xlvii) xy (x^--y^) (p^- (^i?+y)^«=0; 

(xlviii) (a* — <?) 26‘2;t^p+ay—c*a7*s=a*c*; 

(xlix) (^*4*y*) (l*f^)*4a2(a?p-_3^)2; 

(1) 9y 1) 4a7®=0. 

2. Given the relation 

^—or=J (a - c)* - i (a - c)^, 

where e is the arbitrary parameter, shew how to find the corresponding 
differential equation. Find the curves which may or may not be singular 
solutions: and discuss the different cases. 

3. Prove that, if the differential equation 

ZjE?2+2i(p+ir=0 
has Ac2+2Zc 4-1=0 

for its primitive, then LN’--M^^4(A^B^) T\ where 

m a(A^) . 

and interpret the result geometrically. 

4. Prove that the equation 
(1 — A’*) ■” i cia?+(l -y^)i c?y «0 


is satisfied when 
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5. Verify that a primitive of the equation 

(1+4:?s) ~ (14-3^3) ~ i 

is +^Laxy (x ^y) +a* (a? - y)^ - 4 (a? 4-y)+4a «»0, 

where a is an arbitrary constant. 

6. Obtain the primitive of 

(d7-a)(^-&)^+y®+X(^+4?-a) (y+^-6)«0 

in the form 

^+X(y+^-6) \x-aj * 
and discuss in particular the cases when X^sO, Xb — 1. 

7. Transform the equation 

(x-a)(x-b)^+y^+(y+x-a)(y+x--l>)^0 

to an equation of the second order in iS; by a substitution 

dz .. . 

Hence integrate the equation; and discuss, in particular, the case in which 
a^h. 


8. Shew that the equation ^“^jp+ZOt?) is the only ordinary equation of 
the first order the primitive of which can be obtained by replacing p in the 
equation by an arbitrary constant. 

9. Shew that, if the primitive of /(a?, y, be </> (ar, y, c)=0, then the 
primitive of /(jp, ^p-y, ^)=»0 is given by the elimination of p between the 
equations 

f{p,xp-y,x)^0, 

4>lp, c)=0. 


10. By reciprocation with regard to the parabola y* « 2a; or otherwise, shew 
how to deduce the complete primitive of the equation 


•^ 0 -*' p i)-” 


from that of /(^> y» p)=; 

and extend the result to equations of the second order. 
Solve the equation 

11. Solve the equations: 


(i) 


(ii) (!+«*) 

(iii) a»^^+2**^+*^-y»3ie»+**+Jp; 
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(iv) 

(V) 

(vi) 

(vii) 
(viii) 

(i*) 

W 

(xi) 

(xii) 
(xiii) 
(xiv) 

(XV) 

(xvi) 

(xvii) 


0 + 

6^ 6 

cb?'*' xdx^^ a^dx~^' 










cot®^4-y sin *=sin*ji?cos(co8x); 
4(l+A-+«*)*^=3y; 

(a;2+3a;+4) ^ + (ar*+ar+1) -y (2^+3)=0 


dx^ xdx'^ 3^ 


y=0; 




• 0 ; 


g + gtan:v-yco8»;r-0; 


(xviii) x*^ + iv’^+J(x*+6)(**-4)y=4;®« i®’; 
(xix) (4;+l)*(^+a»;+3)0=12y; 

(») ^=(i+«^)y5 

(xxi) («*+*») ^ + (6»»+3a;)^=12xy; 


(xxii) a?^-(^-«)^+(«-l)y=ei®’; 
(xxiii) ^^+2 ^tan*+3y=tan*«:seoA;; 
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(xxvi) 

(xxvii) 

(xxviii) 

(xxix) 

(xxx) 

(xxxi) 

(xxxii) 

(xxxiii) 

(xxxiv) 

(xxxv) 


(;r-1)^+(1+4;-^)y-0 

(2*-l)g-(3*-4)g+(4;-3)y-0; 


d^2/ 

“ (l-a;)(l-2^)* ^ ’ 
^(2-^)g + 2.:g_2y = (.:-l)*; 


(xxxvi) 2a:(a^-l)^^-^=^^(.r2-l)*; 

(xxxviii) «®^+(2<»«* + 6*) ^+(a2a;^+a6a;+c)^=0; 
(xxxix) ^g-2^^+2y=(;p+l)^ 


(xl) 


9 ■*“ ■ 


(xU) ,;*(**-l)g=.(^-2)(*g-y); 

(xlii) a:(l+»)*^+»(l+»)^+y=a!. 

12, The equation 

baa X sin x and x cos x for particular integrals: find the primitive. 

13. Integrate completely the equation 

having given that i« a solution. 
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14. Verify that the left-hand side of the equation 

(sin 4?—a? cos a?) sin x sin^= 

vanishes when ymsino?: and obtain the primitive 

15. One integral of the equation 

^ ^ tan « - J y (2+6 tan* a;)=0 


is given by 

y*««soo^; 

obtain the primitive. 

16. The complete primitive of +P ~ -f Qy=0 is of the form 

^=A(t}(x) + Bf(x); 

shew that the additional term in the complete primitive of 
is given by 

17. Solve the equation 

where a is an even positive integer: and prove that, when a=2, 


^ = j{Ae^+JBe-^)x-^clx+C. 


18. Prove that, if y=0 {x) is a solution of the equation 

then y=-<#>'Cv) is a solution of the same equation with a+2 written for a. 

Thence (or otherwise) obtain the integral of the equation when a is an even 
integer. 

19. Prove that the transformation 

transforms Legendre’s differential equation into a hypergeometric equation in 
which rf is the dependent variable, and the independent variable. 

20. Shew that, if 

y® - +5y - 4^+2 0, 

XI- _ y ^ 

(i-1) ^ “ 25,r 1) 


Account for the difference between the degree of the algebraic equation and 
the order of the differential equation. 
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21. Prove that the eqiiation 

has a complete primitive of the form y ^> where A and B 
are arbitrary constants, provided 

(mx) — n^yj/ (na) 

** m(l> (ma;) ~ (ns) 

is a solution of the equation 

^+”K^> (mx), 

and that then 

log/(a;)+Jyi<&=0. 

Shew that there is a failure when m+n»*0. 

Solve the equation 

ahx(a+lr-x)^^^^+{(a-^h) — S'-ah (a + &)} ^®ya=0. 

22. Prove that, for values of x between 0 and 1, the primitive of the 
equation 

is AF{\n, i, (l-2a:)*}+5(l-ar)F{Ja+|, i^+i, |, (l-2x)*}, 
where A and B are arbitrary constants, and F(af b, c, s) denotes the hyper¬ 
geometric series. 

23. Shew that the function 

n^n%) i)> 

where i^(a, b, c, s) denotes the hypergeometric series formed with the elements 
a, 6, c, s^ satisfies Legendre’s equation 

(l_^2)g_2*J+„(-«+l)y.=0. 

Shew also that, when the real part of n is greater than -1, 

W= + («*-1)* cosh 

24. Investigate the differential equation which, with the usual notation 
of Bessel’s functions, has its primitive of the form 

{X) [AJ^{^ (^)}+Br,{ir(x)}l 

obtaining the result 

g- 

Deduce the integrals of the equations 
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25, Express the primitive of 

in terms of Bessel’s functions, of argument and of order unity. 

/I d\^ 

26. Prove that (^cosh7U7-f^sinh?M:), where m is a positive 

integer, is the primitive of 

Shew also that any solution of 


is a solution of 


dx^^xdx ^ 


and obtain the primitive of the latter. ^ 

27. Shew that the complete primitive of the equation 

w(>t+l) 

dx^^y a? y' 

when n is an integer, can be exhibited in the form 
y=a!"+> {d (x)+(a:)}, 


where i/r,(a:)=(-l)"l. 3...(2 ji+1) 

and (a?) is the same function of — —. 

X 

<Pv 

28. In the differential equation coefficient is a polynomial 

in X. Shew that, if Q denote the operation of integrating from 0 to a?, each 
of the series 

of which each term is obtained from its predecessor by multiplying by B and 
then integrating twice in succession from 0 to a?, converges for all finite values 
of X and satisfies the equation. 

29. Obtain a series in ascending powers of x to satisfy the equation 

ay'+(w+l)y'+y«0. 

and if denote the continued fraction 


1+1 — w+2—w+3 — w+4— 


prove that 
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30. Shew that, if 
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where a is a constant, then 


^ sin 4? * 


and deduce the primitive of this equation, (i) in general, (ii) when 

31. Prove that, if n is not negative and w is a jMJsitive integer, the 
equation 

(^^-l)^+(2«+2);«f^=m(»i+2»+l)y 
has the two solutions 

= 1 )-”/*^ (0 dt, 

^ being numeriqjilly gimter than unity. 

32. Prove that a solution of the equation 

ydx^~ 

is given by 

ymicaf" j"' 

33. Shew that 

y=/ cos(?>M7Cos<^H-7ursin0+^) 

Jo 

satisfies the equation 

3 + - 2 2sm<Joo8,n^. 

34. Apply the method of solution by definite integrals to find the primitive 
of the equation 

for values of a satisfying the inequality 

Prove that the equation is transformed into itself by the substitutions 
(*-l)(®'-l)=4, y(x+l)i-y(*'+l)i; 
and thence obtain the primitive for values of x satisfying 

l<^<ao. 

35. Obtain the primitive of the equation 
ui the form 

«-*** |^«-***+5ei‘’'*sin dt, 

where are arbitrary constants. 
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36. Prove that the equation 

where n and p ai-e real quantities greater than -1, is satisfied by 

,_/V(i 

for ^=1, -1, 00 . 


37. Shew that the primitive of the equation 

_(«»+«_ X):c^+mny+a (.^ g-j, J) -0, 

where n, are positive integers in order of magnitude, is a i)olynomial in 

38. Shew that every solution of the equation 

is a polynomial in x. 


39. Shew that, if the equation 




has y=aAzA+j5y 

for its primitive, u and v being polynomial functions of .r, there are no 
squared factors in the denominator of P and no cubed factors in the denomi¬ 
nator of Q. 


40. Find the condition that the equation 






should have one solution expressible in integral powers of x ; and shew that, 
when the condition is satisfied, eveiy other solution of the equation possesses 
a logarithmic infinity at the origin. 


41. Prove that, if the equation 

g+(Z)j;+^g+^y-0 


has a polynomial function of x as one solution, it is necessary (but not 
sufficient) that the quadratic Ap{p—\)’\^Dp-\-F^0 have a positive integer 
for a root. 

What are the conditions that the complete primitive should be a poly¬ 
nomial function of ^ ? 


42. Solve the equation 

«*(*- ®- 0 ; 

and shew that ^ is a single-valued function of the quotient of two linearly 
independent solutions. 
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43, Prove that, if it is possible to determine constants a, A, 6, so that 
is constant, where yi and are linearly indejxjndent solu¬ 
tions of the equation 


then ^.t-2P§*0; 

and solve the equation when this condition is satisfied. 

Obtain also the respective conditions which must be satisfied by P and Q, 
when two linearly independent integrals and y 2 obey one of the relations: 

(i) yiy2+«yi+^2+c=0; 

(ii) 

44. A relation of the form 

+ ^2^ + cys^ +2j^2y3 4- + ^^iyi2/2 =o 

subsists among the linearly independent integrals of the equation 

prove that 

and solve the differential equation. 

45. Shew that the differential equation of the third order, satisfied by the 
ratio of any solution of +i^=0 to any solution of Jy »0, is 






46* Having given one solution of the equation 

where P and Q are functions of x, find the complete primitive of the equation 
and also of 


Integrate the equation 




47. Find the form of f(y) in order that, by changing the independent 
variable from x to z, where the equation 

v\dx) ^ 


da? y\dx) ^^dx ^ 

may be reduced to a linear equation; and hence obtain the primitiva 
Similarly solve the equation 
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48. Integrate the equation 

eP~r W/ 

with the condition that ^ vanisbea when 2 r=sc. 
dd 

49. Prove that the differential equation 

^ I ^0 o 

/ dx^ dx^ da^ dx^ ^ \ci?:r3 / 

fd^y\* 

has integrating factor, for each of two values of n. Hence 

integrate the equation completely. 

50. Shew that the primitive of the equation 


J{a + 4 , ^\f{z) dz}^^dz^h +log ar, 


Solve the equation 

(a + 2hx +cA' 2 )i =:y (a -f. 26 .V+ coo^) ~ 4} 

by using a similar substitution; and reduce the equation 
^ =(a:r2 4.2 Airy-h +2y.r+2/y+c) •'4 

to this form. 

51. Integrate the equations; 


\dx) dx^^ 


(U) »^g+ 2 - 0 | 


(iv) a:~-nyH-?ny 2 =:^«; 

<Py ■ X dy _ y fdy'^ 
dx^ ^ x^^ d* dx * 
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52. Prove that the orthogonal trajectories of the curve 

COS ^ as constant 


are the curves 


4 - sin* $ =constant; 

and sketch roughly the two families of curves. 


53. Prove that the orthogonal trajectory of the family of curves 
=2a" r" cos nB+d^= c*", 
where o is the variable parameter, is 

r" cos(/t^+y)=a"co8‘y, 
where y is the variable parameter. 


54. Prove that the system of curves, orthogonal to the family represented 
by the elimination of t between the equations 

y=(/)(2?, a), 

a being the parameter of the family, is given by substituting for a the 
complete integral of 

/y y ^ ^Wa /djy /d^y 

da dt da) dt ^\pt) \^t) 

Find the orthogonal system in the case 

a?=y(a)+aoos y=asin^. 


55. Shew that, if is a function of A’+yV""!* oblique tra¬ 

jectories of the system of curves </> (76, v)^g are given by 

dvt&na)+^(dv+du taxi a)—0, 


56. Find the differential equation of a curve cutting the coaxal circles 

where v is parametric, at a constant angle; and integrate the equation. 

67. Prove that, if /(^4‘iy)=w4-^V, 

where i denotes (— l)i, and u, v, are real, the curves 

w—a, 

out orthogonally. 

Shew that, 

(i) when /(w)==logi6, the curves are concentric circles: 

(ii) when the curves are catenaries of equal strength : 

(iii) when /(t6)«oos“^w, the curves are confocal conics; 

(iv) when/(w) as tan" the curves are stereographic projections of 
meridians and parallels of latitude on a sphere, which has the plane of y, 
for its equatorial plane. 
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xy^ 


68. Prove that the equation 

<Py , /rfyy 

^\dx) 

is satisfied by each of the quantities 

(a+ a:)i + (1 + ctr)i, («— (1 + cuu)if 
where a is a cube root of — 1. Obtain the primitive of the equation. 

59. Solve the equations 

ax’‘ dx 

dz ^dy ^ 

^+2j-3y=0 


60. Integrate the equations 

dz 

/ and 0 being known functions of x. 


61, Solve the equations 

(2Z>-l)^+i>2(i>-l)y=«, 

where B denotes djdt. 

62. Integrate the equations 

dx _ dy dz 

«+^-y’ 

dx dy dz 


63. Solve 


X'¥y’“Xy^ a? 2 y —jr—y z(y^--x^y 


64. Illustrate the method of variation of parameters by obtaining an 
approximate solution of 

in circular functions, k being a small quantity whose square may be 
neglected. 

Hence (or otherwise) shew how to integrate 

a ^sin <+y cos 

jS ^ -ay +x cos f -y sin t 
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65. Solve the equations 

, dy dz 

where /)=J, 

and shew that there are three distinct solutions. 

66. Solve the system of equations 

dx dt/ dz 

'j^^ax’\^hy+gz, ^^hX‘\‘by-\-fz^ -^^^gx^fy+cz. 


Shew that, when 


the solution is 


«_^=6_¥=o-f=X, 
f 9 


z=A"^*+j9^\ 

„d .-x+f+f'+l- 

67. Let P, §, JK, be any functions of three independent variables; and with 
a point A (x, y, «), associate the plane (X - x) P+ (JT-*^) Q+iZ-^z) E^O, Let 
a consecutive -point B{x+dx, ^+dy, z-\’dz) be taken in the plane through A. 
Shew that there are two directions through A such that the intersection of the 
planes, associated with A and with B, is the direction AB, 

Interpret the result when the condition of integrability for the equation 
Fdx + Qdy+Rdz—0 

is satisfied; and find (i) when the two directions are peipendicular, (ii) if the 
two directions can be coincident. 

68. A doubly infinite system of similar conics in parallel planes have their 
centres collinear and their corresponding axes parallel. Shew that they can be 
cut orthogonally by a family of surfaces only if the line of centres is perpen¬ 
dicular to their planes. 

69. Find a solution of the equation 

+^y •^y^-^ 2 ^)dx-^(a^‘^ 2xy -|-y*+ z^) dy+2 (x •^y)zdz—0^ 
which is satisfied by :r=syas 2 i« 1. 


70. Obtain integral equivalents of the equations: 

(i) 2{y^z)dx+{x+3y^2z)dy+{x+y)dz=:r:Q; 

(ii) {yz+s^)dx^xz<fy+xydz^O; 

(iii) i^(l^t^)dxsx(l+2xz)dy^xydzt»0; 
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(iv) y^dx +(34?y - 2z^) dy - ^yzdz » 0; 

(v) {^x-^yz)ydx--‘a^dy-\'{x-^^z)y^dz^O\ 

(vi) yz^ ’-yz)dx-^zx^(y^~^ zx) dy + xy^ {z^ — xy) cfo=0; 

(vii) (2yz •\-zx-z^)dX’-zxdy-(x^+xy^xz)dz=0; 

(viii) y^z{xoosx ^sin x) dx +x^z (y cos y - sin y) dy 

+xy {y sin x-\-x sin y-^xy cos z)dz:^0 ; 
(ix) (222 - ay +y^) zdx+ ( 22 ^ - xy) zdy--(x+y) (xy + 2 *) t^ 2 =0; 

W (x^y^z^— 1) dx->rx^y^z^ (xy + xz) +x (dy-{-dz)^0; 

(xi) ( yh —+ xh/) dx - (a^z+a^—xy^) dy +(.r^y ~ xy^) ofe=0; 

(xii) (y^z^ - yz) dx — (xz—\)dy’- (xy - y®) t3?2 = 0; 

(xiii) 2 ( 1 — 22 ) dx-\'Zdy — (^+^+^ 2 * 2 ) dz=^0 ; 

(xiv) ( 3 ^+ 2 ;i;^—^ 2 ^^) dx-{‘(x'^’-2xy-Zy^’{’Z) dy’k’(x-\‘y)dz=0\ 

(xv) ( 224 - 2 a? 24 - 2 ^^ - yh) dy-\-(y^-\'yx^-\-5Lzx^ — z^) dz 

a= 2a? (y2 + 2:2 -I- 

71. Find an integral equivalent of the equation 

xdydz (6 — c) ^rydzdx (c—a )-Yzdxdy (a-^h)^ 0. 

72. Shew that the differential equation of a plane curve 

/(a?, y, 2 , ydz-zdy^ zdx-xdz^ a?</y-yc?a?)=0, 
where a?, 2 , are homogeneous point-coordinates, is transformable to 

f(vdw — wdv^ wdu — udio^ udv'^vdu, w, v, w)=0 
by the introduction of line-coordinates from the equation 

tbX’^-vy-^-wz^O. 

Obtain the primitive of the equation 

ax^ {ydz-- zdy) + (zdx — xdz) + aS^ (xdy ^ydx )=0 

in the form 

A.d'^ Bh Cc^O\ 
Aa7i-*‘+i?yi“«+C?2i“**=Or 

and apply the above transformation to deduce the primitive of 
CLX (ydz-^zdyY-^ hy (zdx—xdz)'^-\-cz (xdy ydx)^^0. 


73. Integrate the paartial differential equations; 

(i) 

(ii) 


(iii) 

(iv) 
(V) 


y X z\x yj’ 

(pj-p) (1+**)+ya3^“0; 

3 (p+j')*+(p-g')**-48; 
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(vi) zp-xq<^y, 

(vii) (,p-q){x+}f)~z-, 

(viii) («*+F*)*; 

(ix) (3*+y-«)/)+(i!+y-«)y=2(*-y); 

(x) y( 2 *+*)^-** 5 ’+y*—0; 

(xi) p*+?®—2^tanh2y—seoh*2y; 

(xii) (je+y-z){p-q)+a{px-qy+x-y)=0-, 

(xiii) pq{x-y)-\-px-qt/’m{p-q)z-, 

(xiv) xyp+z^q+yz=^0-, 
l+P® 

(*v} q= i^a x+yp {z -pxf ; 

(xvi) xyp~y{^+y)q+^z—0-, 

(xvii) px-\-^=z{\+pq)^-, 

(xviii) z{pfl—q^)‘=x—y, 

(xix) {%xy-x)p-\-^q+{2y-l)z=0-, 

(xx) 

(xxi) {ax+ky+gz) p+ {hx-\-by+fz) q<^gx+fy-\-cz ; 

(xxii) xp+{(ix+by)q=cx’{-ey+fz\ 

(xxiii) (p-q)x=y{z-px-qy)i 
(xxiv) {px+qy)^-z{px+qy)+jp+q^=0-, 

(xxv) {py+x) (y*+*)-(p«+*+y)(3y+«+^)j 
(xxvi) <zq{x-\-pz)+bp{y+qz)=0\ 

(xxvii) (p -yf+ig-xf’^ 1; 

(xxviii) xp-yq=xqf{z-px-qy)i 
(xxix) *(y»-«")p+y («“-a:*)g’=«(jr"-y*); 

(xxx) («*+l)yp’+««pgr=43r*p; 

(xxxi) (p*+?*)*(?*-py)=l; 

(xxxii) (*si+p*)p+(p*-2a;»)g'+2ay+*®=0; 

(xxziii) p4?*+*»sp*j*; 

(xxxiv) py+gar+pg'=0; 

(XXXT) {p-q){iff‘*'i+xyz)+(gq-xp) («+ag^«-»-»)+(«-y)(1 -**)-a 
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74. Shew that any partial differential equation of the form 

^(p> ?. 1^=0 

has a family of solutions in common with 


75. Obtain a complete integral of the equation 

pxy (xy + ^z^)^rz{qy - z) a 72)«0 


in the form 


x+a y^d z_^ 
y z X ’ 


and investigate the nature of the integral 


Also shew that 


2 0 

y z X y\^ 

(51—a)2=4'r+46y, 

cy(z^a)^c^x-\ry\ 


are integrals of the equation 


xp^'¥ypq-\\ 


and indicate their relation to one another. 

76. Obtain a complete integral of the equation 

in the form 

z^f{x-\\y)\ 

and derive from it the solutions 

(i) 5?«(57~a)2+(y-6)2, 

(ii) 

77. Prove that the general integral of 

can be obtained by eliminating i between the equations 



when, in the latter, y and q are arbitrary functions of the variable t 
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78. Solve the equation 

hi^cy'¥axi)p’^a{^acx^hyz)q^^ah (a;*—<?*); 

and shew that the solution represents any surface generated by lines meeting 
two given lines. 

79. Investigate the integral of 

containing the line x^z^y^O\ and obtain it in the form 


80. Find the surface, which satishes the equation 

(*+5^)i>+(«-y)?=«, 

and passes through the curve a;2^^2--x, ^sssc. 


81. Deteimine the surface which satisfies the difierential equation 

{aP‘ - a^)p-\‘{xy - az tan a)q=^xz — ay cot 
and passes through the curve 2 = 0 , 

82. Integrate the equation 

{x^^Zxy^)p-ir{f^Za^^y) g = 2 {x'^+y^) z ; 
and find an integral which represents a surface passing through the circle 


83. Obtain the primitives of the equation 

p^ 

and illustrate the results by a geometrical interpretation. 

Investigate the equations of surfaces possessing the property that the 
parallelepiped contained by the radius vector from the origin, a unit length 
along the perpendicular to the tangent plane, and a unit length along the axis 
of is of constant volume. 


84 Find the difiTerential equation of a surface, normals to which have 
intercepts between the coordinate (fianesof constant ratios 
Obtain a complete primitive in the form 

z^ 

and determine the nature of the solution 

c)i d?+(c—a)iy-f (a- 
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85. If the complex of lines (a, 6 , c, A )=0 be the complex of tangents 
to a surface, the equation 

d<b dd> , d<h d<b 06 06 ^ 

is satisfied. Is the condition sufficient, as well as necessary ? 

Transform this equation to 

^ ^ 0& _ 

0^‘^0^07~^» 

where the variables are now the quotients of a, 5 , /, g, by A; and shew how 
the complex of tangent lines is contained in the general integral of this 
equation. 

86 . The square of the reciprocal of the por^mdicular from the origin on 
the tangent plane of a surface is equal to /(w), where u is the reciprocal of the 
radius vector. Obtain a primitive of the differential equation of the surface 
in polar coordinates in the form 

/{/(^) — i == {<;|[>+sin ~ ^ (tan a cot ^)} sin a - sin “ ^ (sec a cos 6 )+ 

87. Integrate the equations: 

(i) zxi^pi (pi+P 2 )+^iPz (P3+<^8P2); 

(ii) a 2 ( 22 !+ a;ipi)=zscipi (x^p^+X 2 P 3 ); 

(iii) +^ 3 +«)J»i + (4* +(^ 1 +^ 2 +«)=0* 

88 . Shew that the equation 

Pl^ +JP2®+^3^ = 2 (pi^l+^2^2+P3iP3) 

has the integrals 

z+ai z+oz z+a^ ^ 

(ii) {z - c) (X2 +fi^+v ^)« (X4?i +/Lur 2 + 

(iii) (2!+^3®-2;ri2-2a?2*)24'8a?82 ; 

and shew how to derive (ii) and (iii) from (i), also (i) and (iii) from (ii). 

89. Shew that the equations 

(x -y) ^ - 2 (»-y) ^+3 (ar+y+2s) ^=0, 

(y+r) g+2 (2»-3y-*) ^-3(2r+y+as)|=0, 

have a common solution. Find the solution; and shew that it may be deter¬ 
mined by a single quadrature. 


FOB 


lO 



578 


GENERAL EXAMPLES OF 


90. Obtain the moat general integral common to the equations 


1 1 du 

xda:''^ ydjf* 


91. Find all the solutions common to the two equations 

PlP2P3^P4 1 

Pl^l^P2^2+P3^A+Pi^3) 

92. Shew that the most general function satisfying both the equations 

- Xipi -1-^2^ 4- 5 : 4 ^ 3 +a:3;>4=0, 

2 ( 0:3 - 4 -^ 4 ) J»2+% (Ps +Pi) =0, 
is a function of the two quantities 

W - (^3 +^4)^)1 (^3 - ^4) -4 . 


93. Shew that, if 


then 

and thence deduce that 


cfj;/ ^* 2 ^ 

?!f=4M?2+4ia. 

U ^ g^ + 4*», 


Ara?« 

(1 ~ 4a^) *s . 


94. Integrate the equations: 

(i) P(§+g')r+{§(§4g)-P(iP+i?)}tf-§(-P+p)^=-0; 


where P== 

(ii) 

(iii) '4;*r=aa*^; 


y±AL 

yp-xq* 


Q 


x-^pz 

~xq-yp’ 


(iv) gr+p*+g<= 0 ; 

(v) a!*r-y*<-jg9+yy»*y; 

(vi) X*}'*; 

(vii) (y-ar) (j*r-2py«+;>*0“(/>+?)*(!»-?)5 

(viii) (y-*){pg'(r- 0 +(?*-j’*)»}+ 2 i>?(j»+?)-O; 

(ix) Ay®r+(a+6)»®y*j+a5*®y<«»y*/)+o6a!*g'; 

(x) (ya+«)* {(« +y) r -j>* (f>+?)}+(jM!+y)» {(a?+y) <-?*(?+?)} 

«2(5’*+ar)Ow+y){{a;+y)a-(l+l>?)(p+y)}, 
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95. Ifis any solution of the equation 

, K _ 

K being a constant, then 

dz dz dz dz 2 

0a; 0y’ *^00; ^0y* ^ 0y* 

are also solutions. 


96. Solve the equation 
and verify that 


02;? 


z= j cos(a7ycos(^)o?(/> 

is a solution. 

97. Shew that an integral of the equation 


3 I 

( 3a\ 


( 

dx' 





is given by 

I f {xcos 

J 0 

where /is an arbitrary function; and that the real part of the integral 
fir 

I X cos (pf (x cos (f) 4- ry) dxj) 

J 0 


satisfies the equation 


ox \x ox / 0y \a; 0?/ / 


98. Solve the equation 

and shew that the common solution of the equations 

flssS 

is z=Ag+ S 

»*=» 

where u is a cube root of unity. 

99. Up,q,r, are three arbitrary functions of m, subject to the condition 

p^+q^+f^=^0; 

if be determined as a function of a;, y, z, by the equation 

aufi^xp+pqi-zr, 
where a is any constant; and if 

where J^and O are arbitrary functions j then 

d^v 02t; d^v ^ 
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100. Shew that the most general integral fanction of the nth degree in the 
variables, which satisfies the equation 


is 


0% 




r^V^V r*V^V 

2 -1) 2.4 (2n -1) (2w - 3) 


where V is an arbitrary homogeneous integral function of a?, y, z, of degi*ee w, 
and r* denotes 

Shew also that the Particular Integral of the equation 
where </> is a homogeneous integral function of of, y, z, of degree 7i ~ 2, is 
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Abel, 809. 

Ampere’s method of solving partial equa¬ 
tions of the second order, 533 

Bessel’s equation, 176, 244, 252, 253; 
derivable from Legendre’s equa¬ 
tion, 186. 

Bour, 453. 

Cauchy’s method of integrating Euler’s 
equation, 301. 

Cayley, 44, 107, 239, 303, 356. 

Charpit’s method of integration of partial 
difierential equations of the first order 
in two independent variables, 420. 

Chrystal, 44, 845, 399. 

Clairaut’s equation, 31, 414. 

Classification of the integrals of a partial 
differential equation, 375; 

every non-special integral is in¬ 
cluded in one of the three 
classes, 380. 

Complementary Function, 63, 66, 82, 
612, 517. 

Complete integral of a partial differen¬ 
tial equation, 376, 470. 

Complete Jacobian linear systems of 
partial equations of the first order, 460; 
integration of, 461. 

Complete Jacobian systems of partial 
equations, 461. 

Condition of integrability, 313. 

Contact transformations, 49, 418. 

Cuspidal locus, 88. 

Darboux, 44, 392. 

Definite Integrals^ solution of linear equa¬ 
tion whose coefficients are of first 
degree in independent variable by 
means of, 277; 

proposition relating to solution of 
general equation by means of, 
288; 

solution of a partial differential 
equation in, 524. 


Degree, definition of, 7. 

Depression of order of equation when 
one or more particular integrals are 
known, 64, 130; 

when one variable is absent, 
92. 

Duality between partial differential equa¬ 
tions, analytical, 415, 503; 

corresponds to geometrical prin¬ 
ciple of duality, 419. 

Duality between ordinary differential 
eq'uations, 47. 

Envelope locus, 39; the only Singular 
Solution, 41. 

Equation of first order and first degree 
has only one independent primitive, 
17. 

Equations giving relations between dif¬ 
ferential coefficients, 89. 

Equivalence of linear equations of second 
order, conditions for, 110. 

Euler, 294, 476. 

Euler’s equation, 299; 

generalisation of, 803. 

Exact equations, 97, 99, 309 et seq., 
331. 

Factor, integrating, 21, 28. 

Ferrers, 176. 

First integrals, definition of, 9; number 
of independent, belonging to equation 
of order, 9. 

Frobenius* method for solution of linear 
equations in series, 243; summaxy of 
results, 250; application to Bessel’s 
equation of order zero, 252, and of 
order n, 253. 

Functions, conditions for relations be¬ 
tween, 11. 

Gamma B^Enotion, 221 (see Gauss’s 11- 
fuuction). 

Gauss, 221, 289. 

Gauss’s n-function, 221. 
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equation, 879. 
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differential equation containing con¬ 
stants, 542. 

Glaisher, J. W. L., 47, 197, 200. 

Goursat, 289, 399, 447, 470. 

Graindorge, 447. 

Guldberg, 839. 

Hamburger, 44. 

Hankel, 167, 184. 

Heine, 176, 187. 

Hicks, 169. 

Hill, M. J. M., 41, 44, 386. 

Homogeneous linear partial equations of 
the first order, 458 (see Complete 
Jacobian linear systems). 

Homogeneous ordinary equations of first 
order, 22; 

linear of order, 81; 
in general, 94; 
partial equations, 520. 

Hypergeometric equation, range of sig¬ 
nificance of integrals of the, 218 et scq. 

Hypergeometric series, definition of, 207; 

differential equation satisfied by, 
209; 

particular solutions of this equa¬ 
tion, 214; 

relations between these solutions, 
216—228; 

cases when expressible in a finite 
form, 230; 

as a definite integral, 290. 

Imsohenetsky, 447, 543, 549. 

Independence of functions, and of equa. 
tions, 11—16. 

Independence of Particular Integrals of 
general linear equation, conditions for, 
125. 

Integrability, condition of; 318. 

Integrals of a linear equation, regular, 
258; normal, 27G^ subnormal, 275. 

Integrating factor, 21, 28. 

Intermediate integral, 471. 

Intermediate integral of partial equation 
of second order, general method of 
construction of, when it exists, 493; 
with examples, for various cases, 495. 

Invariant of coefficients of linear equa* 
tion of second order, 105. 


Jacobi, 107, 289, 294, 809, 868, 447. 

Jacobian systems (complete) of equations, 
460. 

Jacobian systems (complete) of partial 
equations, 461. 

Jacobi’s method of integrating the gene¬ 
ralised form of Euler’s equation, 809. 

Jacobi’s method for the integration of 
the general partial differential equation 
of the first order in n independent 
variables, 480. 

Jacobi's multipliers, 856. 

Kelvin, 123. 

Kummer, 107, 239. 

Lacroix, 420. 

Lagrange, 107, 892, 394, 548. 

Lagrange’s linear partial differential 
equation, 392; 

generalised form, 401. 

Laguerre, 361. 

Laplace’s transformation of the linear 
partial differential equation of the 
second order, 504. 

Last multiplier, 365. 

Legendre, 418, 476. 

Legendre’s equation, 159, 244, 258. 

Lie, 418. 

Linear equation having integrals that 
are regular, form of, 258 (see Begular 
integrals, normal integrals, subnormal 
integrals). 

Linear equation with constant coeffi¬ 
cients, ordinary. Chap. in.; 
partial, 511. 

Lobatto, 294. 

Lommel, 187, 197. 

Malet, 105. 

Mansion, 447. > 

Minimal surfaces, equations of, 541. 

Monge’s method of integrating the equa¬ 
tion of the second order which is linear 
in the partial differential coefficients, 
473. 

Motion of particle under central force, 
integration of equations of, 366. 

Multiplier, Jacobi’s, 356; 
last, 365. 

Neumann, 187. 

Nodal locus, 88. 
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Normal form of linear equation of second 
order, 105; 

of equation of hypergeometric 
series, 210. 

Normal integrals of a linear equation, 270. 

Numerical solution) Bunge’s method of, 
5S-~56. 

Carder, definition of, 7. 

Particular Integral, 63, 71, 82, 513, 518. 

Petzval, 294. 

PfaiBan equations in three variables, 
827; in four variables, 332; the in- 
tegral equivalents, 827, 836. 

Pfafl’s problem, 327. 

Poincare’s asymptotic expansions, 285. 

Poisson’s method for a form of homo- 
geneous partial equation, 509. 

Primitive, definition of, 8. 

Quadratures for integration of liiooati’s 
equation, number of, 192. 

Quotient of two solutions of linear equa¬ 
tion of second order, equation satisfied 
by, 107. 

Bange of significance of integrals of the 
hypergeometric equation, 218 et seq, 

Bayleigh, 187. 

Begular integrals of a linear equation, 
258 et aeq, 

Belation between linearly independent 
solutions of a difierential equation, 
115, 127,171, 186, 228, 

Biocati’s equation, 188; 

reducible to Bessel’s equation, 195. 

Biohelot’s method of integrating Euler’s 
equation, 308. 

Biemann, 528. 

Bouth, 187, 448. 

Bunge’s method for numerical solution, 
68--56. 

Schwarz, 107, 230, 239. 

Sohwarzian Derivative, 107, 281. 

Scott, 126. 

Series, possibility of integration in, 148; 
form of solution when a vanish¬ 
ing factor occurs in the denomi¬ 
nator of a coefficient, 155; 
form when such a factor occurs 
in the numerator, 157; 


Series (cent.) 

Frobenius’ method of integrating 
in, 243 {see Frobenius’ method); 
integration of partial equations 
in, 522, 528. 

Simultaneousequation8(ordinary), linear 
with constant coefficients, 342; 
with variable coefficients, 350. 
Simultaneous partial difierential equa¬ 
tions in one dependent variable, 453. 
Singular integral of a partial differential 
equation, 878; derived from the dif¬ 
ferential equation, 387. 

Singular Solutions of ordinary equations 
of first order, 33, 35, 37, 39. 

Solution of ordinary equation, what is 
to be considered a, 6. 

Species, definition of, 7. 

Spitzer, 294. 

Standard Forms of ordinary equations 
of first order, 18--35; 

of partial differential equations 
of first order, 407—414; they 
are particular oases in which 
Charpit’s method (q.v.) proves 
effective, 427* 

Sturm, 187. 

Subnormal integrals of a linear equation, 
275. 

Symbolic operations, 57, 611, 523, 526. 
Symbolical method for partial equations 
due to Laplace and Poisson, 526. 
Symbolical solutions, 197. 

Tac-locus, 40, 389. 

Todhunter, 176. 

Total differential equations, which are 
linear, 309 (see Pfaffian equations); 
they separateinto twoclasses, 316; 
geometrical interpretation of 
linear equations with three 
variables, 321; 
case of n variables, 324; 
equations which are notlinear ,338. 
Trajectories, 134. 

Variation of parameters, 20,113,127,131, 
377, 643. 

Watson, G. N., 187, 239. 

Weber. H., 528. 

Weieratrass, 541. 

Whittaker, 239. 

Workman, 44. 



OAMBBIDaE: PRINTED BY 
W. LEWIS, M.A. 

THE UNIVERSITY PRESS 




CiNTRAL LIBRARY 

BIRLA INSTITUTE OF TECHNOLOGY & SCIENCE 

PILANI (Raiasthan) 

Call No. 

Acc. No. 



DATE OF RETURN 




